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PREFACE 


This text on elementary differential and integral calculus is presented 
with the belief that^ it is adapted for use as an introductory course both in 
academic colleges and in engineering schools. The author has had over 
twenty years of experience in teaching the subject in colleges and univer- 
sities using a great variety of standard texts. He has written this book as a 
result of that experience being convinced that the method of approach used 
is the most suitable for a first year calculus course. 

Considerable attention has been given to the continuous development 
of the subject with special emphasis upon the necessity of understanding 
the fundamental principles. A conscious effort has been made to interest 
the student regardless of the reason for his election of the subject. It is 
recognized that his choice may be due to a d(\sirc to apply this most power- 
ful tool of mathematics in some chosen field of sciences, or it may be due to 
an interest in the subject for its own sake. The language of the text is 
simple; full explanations and many illustrations are included. 

This book provides unusual flexibility in the choice of material. The 
development is continuous through the first eleven chapters.^ Since the 
entire text cannot be taken in any one year, various selections of chapters 
are possible according to the individual recpiirenKaits for a course. It is 
suggested that at least the first nine chapters form the nucleus of a course, 
supplementing this with selections from the remaining eight chapters. In 
this way provision has been made for those instructors who desire to give 
students having particular applications in mind, an introduction to such 
subjects as multiple integration, series, partial differentiation and differen- 
tial equations. 

Nearly all of the existing text-books divide the study of the calculus into 
separate parts, th() differential and the integral calculus. In such books, 
all types of functions are differentiated or integrated, after which the 
applications are made. 

Contrary to this method of study, the author has interwoven the proces- 
ses of differentiation and integration. The first four chapters of this book 
form ain introduction to the concepts, theories and applications of both 
differential and integral calculus in which the formal manipulation requires 
the use of polynomials in the majority of cases. The study of those 
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fundamental principles and applications is continued and extended by the 
introduction of new fun(^tions: algebraic, trigonometric, exponential and 
logarithmic. The author believes that a continued application of the 
calculus method to problems as they arise and require the use of more 
advanced functions, engenders a more complete understanding of the sub- 
ject than the traditional method. 

Another departure from the existing texts is that polar coordinates and 
their applications are presented in a separate chapter. The various 
sections may be used as parts of preceding chapters if desired. However, 
since many instructors prefer not to make use of rectangular and polar 
coordinates simultaneously, this chapter provides opportunity for a separate 
consideration of the latter. 

Elxtreme care has becai given to the preparation of Chapter VI. Class- 
room experience has led the author to feel that a complete understanding of 
the principles involved in this chapter is essential and that if these princi- 
ples are mastered in applying the simpler functions, no difficulty should be 
encountered when the applications require the use of more advanced func- 
tions. The definite integral is defined by means of the indefinite integral. 
The fundamental theorem states that the limit of a sum is cciual to the 
definite integral which is proved by means of the area under a curve. 
Detailed applications arc given for various elements of area, volume, fluid 
pressure and work- 

in an elementary calculus it is generally agreed that it is inadvisable to 
give rigorous proofs for all the theorems to which applications arc made. 
In those cases in which proofs are omitted or arc not complete, the assump- 
tions are clearly stated. The student should be made to realize that there 
are proofs which are not within the scope of such a text and that such 
proofs exist in more advanced treatises. 

A knowledge of plane analytic geometry is assumed and the content of 
that subject is used freely. A collection of formulas of trigonometry and 
plane analytic geometry is appended which may form a basis for a review 
of those subjects as needed. 

Since a knowledge of solid analytic geometry is not generally pre- 
supposed, a chapter presenting the essentials of that subject precedes the 
calculus study of functions of two variables. Although this chapter Is a 
condensation of the subject, it is felt that sufficient material is included 
for an understanding of the content of the two chapters which follow it. 

An important feature of the book is the large number of graded exercises. 
These exercises give the instmetor a wide range of choice as to number of 
problems and as to degree of difficulty. Also, by means of the exercises a 
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continuous review of previous chapt(u*s is provided. The answers are 
given for the odd-numbered prol)lems only, gi\dng the student opportunity 
to verify some of his results but placing him on his own resources in others. 

I wish to express appreciation to my colleagues who have been good 
enough to give me the benefit of their teaching experience and who have 
given me many highly valuable criticisms. T am particularly indebted to 
Professors J. G. Hardy and D. 1^]. Richmond for their reading of the 
manuscript and parts of the proof. 

V. H. Wells. 

Williams CoLLECiE, 

Williamstown, Massachusetts, 

February, 1941. 
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of X there corresponds one or more definite values of ?/, then y is said to be 
a function of x. If each of the above functions is represented by the 
functional relationships between x and y are given by the following equa- 
tions : 

y = +1, y = ±.y/a^ — x^, 

oc 

y = - — y = sin X, 

X a 

y — arctan x, y = log x. 

Dependent and Independent Variables. In equations in which y is 
expressed as a function of x, as in the above, the variable x is called the 
indepeyident variable and y is called th(i dependent variable. 

Geometric Illustrations. The area S and the circumference s of a 
circle are functions of the radius r: 

S = wr^ and s = 27rr. 

The surface area S and the volume F of a sphere are functions of the 
radius r; 

S = 4xr2 and V = iwr\ 

One variable may be expressed as a function of two or more different 
variables. The lateral surface area S and the volume F of a right circular 
cylinder are functions of the radius r of the base and the altitude h; 

S = 2Trrh and F = wr^h. 

The lateral surface area *S of a right circular cone is a function of the radius 
r of the base and the slant height p, while the volume F is a function of 
the base and the altitude A; 

S = irrp and F = 

4. Functional Notation. 

It is customary to express that p is a function of x by writing 

y = fix). 

This symbolic expression is read “ f of x.” 

If we write 

f{x) = x^ — 2x — S, 

x is the independent variable and f(x) represents the dependent variable. 

The notation for a function of x is useful in representing the value of 
the function for assigned values of the variable. This is done by replacing 
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the variable in the symbol by its value. Thus for 


and 


= 2, /(2) = (2)^ - 2(2) -3 = 3, 

X = a, f(a) = — 2a — 3 

f(-x) = x^ + 2x-S. 


Exercise 1 


GROUP A 

Express each of the following functions algebraically. 

1 . The surface area of a cube is a function of its edge. 

2 . The volume of a rectangular parallelopiped with a square base is a function 

of its dimensions. 

3 . The area of a circle is a function of its circumference. 

4 . The volume of a sphere is a function of the area of a great circle. 

6 . The variable y is directly proportional to x. Find the proportionality factor 
if X = 3 when y - 2. Give the geometric interpretation of the equation. 
6 . The variable y is inversely proportional to x. Find the constant of pro- 
portionality if X = 6 when ?/ == 3. Draw a graph of the function obtained. 

7 . If/(x) = x3 - x2 -|-‘2x - 3, find/(0),/(3),/(-2) and/(~x). 

8 . If/(x) = x2/3 - x-2/3, find/(8),/(27) and/(-8). 

9 . If x2 4 - xt/ — ?/2 = 0, find y - fix). 

10 . If x2 -f x?/ + 2x — 2?/ 4 3 = 0, find y — fix). 

11 . If fix) = x3 - x2 - 2x 4 2, find |/(-l)| and |/(-2)|. 

12 . If x2 4 if = 25, find y = fix), fid), |/(3)1 and 1/(4)|. 

GROUP B 

Express each of the following algebraically. 

13 . The volume of a sphere is a function of its diameter. 

14 . The surface area of a sphere is a function of its diameter. 

16 . The volume of a sphere is a function of its surface area. 

16 . The surface area of a sphere is a function of its volume. 

17 . The speed of a moving body varies directly as the square of the distance 

moved. 

18 . The intensity of light is inversely proportional to the square of the distance 

from the source. 

19 . If fix) = Vl - x\ find fiO), /(I), /(sin 0) and /(cos 6). 

20 . If fiO) — sin 0, show that fix + y) == sin x cos 2 / 4 sin 2 / cos x. 

21 . If fi0) = cos 0, show that fix y) = cos x cos 1 / — sin x sin y. 

22 . If fi0) = sin 0, show that /(2x) = 2 sin x cos x. 

23 . If fi0) — cos 0, show that fi2y) = cos* y — sin* y. 

24 . If/(^) = tan^, show that /(2A) = 
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26 . If f{d) = sin^ 0, show that / 

26 . If f(d) = cos^ dj show that / 

GROUP C 

27 . If the length of the hypotenuse of a right triangle is 8 inches, express the area as a 

function of one of the acute angles. 

28 . If a rectangle is inscribed in a circle of radius r, express the area of the rectangle 

as a function of one of its sides. 

29 . If a rectangle is inscribed in an isosceles triangle of base b and altitude a, express 

the area of the rectangle as a function of one of its sides. 

30 . If a right circular cone is inscribed in a sphere of radius r, express the volume of the 

cone as a function of the radius of its base. 

31 . If a right ciri'ular cylinder is inscribed in a sphere of radius r, express the volume 

of the cylinder as a function of the radius of its base 

32 . If a right circular cylinder is inscribed in a right circular cone whose altitude is a 

and the radius of whose base is h, express the volume of the cylinder as a function 
of the radius of its base. 

33 . If /(c) = siiivT — cos X, find /(O), /(7r/4), /(7r/2) and/(7r). 

34 . If/(x) =2^fmd/(2),/(3),/(0)and/(-2). 

36 . If/(/) = show that/(j: -j- ?/) - a^a^, 

36 . If f{y) — IP, show that f(2x) — 9"". 

37 . If /(.c) = log X, vshow thill f(MN) — log M -f log N. - 

38 . If f{x) — log .T, show that /(?/”) = 2 log y, 

39 . If/(x) = log X, show that f{M /N) ~ log M — log N. 

40 . If/(a:) = log O’, show that/(v/?/) = \ log?/. 

6. Limits. 

An idea which is essential to the study of the calculus is that of the 
limit of a variable. A variable which approaches a constant limit is en- 
countered in the study of elementary geometry, where the area ora"circle 
is defined as the limit approached by the area of a regular inscribed poly- 
gon as the number of sides is increased indefinitely. 

A variable x is said to approach the limit a if | a; — a | becomes and re- 
mains less than any preassigned positive number €, however s7nalL To indi- 
cate that X approaches a as a limit, we write 

X a or lim x = a. 

Hence, rr a, if for each preassigned e, however small but greater than 
zero, \ X — a \ < e. 

In the application of the definition of the limit of a variable, two cases 
are to be considered. The first is the consideration of an independent 
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variable which may be made to approach some constant as a limit in an 
arbitrary manner. The second is a study of the behavior of a function as 
the independent variable approaches a limit. 

As an example of a variable which approaches a limit, suppose that x 
takes on the following sequence of values: 

1 2 3 4 5 6 n 

- ) ) >—)—)—>•••) y • • • • 

234567 n+1 

We wish to prove that as x progressively assumes the values in the terms 
of this series, x approaches the limit 1. 

Let us first choose a small positive number € and then find a value of x 
in the series such that | a; — 1 [ is less than the number chosen. Since 


- II = 


n + 1 


- 1 


1 

71 T" 1 


we wish to show that it is possible to find values of n such that 
l/(n + 1) < €, however small € is chosen. This we do as follows: 


If € = then n — 100, 101, 102, 




If € = 77 ^ > then n = 1000, 1001,, • • • , give — r < ^ 

1 000 n+1 


1000 


This process may be continued indefinitely by choosing a smaller and 
smaller number for €. Thus it has been shown that x approaches the limit 
1, since | x — 1 | becomes and remains less than any preassigned positive 
number, however small. 

If X takes on the values given by the sequence 

2, 4, 6, 8, 10, 12, . . . , 2n, . . . , 

X does not approach a limit. In many cases it is possible to show that the 
limit of a variable exists, even though it may be difficult to find that limit. 

Limit of a Function. If we have a function of the variable x, f (x), it 
is frequently necessary to observe the behavior of /(x) as x approaches a 
limit. As X approaches the limit a, if the absolute value of the difference 
between /(x) and some constant L ultimately becomes and remains less 
than any preassigned positive constant, however small, the function /(x) is 
said to approach the limit L. The symbol 

lini/(x) = L, 

X— >a 

is read the limit of /(x), as x approaches a, is 
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6. Theorems on Limits. 

We shall desire to use the following theorems concerning limits. These 
theorems are given without proof. In each case the limit is assumed to 
exist. 

Theorem I. The limit of the algebraic sum of a finite number of vari- 
ables is equal to the same algebraic sum of their limits: 

lim (n + i; + + * *) = hni u + lim v + lim u; + * • • , 

X— >a X— >a x—^a x—^a 

in which Vj Wj • • • are assumed to be functions of x. 

Theorem 11. The limit of the product of any finite number of variables 
is equal to the product of their respective limits: 

lim {u* V ‘ w • • ) — lim u • lim v • lim w ' • . 

x—^a x—^a x—^a x—^a 


Theorem III. The limit of the quotient of two variables is equal to the 
quotient of their respective limits^ provided that the limit of the deno7ninator is 
not zero: 


lim 



limu 

X— »a 

lim V ’ 

X— >a 


lim V ^ 0. 

x—^a 


The statement of Theorem III assumes that the limit of the denominator 
is different from zero. Suppose that lim v = 0, two cases arise. First, if 

X — >a 

lim u 7 ^ 0, then the fraction u/v may be made to take on values greater 

X — >a 

than any assigned constant by taking v sufficiently small. Consequently, the 
fraction cannot approach a limit. Second, if also lim 21 = 0, then the the- 

X — >a 

orem does not apply, and the ratio of the limits takes the form 0/0, which 
has no meaning. (.However, the limit of the ratio may exist as we shall see 
in the following chapters . ) 

Consider the following functions for which we wish to find their limits 
as X approaches the limit 2. 

_L_ O 

fi{x) = x2 + 3x, / 2 (x) = ' — . 


In application of Theorems I and II, 

lim /i(x) = lim + lim 3x 

X — >2 X — >2 X — >2 

= (lim xY + 3 lim x = 10. 

X— >2 X— +2 
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In application of Theorem III, 

lim (3x + 2) 
lim fiix) = — 

X ->2 


3 lim X + 2 


lim 

x~>2 


(lim x)^ 

X — >2 


= 2 . 


As an illustration of tho special case considered above, the 

lim ^ _ 0 

^-^^2x - 4 0 


exists, despite the fact that in its present form the limit appears to be 
meaningless. Since, 


2:r-4 


x + 2^ 
2 


a ;->2 2a: — 4 


4 a: + 2 
- - hm — — 

x->2 ^ 


7. Continuous Functions. 

A function of one variable is said to be continuous if a sufficiently small 
change in the variable produces a small change in the value of the function. 
The continuity of a function is such an important concept that its precise 
meaning is stated with some car(\ 

A function f(x) is said to be contimious for x = a if 

limf(x) = f(a). 

x~'^a 

A function is continuous in the interval a:i < a: < X 2 y if it is continuous for 
all values of x within tliis interval, or range, 

A function is said to be discontinuous for a: = a, if the condition for 
continuity is not satisfied. 

Infinity. The most important type of discontinuity with which we 
shall be concerned is that in which the function increases without limit as 
its variable approaches a limit. If the function/(a:) increases without limit, 
as x approaches a, we say that the function becomes infinite. In this case, 
we write 

lim f{x) = 00 . 

x—^a 

It is understood that the symbol oo does not represent a number ^ but that 
it is a symbolic representation of a variable increasing beyond any 
limit. 

Geometrically, a discontinuity of a function occuring at a: = a, means 
that the curve y = f(x) approaches nearer and nearer to the line a; — a = 0, 
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fi^) 


X — 1 




usually without reaching it, as the curve recedes farther and farther from 
the o^-axis. 

As an example of a function 
possessing a discontinuity, the func- 
tion 

1 






is continuous for all values of Xj save — 
for a; = 1 for which it is not defined. 

As X approaches 1 from values less 
than 1, f(x) becomes negatively in- 
finite. As x approaches 1 from values 
greater than l,f(x) becomes positively 
infinite. 

The curve representing the given 
function, drawn with reference to the a:-axis and thc/(x)-axis, is the hyper- 
bola in Figure 1. The curve is shown to be continuous for all values of x 
less than 1 and for all values of x greater than 1. At a; = 1, the curve is 
discontinuous and possesses a vertical asymptote which is the line x — 1 = 0. 


Fig. 1 


GROUP A 


Exercise 2 


If X assumes each of the following sequences of values, find the limit where it exists 
and prove that it is the limit by the use of an arbitrarily small positive quantity e. 

1 3 5 7 * 2n - 1 

2 ' 4' 6' s' * ’ * 2n ^ ' 

2 . 0 . 6 , 0 . 66 , 0 . 666 , 0 . 6666 , • • • . 

3. 1, 2, 3, 4, 5, • • • , n, • • • . 

Find the limit of each of the following functions, where it exists, using the theorems 
of the last section. 

4. Lim (x^ — 2^2 + a; — 2). 

X — >1 


6. 


Lim 

x—^2 


X^ — X — 

x + 2 


2 


6 . 


Lim 

x-^-l 


x^ 

X + 1 ‘ 


7. Lim (x - 3)(x + 4). 

X — >3 

8. If lim X = a and lim t/ = 0, prove that lim(xi/) == 0. 

9. Prove that lim x^ = (lim x)*. 

10. Prove that lim 4x = 4 lim x. 
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GROUP B 


If X assumes each of the following sequences of values, find the limit where it exists 
and prove that it is the limit by the use of an arbitrarily small positive quantity e. 

11* i) if • 

12. 1 , 2 , 1 , 3 , 1 , 4 , 1 , 5 , . . • . 


_ 1 -2 3 -4 5 -6 

2’T’4’T'’6 


Find the limit of each of the following functions, where it exists, using the theorems 
of the last section. 

14. Lim ^ "h 2 
x-^x — 3 


15. Lim ^ 1 . 

X— >00 2x -f 1 ‘ 

16. Lim sin x and lim cos x. 

X—^TT X—^TT 

17. Lim tan x and lim cot x. 

X — >7r/2 X — >rr 

18. Lim and lim . 

a;— K) tan X a:— >0 COS X 


19. Provo that lim == » provided that lim y 9 ^ 0. 

20. Prove that lim (xy) = lim x * lim y. 


GROUP C 

21. - Find lim 

X— >0 Sin X 

22. Show that lim — q 

X — ^0 a* + a~® 

23. ‘ lff(x) = x\ find lim 

/t ->0 h 

24. - Uf(x) = - , find lim fjE±A}-MEl 

X /i — >0 h 

26.- If /(x) = X — x^ find lim 

h—*o h 

26. Show that lim — — - — — does not exist. 

x->-2 x^ -i- 4x -h 4 

27. Show that lim sin (1/x) does not exist. 

X— H) 

28. Show that lim —1 — exists and that lira — ? — does not 

X— H) cos X x—*vl2 cos X 

29. Show that lim tan x does not exist and that lim — does 

x->ir/2 X— >ir/4tanx 

8. Pol 3 momials. 

A rational integral function or, a polynomial, is defined by 
f(x) - box^ + hix^-^ + b 2 X^-^ + bzx^-^ + • • • + 6n, 
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The irrational roots of an equation, if any, may be approximated by 
several methods. However, if no great accuracy is desired, an irrational 
root may be approximated by narrowing the interval in which the root lies. 
Since the curve y = f(x) is sl continuous curve, the equation f(x) = 0 has 
at least one root between Xi and X 2 if f(xi) and / ( 0 ^ 2 ) have opposite signs. 
The equation 

f(x) + — 6 = 0 

has a real irrational root between 1 and 2 since 

/(I) = -4 and /(2) = 4. 

Moreover, this root lies between 1.6 and 1.7 since 

/(1.6) = -0.304 and /(1.7) = 0.613. 

Tedious though this process is, it can be continued to give any desired degree 
of accuracy. 


Exercise 3 


GROUP A 

1. Show that/(x) = a:Ms a continuous function for all values of x. 

2 

2. For what values of x is fix) = ^ continuous? For what value is it discontinu- 

X — Z 

ous? Draw the curve. 

3. Show that the function fix) — x + 2lx has a discontinuity. Draw the curve 

y =/W. 

4. Illustrate the remainder theorem using the function fix) = + a; + 6 and 

a = 4. 

6. Draw the graph of fix) = x^ — Ax^ + ^ + 5. 

6. Draw the graph of fix) = x^ — ISx^ -j- 20 and show that it is continuous at every 

point. 

X — 1 

7. For what value of x is fix) = ^ discontinuous? Draw the curve. 

X — z 

Find all the roots of each of the following equations. 

8. X® — 4x2 + 4x — 3 = 0. 

9. X* — 7x — 6 = 0. 

10. 2x8 - x2 -h X + 1 = 0. 

GROUP B 

11. Show that 1 / = sin X is a continuous function for all values of x. 

X d” 1 

12. For what values of x is/(x) = -z r continuous. For what values is it discontinu- 

X* y 

ous? Draw the curve. 



14 


Elementary Calculus 


13 . Show that/(a;) — x S/x* has a discontinuity. Draw the curve. 

14 . Find the value of B so that 3 is a root of — 2x^ + Bx --3 = 0. 

16 . For what real value of x is f{x) — 2x^ — 3x -j- 4 equal to 14? 

16 . Find the values of B and C so that —2 and 1 are roots of — 2x^ + Bx C = 0. 

17 . For what values of x do the functions /i(x) = 4x2 — 6x -f- 3 and/ 2 (x) = x^ — 2x2 -f 

5x — 3 have equal values? 

18 . Find the value of k so that a chord perpendicular to the axis of the parabola y — kx^ 

may be 6 inches long and may be 8 inches from the vertex. 

19 . Locate between consecutive integers the real roots of x^ -f- 3x2 — 2x — 5 = 0. 

20 . Approximate the real irrational root of x^ — 3x2 4 ^ 0 — 0 to one decimal 

place. 

GROUP C 

21 . Draw the curves ?/ = 2* and y = 2"*. 

22 . Draw the curve y = 2^^*. 

23 . For what values of x is /(x) = tan 2x discontinuous? 

24 . Discuss the continuity of y = • 

26 . Given y = /(x), a polynomial. Is y^ a continuous function? Is 1/y a continuous 
function? 

26 . Given the two continuous functions y — fi(x) and y — fiix). Consider the con- 

tinuity of/i(x) -f-/ 2 (x),/i(x) • / 2 (x) and^lly • 

27 . Prove the remainder theorem. 

28 . Prove that imaginary roots of a quadratic equation having real coefficients are 

conjugate imaginaries. 

29 . Prove that imaginary roots of any rational integral equation having real coefficients, 

occur in conjugate pairs. 

30 . Show that the constant term of an equation is plus or minus the product of all the 

roots, provided that the coefficient of the highest power of x is 1. 



CHAPTER II 


DIFFERENTIATION OF POLYNOMIALS 


10. Increments. 

The differential calculus may be said to be primarily concerned with the 
problem of finding how a function varies in comparison with the indepen- 
dent variable. In generah a change in the value of the variable will produce 
a change in a function of that variable. It is from the study of a compari- 
son of these changes that the fundamental operation known as differentia- 
tion is developed. 

An arbitrary change in an independent variable is called an increment 
of that variable. For convenience, this increment is ordinarily taken to 
be positive. Corresponding to any increment of the independent variable, 
in general, there is produced an increment of the function which may be 
positive, negative or zero. 

If y = /(^), the increments of the variables x and y are denoted by the 
symbols 

Ajc and Ay, 

respectively, which are read delta x and delta It is to be under- 
stood that these symbols do not represent a product of A and each of the 
variables, but that Ax represents an arbitrary change in x and that Ay rep- 
resents the corresponding change produced in the function y. 

In the function y = /(x), if x is given an increment, the final value of 
the variable is x + Ax. Hence, the final value of the function is 

y + Ay = /(x + Ax). 

From the given value of the function and this one, the increment of the 
function is obtained by subtraction, giving 

Ay == /(x + Ax) ~ /(x). 

Let the area of a square whose variable side is x be denoted by the vari- 
able y. Then 

y = x2. 

If the side x of the square is given the increment Ax, the corresponding 
increment of the area y is Ay. Then 

y + Ay = (x + Ax)2. 

15 
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From these two equations the increment of the area is obtained, 

Ay — 2x Ax + Ax. 


The square of area is drawn in Figure 3. When a side is increased by a 
length Ax, it is seen that the area is increased by two 
rectangles each of area x Ax and the square of area Ax^ 
Let us consider the function 

s = 16^2, 

in which s represents the distance in feet from the 
starting point of a body falling in a vacuum after t 
seconds and in which the acceleration due to gravity is 
taken to be 32 feet per second per second. 

Let the distance which the body has fallen in the first t seconds be n^p- 
resented by OA in Figure 4. Also, let the distance which tlu^ body has 
fallen in the first t + At seconds be represented by OB. 

Then, for a particular value of q 

OA = s = 16(2 ( '' 

OB = s 4- As = 16(( + A()2 ® 1 

and AB = As = 1C(2( A( + A(V | 



Fig. 3 


In both of the above illustrations, it is to be observed that 
the increment of a function is expressed in terms of both 
the independent variable and its increment. 


>s+As 


11, Average Rate of Change. 

Consider again the problem of the freely falling body, 
where 

5 = 16 ^ 2 ^ 




Fig. 4 


In the last section it was found that the distance fallen in the interval of 
time from At, that is, during the time A^ is 

As = 32( At + 16A<^ 


The ratio of the change of distance to the change of time, 
A <3 

^ = 32( + 16A(, 

imilf 

is the average speed of the body during the time-interval A^. 
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For example, in this problem the average speed from < = 2 to < = 2.1 
seconds is found as follows: Since t = 2 and At = 0.1, 

As 

~ = 32(2) + 16(0.1) = 65.6 ft./sec. 

This average speed represents the average change of distance per unit of 
time, or the average rate of change of s with respect to t in the interval A^. 
Our result means that if the falling body moved at a uniform speed of 65.6 
ft./sec. for 0.1 sec. after the end of the second second, it would have trav- 
ersed a distance of 6.56 feet. 

As a second illustration of average rate of change, let us return to the 
problem of the square, where 

y = 

In the last section it was found that the increment of the area correspond- 
ing to an increment of the side is 

Ay = 2x Ax Ax^. 

The ratio of the change of area to the change of side, 

^.2, + A*, 

Ax 

is the average rate of change of the area with respect to the side in the in- 
terval from a: to X + Ax. 

If we wish to find the average rate of change of area per unit side as x 
increases from 3 to 3.2 inches, we proceed as follows: Since x = 3 and 
Ax = 0.2, 

^ = 2(3) + (0.2) = 6.2 sq. ins. per in. 

As in the previous sections, let y represent any polynomial, given by the 
equation 

y = /(^), 

which defines the value of y corresponding to any initial value of x. If x is 
given an increment, the increment of the function was found to be 

^y = S{^ + - /(x). 


Dividing by the increment of the independent variable, 

^ ^ fix + Ax) - fix) 

Ax Ax 
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This ratio is the average rate of change of the function with respect to x in 
the interval from x to x Ate. 


12. Rate of Change. 


In the preceding section the average rate of change of a function over a 
given interval of the independent variable was defined and interpreted. 
This is an essential concept as it leads to the important definition » of the 
rate of change of a function for a given value of the variable. 

The rate of change of a function with respect to the independent variable 
is defined as the limit of the ratio of the increment of the function to the incre- 
ment of the variable as both increments approach zero. Thus, from the pre- 
ceding section, 


Bm^- lim 

Ax-^O^X Ajt— >0 


fix + Ax) - f(x) 
Ax 


> 


provided that such a limit exists. 

Once the initial value of x is chosen, it is considered to be fixed. Hence, 
the ratio of the increments may be regarded as a function of Ax alone which 
may or may not approach a limit as Ax approaches zero. 

Let us find the rate of change of the function 

^ = x^ -* 2x 

for X = 3. 

The change in the function for any change of the variable is 
Ay = 2x Ax + Ax^ — 2Ax. 


The average rate of change of the function over any interval Ax is 


Ax 


2x + Ax — 2. 


The rate of change of the function for any value of x is 

lim “ = lim (2x + Ax — 2) = 2x — 2. 

Ax — K) Ax — >0 

If X == 3, lim ~ = 2(3) —2 = 4 units per unit of x. 

Ax— >0 Ax 

Instantaneous Speed. An important physical application of the rate 
of change of a function with respect to its variable can be made when the 
distance of a particle moving in a straight line from a fixed point of that 
line is expressed as a function of the time, 

S = fit). 
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The instantaneous speed of the particle is the limit of the ratio of the dis- 
placement As and the time-interval At as At approaches zero: 

Speed = lim 

In the case of the freely falling body, 

s = 16«2, As = 32< At -I- IGAt^ 

A 9 

and = 32f -f 16A<. 

Hence, Speed = lim (32< + 16A<) = 32< ft. /sec. 

At — >0 

By means of the definition of the limit of a variable given in Section 5, 
it can be proved that the limit of the average speed of a falling body exists 
and has the value given above. It is to be recalled that, while t may have 
any value, once it Is chosen it is fixed and, consequently, it behaves as a 
constant. However, the expression (32^ + 16A0 is a variable which de- 
pends on the variable M. In order to prove that the limit of the former 
variable is 32^ as At approaches zero, it must be shown that the absolute 
value of the difference of the two may be made to become and remain less 
than any small preassigned positive quantity e, however small. Thus, 

I (32^ + 16At) -S2t \ = \ mAt |. 

As yet, no value has been assigned to At. This is done after e has been 
chosen. If we choose so that 

16A^ < €, or At < 

16 

then the absolute value of the difference is smaller than c, regardless of how 
small € is taken. Hence, the proof is complete. 

Exercise 4 

GROUP A 

In each of the following problems s represents the distance of a particle moving on 
a line from a fixed point of that line at any time t. 

1. s = 2^2 _ ^ 3 Yind As and As/ At. 

2. s = 2^2 1 — 5. Find the change in s corresponding to any change in t 

and corresponding to the change from < = 2 to / = 2.1. 

3. s = 1 + ^ — 3^2. Find the average speed during the interval of time At 

and from t = I to t = 1.3. 
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4t, s = P 2t Find As /At and lim As/ At. 

At—H) 

5 . s = t^ -f 2t + 3. Find the speed at the end of 2 seconds. 

6. Find the change in the volume of a cube of edge x for any change in the edge. 

Find the average rate of change of the volume with respect to the edge as the 
edge is increased from 2 ins. to 2 4 ins. 

7 . Given v = 2x’^ — -}- 1. Find Ay, Ay /Ax and lim Ay/ Ax. 

8 . Given y = x^ x^. Find the change in y and the average rate of change of y with 

respect to x for any change in x and as x changes from 1 to 1.2. 

9 . Given y = 4x — x^. Find the rate of change of y with respect to a: for x = 1, 

X = 2 and x — 3. 

10 . A ball is thrown upward so that its distance from the ground at any time is given 

by s = 480^ — 16^-. How long is it in the air? With what speed is it thrown? 
With what speed does it strike the ground? At what time is the speed zero? 
I low high docs it rise? 

GROUP B 

11 . Given y — — x’^ -\- x Find Ay, Ay /Ax and lim Ay /Ax. 

Ax— >0 

12 . Given ?/ = + a; + 2. Find the change of the function and the average 

rate of change of the function with respect to x as x changes from 1.0 to 1.01. 

13 . Given y == 1 + 3x — xk Find the rate of change of the function with respect to 

X for any value of x and for x = 5. 

14 . Find the rate of change of the volume of a cube with respect to its edge if the edge 

is G ins. 

16 . Find the rate of change of the circumference of a circle with respect to its radius. 

16 . Find the rate of change of the area of a circle with respect to its diameter. 

17 . Show that the rate of change of the area of a circle with respect to its radius is 

equal to its circumference. 

18 . Find the rate of change of the volume of a spherical balloon with respect to its 

radius. 

19 . Find the rate of change of the area of a sector of a circle of radius a with respect to 

the central angle. 

20 . The altitude of a right circular cone is always equal to the diameter of its base. 

Assuming the cone to expand, retaining its form and proportions, find the rate of 
change of the volume with respect to the radius of the base. 


13. The Derivative. 


The derivative of a function with respect to its variable is defined as 
the limit of the ratio of the increment of the function to the increment of the vari- 
able as both increments approach zero. If y = /(x), the derivative of y with 
respect to x is 


lim 

-►O 


Ax 


or, 


A*-K> Ax 
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The rate of change of a function with respect to the independent variable 
for a value of that variable is the numerical value of the deiivative, 

%mbols which may be used to repn'scait the derivative of the function 
y — f{x) with respect to x are 

% an, I fix). 

Similarly, the symbols to represcait the derivative of the function s = J{1) 
with respect to t may bo 

and f(t). 

The process of finding th(^ derivative of a function is called differentia- 
lion. To differentiate a function, give an inenanent to the independent 
variable, find the c.orn'sponding iucrcancait of th(' function and evaluate; the 
limit of the‘ quoti(;nt of these increuKaits as both inenanents approach zero. 
This process is indicated in the definition and may be called the delta 
pi^ocess. 

The operational symbol for diffemitiation is d/dx. If functions of x 
are represented by the ^’ariables u or/(.r), the differentiation to be per- 
formed is often denoted by 

d d d . 

TJ- S"- 

respectively. The value of these symbols lies in the fact that they indicate 
an operation or a proc('dure to be carri(‘d out with r(\spect to a particular 
variable. We shall se(‘ latca* that diffenaitiation with respect to different 
variables is an important variation of the proc(\ss. 

Some authors use as the sym])ol to indicate differentiation with re- 
spect to X. Following this notation, the derivatives of the functions above 
are represented by 

T>^y, D^u or DJ(x). 

Exercise 6 

GROUP A 

Ditferentiate carh of the following functions using the delta process. 

1. y = G.C + d’l 4. y = {x - 1)2. 

2. 7/ = 2j: + .rt 6. 2/ 


3. y ~ — 2xr -f- a: — 1. 
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7. Find the coordinates of the point on the curve 2/ = a;* — 6a; at which the rate of 

change of y with respect to x is zero. 

8. Find the coordinates of the point on the curve ?/ = a;* — 6a; -f 10 at which the rate 

of change of y with respect to x is equal to 2. 

9. A circular metal plate is heated and expands, remaining circular. Find the rate of 

change of the area with respect to the circumference when the radius is 5 ins. 

10. An expanding balloon remains spherical. Find the rate of change of the surface 
with respect to the diameter when the radius is 10 ins. 


GROUP B 


Differentiate each of the following functions using the definition of the derivative. 


11 . 2 / = :^--. 

12. y = r-— . 

13. ?/ = -f ^ • 


14. 



15. y = X* — X. 


16. 


y 


3; + 1 
X — 1 


17. Find the rate of change of the area of an equilateral triangle with respect to its side. 

18. Find the rate of change of the sector of a circle with respect to the radius if the 

central angle is tt/S radians. 

19. Find the values of x for which the rates of change of the two given functions are 

equal 

Mx) = ~ 3a;2 4- 6x + 1, Mx) - 2x^ + Sx^ - 30x + 8. 

20. Find the coordinates of the points on the curves y = 1/x and t/ = iC — iC* at which 

the rates of change of y with respect to x are equal. 


GROUP C 


Differentiate each of the following: 

X 


21. y = 

22. y = 

23. y = 


X -f 1 
1 

-f r 
Vi: 


24 . y 


y/x 


26. y ~ y/ X — \. 
26. 2/ = Vx^ -f 4. 


27. Find the rate of change of the total surface arda of a right circular cone with respect 

to the radius of its base, if the slant height remains 5 ft. 

28. Find the rate of change of the lateral surface area of a right circular cone with 

respect to its altitude, if the radius of the base remains 4 ft. 

29. The volume of a gas varies inversely as the pressure. When the pressure is 10 lbs. 

per sq. in., the volume is 500 cu. ins. Find the rate of change of the volume 
with respect to the pressure when the pressure is 100 lbs. per sq. in. Interpret 
the result. 

30. The intensity of light on a surface varies inversely as the square of the distance 

between the surface and the source of the light. If the intensity is 500 units 
when the distance is 1 ft., find the rate of change of the intensity with respect 
to the distance when the distance is 10 ft. 
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14. Differentiation Formulas. 

In this section standard formulas for the differentiation of simple alge- 
braic functions arc derived. The use of these formulas effects a saving of 
time, obviating the necessity of the evaluation of a special limit in each 
problem. 

Derivative of a Constant. The derivative of a constant is zero. 

Let y = ciy 


where a is any constant. Then 


Hence, 

(1) 


y + ^y = a 
Ax 


^ = 0 


and 

and 



^y = 0 . 


dx 


lim ^ = 0. 

Ax — >^0 


Derivative of r to a Positive Integral Power. The derivative of is nx'^~^. 
Let y = X”, 

where n is any positive integer. Then 

1/ + = (x + Ax)^. 

The right-hand member may be expanded by the binomial theorem, giving 
?/ + Ay = X” + nx””^ Ax + — ^ x ”~2 + • • • +Ax''. 

1 'Zi 

Subtracting the first equation from this one, we have 
Ay = nx”“^ Ax + x ”“2 

Dividing both sides of the equation by Ax, 

^ ^ - — - x”“2 j\x + • • • + Ax'" \ 

Ax L2 


Taking the limit as Ax approaches zero. 


( 2 ) 


d(x^) 

dx 




Derivative of a Constant times a Function. The derivative of constant 
times a function is the constant times the derivative of the function. 


Let 


y = du, 
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where a is any constant and u is a function of x which can be differentiated. 
If X is given the incnanc'nt Ax, u and y will have corresponding increments 
Au and Ay, respectively. Then 

y Ay — a(ii + Au) and Ay — a Au. 


Dividing both sid(\s of the equation by Ax, 


Ax 


All Ay All 

a \ lim “ a Iim • 
Ax Ac — ^0 Ax A.C — >0 Ax 


In taking the limit as Ax approa(*hes zero, Au also approaches zero. 


(3) 


d(au) du 
dx ~ ^ dx 


Derivative of a Sum. The derivative of the algebraic sum of two or more 
functions is the same algebraic sum of their derivatives. 

Let y = u + Vj 

where u and v are functions of x which can be differentiated. If x is given 
the increment Ax, ?/, v and y will have the corresponding increments Au, Av 
and Ay, respectively. Then 

y + Ay = {u + All) + (y + Ac), Ay = Au + Av, 

Ay Au , Av Ay Au Av 

- - = h - - » lim = hm ^ — h hm - - • 

Ax Ax Ax Ax — ^0 Ax Ax' — ^0 Ax ax — A x 

In taking the limit as Ax approaches zero, Au and Ac also approach zero. 

... d(u + v) ^ du dv 

^ ^ dx dx dx ’ 


Although the derivation given for formula (2) is valid for positive inte- 
gral values of n only, the formula holds for positive and negative integral 
and rational fractional values of n. The general proof is to be found in 
Section 35. 


Exercise 6 

GROUP A 

Differentiate each of the following functions. 

1. y = 2x^ — Sx- + Ox 9. 

2. y — 3.x^ — 2x'^ + X — 4. 

3. fix) = 1 - 2x - 3x2 _ 

4. fix) = 2 — X — 2x'* — Sx'" 
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5 . 7/ = l/x. Apply the delta process and compare with the lesult by use of 
formula (2). 


6 . y — \/x. Apply the delta process and compare with the result obtained 

by the use of formula (2). 

7 . /(.r) = 2\/^3 _ sVx + 8. 


8 . fix) = - + ^ 

X x^ 


x^ 


9 . f{x) = ~ Q^x -f- 


5£ 3 _ 3 

4 -“*■ 2 a: 


x^ 


GROUP B 

Differentiate each of the following functions. 

11. fix) = (rc2 - 1)2. 

12. fix) = a;(x + 2)‘\ 

13 . fix) ~ x^iVx — x'^^). 

14 . y = kxiax^ bx c). 

,, Sx^-2x^ 

“■ » TT-- 

16 . y = axl^Vx + • 

In each of the following problems the distance s of a particle moving on a line from 
a fixed point of that line is given as a function of the time t. 

^17. 5 = 2t^ “ 15/2 -f 48/ 4- 24. Find the times at which the speed of the 
particle is 12 units per unit of time. 

18. 5 = /'* — 12/3 -f QQi _(_ 2. Where does the particle start motion? 

Find the times at which the speed is zero. 

19 . 5 = /^ — 8/3 + 22/2 _ 24^ -j- 8. Find the times at which the particle 

comes to rest. 

20 . s = /^ — 6/3 4" 11/^ ~ 6/. Find the times at which the particle passes the 

fixed point. Approximate to one decimal place each of the times at which 
the particle comes to rest., 

16. Geometric Interpretation of the Derivative. 

A straight line which is determined by two separate points of a curve 
is a secant of the curve. If one of the two points is fixed while the second 
point is allowed to move along the curve with the first point as its limiting 
position, the secant will rotate about the fixed point and ordinarily will ap- 
proach a limiting position. A tangent to a curve at a fixed point of the 
curve is defined as the limiting position of a secant through the fixed point and 
a moving point as the latter point approaches the fixed point as a limiting 
position. 
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The coordinates of any point P on the curve y = f{x) are {x, y). Let 
the coordinates of any other near point P' be {x + Ax, y + A?/). In Fig- 
ure 5 the directed line segments PR and RP' are Ax and A?/, respectively. 
While the point P is any point of the cuive, once it is chosen, it is con- 
sidered to be a fixed point. 



Let X represent the inclination of the secant PP' for any position of 
P', then 


tan X 


Ax 


Hence, the slope of the secant PP' represents the average rate of change of a 
function with respect to the independent variable over the interval from x to 
X + Ax. 

As the point P' approaches the fixed point P, Ax approaches zero. Let 
6 represent the inclination of the tangent PQ to the curve at the point P. 
Then 

lim \ = 6, and lim tan X = tan 6, 

Ax— ♦O Ax— >0 


Hence, 


Ay 

lim = tan 0, or 
ax-k) Ax 


/'W-g-to*. 


In words, the slope of the tangent to a curve y — /(x) at any point P is the nu- 
merical value of the derivative /'(x) obtained by evaluating it for the abscissa 
ofP, 
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The slope of the tangent to a curve at a given point is called the slope 
of the curve at that points Hence, the slope of a curve y — f(x) at any given 
point represents the rate of change of the function f{x) with respect to the inde- 
pendent variable for the abscissa of the given point. 

It should be remarked that the derivative of a function is not another 
name for the slope of a curve. Quite the contrary, the use of the derivative 
for finding the slope of a curve from its equation is but one of the many ap- 
plications of the derivative of a function. However, the geometric inter- 
pretation of the derivative of a function is often useful in studying the 
derivative and its meaning in other applications. 

16. Equations of Tangents to Curves. 

It is now possible to write the equation of the tangent to a curve y = f(x) 
at any one of its given points, since the slope of the tangent can be found 
from the derivative. If the abscissa of the given point is Xi^ the slope of 
the tangent to the curve at this point is the numerical value obtained from 
the derivative for x = Xi. This value is indicated by the symbol 

r(xi). 

Hence, the equation of the tangent to the curve at the given point is 

y - f(xi) = f'ixiXx - xi). 

Let it be required to write the equation of the tangent to the curve 
/(x) = X® — 3x^ + 4x + 1 at the point whose abscissa is 2. 

From the derivative, 

fix) = 3x* - 6x + 4, /'(2) = 4. ^ 

From the given function, /(2) = 5. Hence, the equation of the tangent is 

2 / - 5 = 4(x - 2), 

or 4x — 2 / ~ 3 = 0. 

Exercise 7 

GROUP A 

Find the equation of the tangent to each of the following curves at the indicated 
points. 

1. fix) = x’ - 6x + 10 at X = 4. 

2. fix) = x’ - 2x2 + X - 6 at X = 2. 

3. fix) = X* — X at X = 2. 

4. fix) = 4 + 2x - x2 at X = -1. 

B. fix) = X - (3/x) at X = 3. 
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6 . Find the slope of the curve ^ = 6 a; — at each of the points x — 2, x = 3 and 

X = 4. Draw the curve and the tangents at the given points. 

7 . Find the slopes of the curve ?/ = x^ — 4x — 1 at 2 / = 4. Draw the curve and the 

tangents at the given points. 

8 . Find the coordinates of the points at which the slope of the curve 

f(x) = x3 - 3x2 - 8 x -h 7 is 1 . 

9. Write the equation of the line perpendicular to the tangent to the curve y = x^ — 4 x 2 

at X = 1 and passing through the point of tangency. 

10 . Given f{x) == x 2 -f- 2 x — 5. Find the average rate of change of the function with 

respect to x from x = 2 to x = 3. Show that it is equal to the slope of the 
secant through the points on the curve whose abscissas are 2 and 3. 

GROUP B 

11 . Find the coordinates of the points on the curve y = 3x^ — 2x^ — 6 x 2 ^ Qx — 9 at 

which the rate of change of y with respect to x is zero. Write the equations of 
the tangents to the curve at these points. 

12 . Find the equations of the horizontal tangents to the curve y — 3x® — 25x^ + 60x -f 3. 

13 . Find the angle between the line x — 3y -f 1 =0 and the tangent to the curve 

^ = x 2 — 2 x + 1 at one of the points of intersection of the curve and the given 
line. 

14 . Given the line 4x — 2 / + 5 = 0 and the curve ?/ = x2 -f 2x -f 6 . Is the line 

tangent to the curve? If so, write the equation of the perpendicular to it througli 
the point of tangency. 

15 . A secant of the curve x 2 — y — 2 = 0 has a slope 2 and intersects the curve at the 

point (—4,14). Find the angle between the curve and the secant at the second 
point of intersection of the curve and the secant. 

16 . Write the equations of the tangents to the curve /(x) = x^ -f 4 x 2 — 2 x *|- 1 which 

are parallel to the line x — ?/ -f 8 = 0 . 

17 . Find the equations of the tangents to 2 / = x® + 3 x 2 _ jq which are per- 

pendicular to the line x 4- — 23 = 0. 

18 . Find the equation of the tangent to the curve x^ — 82 / = 0 at x = 1 ... Find the 

coordinates of the second point of intersection of the curve and the langent. 

19 . Find the equation of the tangent to the curve x?/ — 3?/ — x = 0 at x = 4. 

20 . Find the rate of change of the slope of the curve 2 / = — x^ — 3x2 — 6 x -f 2 at 

X = —1, at X = 0 and at x = 1. 

17. Sign of the Derivative. 

The general analytic meaning of the derivative of a function has been 
given as the measure of the rate of change of the function with respect to 
the independent variable. In addition, the geometric interpretation has 
been given as the measure of the slope of the curve. The consequences of 
these results are important and lead to significant applications. 

For convenience, if 2/ = /(^), Ax was chosen to represent an arbitrary 
positive increment of x and Ay was chosen to represent the corresponding 
change of the function. Since the change of the function may be positive, 
negative or zero, the difference quotient Ay/AXj has the same possibilities. 
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Also, since limAy/Ax = the numerical value of the derivative for 

Aa;— K) 

X = Xi may be positive, negative or zero. We consider the three cases as 

follows: 

If for X = Xi, the derivative of f(x) is 
positive, that is, 

f'ixd > 0 , 

the function is on the increase. Let Pi be a 
point on the curve in Figure 6 at which the 
slope is positive. The inclination 6i of the 
tangent to the curve at this point is "an 
acute angle. Hence, the curve necessarily 
rises from left to right. Thus, when the slope 
is positive, the function increases as x in- 
creases. A function is said to be an increas- 
^ ing function for those values of the variable 

for which its derivative is positive. 

If for X = X2, the derivative of f{x) is negative, that is, 

fix,) < 0 , 


the function is on the decrease. Let P2 be a point on the curve in Figure 7 
at which the slope is negative. The inclination 62 of the tangent to the 
curve at this point is an obtuse angle. Ilcnce, the curve necessarily falls 
from left to right. Thus, when the slope is negative, the function de- 
creases as X increases. A function is said to be a decreasing function for 
those values of the variable for which its derivative is negative. 

If for X = c, the derivative is zero, 
that is, 

/'(o) = 0, 

the function is neither on the increase 
nor on the decrease. Let C be a point 
on the curve in Figure 0 and D be a point 
on the curve in Figure 7 at each of which 
points, the slope is Z('ro. The tangents 
to the curves at these points are parallel 
to the a:-axis. A function is said to have 
critical values for those values of the vari- 
able for which the derivative is zero. 

The values of x for which a function /(x) is critical, arc the real solutions 
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of the equation f(x) = 0. If the real roots are 

X = Cl, C2, Ca, • • • , c„, 

then the critical values of the function are 

/(Cl), /(Ca), /(Cs), • • • , /(Cn). 

p. t 



Fia. 8 


To find the range of values of x for which a polynomial is increasing or 
decreasing, the derivative is often written in its factored form, 

f(x) = aix - Ci)(x - a) (X ~ Cn), 

so that we may find the sign of the derivative by considering the sign of 
each factor. 

Consider the function 

fix) = 3x® - 5x\ 

The derivative, written in its factored form, is 
fix) = 15x^(x — l)(x + 1). 

The solutions of fix) = 0 are x = — 1, x ='0 and x = 1, giving the criti- 
cal values of the function 

/(-I) = 2,/(0) = 0 and /(I) = -2, 

respectively. The function has the following variations: 

X < —I, fix) = -f and/(x) is increasing. 

— 1 < X < 0, fix) = — and fix) is decreasing. 

0 < X < 1, /'(x) = — and fix) is decreasing. 

1 < 3: , fix) = -|- and/(x) is increasing. 
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The curve is drawn in Figure 8, showing the critical points at Pi( — 1,2), 
0(0,0) andP2(l,-2). 


18, Velocity. 

The speed of a moving body was defined in Section 12 as the rate of 
change of distance with respect to time. Speed represents a magnitude 
only, while velocity represents both a magnitude and a direction. Hence, 
the velocity of a moving body may be defined as the directed speed. 

If the distance of a particle moving on a line from a fixed point of that 
line is expressed as a function of the time t^ the derivative of the function 
with respect to t is the velocity of the particle at any time. Let s represent 
the distance and v the velocity of the particle. Then, if 




A value of t for which v is positive indicates that 5 is increasing and that 
the particle is moving to the right. A value of t for which v is negative in- 
dicates that 5 is decreasing and that the particle is moving to the left. And 
a value of t for which v is zero is the instant 


at which the particle is at rest. 

Suppose that a particle moves on a line 
so that its distance from a point A at any 
time is given by the function 



/ 

s = ^3 — 6^2 _|_ 9^ 4 

/ 

/ 



The velocity of the particle at any time 
is given by the function 

/ 

1 



V = 3(^2 - 4^ + 3) = 3(^ - 1)(^ - 3). 




The particle comes to rest at the end of 1 





second and at the end of 3 seconds. We ^ 

study the direction of motion as follows: 

^ < 1, V ^ + and the particle is moving to the right. 

1 < ^ < 3, V = — and the particle is moving to the left. 

3 < ^, V = + and the particle is moving to the right. 
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It is instructive to draw the given function with reference to a pair of 
U and s-axes as has been done in Figure 9. From such a figure a complete 



A 5=4 S=8 

Fig. 10 


analysis of the motion may be made and a diagrammatic representation of 
the motion constructed as in Figure 10. 

Exercise 8 

GROUP A 

1 . Find the critical values of the function fix) — — 15x + 6 . 

2 . For what values of x is the function f{x) = -f + 8 increasing? 

Decreasing? 

3. Find the coordinates of the points on the curve y — x^ 3x^ — 24.r + G at which 

the tangents are parallel to the x-axis. For what values of x are the slopes 
positive? 

4 . Find the critical values of the function /(x) = 3x^ — 5x^ + 3. Draw the graph 

of the function. Show that one root of /(.r) = 0 is real and that four are im- 
aginary. 

6. Find the coordinates of the point on the curve y == 3x^ — 8x^ -f- -f 1 at which 
the slope is zero. Test whether the curve is rising or falling to the right and the 
left of each point determined. Draw a graph of the function using the informa- 
tion obtained. 

6. A baseball is thrown upward so that its distance from the ground at any time is 
given by s = 128^ — 16/^. How long and how high does the ball rise? When 
and with what velocity does it strike the ground? 

In each of the following problems s represents the distance of a particle moving on 
a line from a fixed point of the line at a any time (. Draw a graph of each function and 
make a complete analysis of the motion. 

7. s == ^2 _ 10^ 4- 7. 

8. s = - 15^2 4 48^ 4 8. 

9. s = - 12/3 4 40^2 _ 00/ 4 12. 

10 . s = /2 — 8/ + 12. During what times is the particle approaching the 
fixed point? 

GROUP B 

11 . If the perimeter of a rectangle is 40 ins., express the area as a function of one side x. 

For what values of x is the function increasing? Decreasing? Draw a graph of 
the function and find the dimensions of the rectangle having the greatest area. 

12 . If the area of a rectangle is 25 sq. ins., express the perimeter as a function of one 

side X. For what values of x is the function increasing? Decreasing? Draw 
a graph of the function and find the dimensions of the rectangle having the least 
perimeter. 
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13 . For what values of x is the derivative of the function J{x) = -j- -}- H 

increasing? Decreasing? 

14 . Find the critical values of the slope of the curve y ~ x^ 2x^ — 12x’^ + 8a; — 16. 

16 . For what values of x is the slope of the curve /(x) — x^ — 6x^ — 3x + 5 increasing? 

Decreasing? 

16 . Find the coordinates of the points on the curve /(x) = x^ — Bx^ -f 12x2 — 7x 4- 13 

at whi(;h the slope is neither increasing nor decreasing. 

17 . The path of a punted football is given by the equation y ~ 150x — x^. If the 

x-axis represents the ground, how high will the ball rise? How far from the 
starting point and at what angle does the ball strike the ground? 

18 . The distance of a particle moving on a line from a fixed point at any time is 

s = _ 3^2 _ 11 When is the velocity increasing? Decreasing? When 

neither increasing nor decreasing? 

19 . Find the angle between the curves y — x^ and 2!/ = x^ -f 4 at one of their points 

of intersection. 

20 . Prove that the tangents drawn to the parabola y^ = 4px at the extremities of the 

chord through the focus perpendicular to the axis are perpendicular to each other. 

21 . Find the coordinates of the vertex of the parabola ?/ = x^ -f 4x and find its width 

14 units above the vertex. 

22 . Find the coordinates of the vertex of the parabola y = 2 + 6x ~ x^ and show 

whether it opens upward or downward. 

23 . Find the coordinates of the vertex of the parabola y — ax* -f -f- c. 

19. Maxima and Minima. 

Let f{x) be a continuous single-valued function having a continuous 
first derivative for a range of values of x including x = c. If f{x) is a poly- 
nomial, it and its derivative f'{x) are continuous single-valued functions 
for all values of x. But if f{x) is not a polynomial, it and its derivative 
are assumed to be continuous within a range a < x < b, where c is some 
value of X within this range. The assumption that the first derivative is 
continuous within the range means geometrically that the curve has no 
breaks in it and at no point has a vertical tangent. If /'(c) = 0, then /(c) 
is a critical value of the function. 

A maximum and a minimum value of a function f(x) are defined as 
follows : 

The value /(c) is a maximum value of the function if there is a range of 
values of x containing c in its interior such that if Xi is any other value in 
that range, 

/(c) > f(Xl). 

The value /(c) is a minimum value of the function if there is a range of 
values of x containing c in its interior such that if Xi is any other value in 
that range, 


/(c) </(x,). 
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Again, /(c) is a maximum value of the function, if for values of x less 
than c, but sufficiently near c, f{x) is positive and for values of x greater 
than c, but sufficiently near c, /'(x) is negative. Similarly, /(c) is a minimum 
value of the function, if for values of x less than c, but sufficiently near c, 
/'(x) is negative and for values of x greater than c, but sufficiently near c, 
J\x) is positive. Thus, a function reaches a maximum when it ceases to 
increase and begins to decrease and, a function reaches a minimupi when it 
ceases to decrease and begins to increase. If neither of these conditions is 
satisfied, the critical value of the function is neither a maximum nor a mini- 
mum value. 

In studying the critical values of a function it is often helpful to con- 
sider the geometrical representations of the function and various values of 
its derivative. 

Consider the curve representing the continuous single-valued function 
y = /(^)- K* /'(c) = 0, then the point [c,/(c)] is called a critical point of the 
curve. The tangent to the curve at this point is a horizontal line. A crit- 
ical point is a maximum point of the curve if the slope of the curve changes 
from positive to negative in going from immediately to the left of the crit- 
ical point to the immediate right of it. Similarly, a critical point is a min- 
imum point of the curve if the conditions arc exactly reversed, that is, the 
slope of the curve changes from negative to positive in going through 
the critical point. If neither of these conditions is satisfied, the critical 
point is neither a maximum nor a minimum point. 

Consider the function 

fix) = ^ + 

To find the values of x which give the critical values of the function, 
the derivative 

fW - 1 - 1 

is set equal to zero. The solutions are x = 2 and x = — 2. To test the 
critical values /(2) and/(— 2) for maxima and minima, the derivative is 
written in its factored form, 

,, , , _ (x + 2)(x - 2) _ 

/ W ^2 

If X < —2, fix) = +, and if — 2 < x < 0, /'(x) = — . 

Hence, fi — 2) is a maximum value of the function. 

If 0 < X < 2, fix) = — , and if 2 < x,fix) = +. 
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Hence, /(2) is a minimum value of the function. The curve representing 
the function is drawn in Figure 11, showing the maximum point at 
P 2 ("~ 2 ,— 4) and the minimum point at Pi(2,4). 



It may be well to remark that the definition of a maximum value of a 
function does not state that such a value is greater that any other value of 
the function, but that it is greater than any other value in its immediate 
neighborhood, A similar statement may be made for a minimum value of 
a function. 


Exercise 9 

GROUP A 

1. Find the maximum value of the function f{x) = 2 -f 6x — x^. Draw the curve 

and show the test of the maximum value. 

2. Find the coordinates of the critical points of the curve t/ = x® — 9x. Draw the 

curve and show tests for maxima and minima. 

3. Find the critical values of the function /(x) - ~ 4x* ~ 10 and give any maxi- 

mum or minimum value. 

4. If 5 = — 9^2 -f- 24^ -f- 6 gives the distance of a particle moving on a line from a 

fixed point of the line, find the maximum and the minimum distance from the 
fixed point. 

6 , Find the minimum velocity of the particle from the equation in Problem 4. 

6 . Find the minimum slope of the curve y = x* — 2x^. 

Draw the graph of each of the following functions. 

7 . = 4 + 12x + 3x2 _ 2xK 

8 . /(x) = 3x4 _ sx3 -f 6x2 4. 3. 

9. Six) = 3x« - 25x3 4- 60x ~ 2. 

10. /(x) = 5x6 _ 12x6 _ ^ 40x3 + 15x2 - 60x -h 5. 
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GROUP B 

11 . Given f{x) = 2x^ + 3^2 — 36a; — 85. By the use of maxima and minima, show 

that two roots of f{x) =0 are imaginary. 

12 . Find the critical point of the curve y — ax^ -{-hx c. Derive from the result the 

condition that ax^ -f -f c = 0 have equal roots. 

13 . Given }{x) = ax^ -f hx^ + ca; -f d. What kinds of roots may J'{x) - 0 have? 

Show that the equation f{x) = 0 has at least one real root. 

14 . Find two numbers whose sum is 8 and whose product is maximum. 

16 . Find two numbers whose difference is 12 and whose product is minimum. 

16 . Find two numbers whose sum is 12 so that the square of one plus twice the other 

is a minimum. 

17 . Find two numbers whose sum is 4 so that the cube of one number plus three times 

the square of the other is a maximum. 

18 . Find the number which added to its reciprocal gives a minimum sum. 

19 . Find the number which exceeds its square by a maximum amount. 

20 . The distance of a particle moving'on a line from a fixed point ^4 is s = 2^^ — 13^* -|- 20<* 

When is the distance from A maximum? When is the distance from A 
minimum? During what time is the particle approaching the point A1 


20. The Second Derivative. 

In general, the derivative of a function of a variable is itself a function 
of that variable and can be differentiated. The derivative of the deriva- 
tive of a function, each with respect to the independent variable, is called 
the second derivative of the function. 

The symbol for the differentiation of a function with respect to as 
used in Section 13, is d/dx. Since the first derivative is represented by 
either of the symbols dy/dx or/'(x), the second derivative may be repre- 
sented by either of the following symbols: 


d dy _ ^ 
dx dx "" ’ 




The second derivative is the rate of change of the first derivative with 
respect to the independent variable. Geometrically, the second derivative 
is the rate of change of the slope of the curve y = f{x) with respect to x. 

The third derivative of a function is found by the differentiation of the 
second derivative. Similarly, higher derivatives are found by continued 
differentiation. For example, if 

fix) ^ x* + 2x2 + 2, 
fix) = 4x^ + 4x, 

/"(x) = 12x2 4. 4^ 

/'"(x) = 24x, /‘^(x) = 24 
fix) = 0. 


and 



Differentiation of Polynomials 


37 


(x) 



>-x 
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Concavity and Inflection Points. The second derivative of a function, 
being the rate of change of the slope of a curve, gives valuable information 
regarding the curve itself. Such an investigation is carried out by a 
study of the sign of the second deriva- 
tive over the intervals of the indepen- 
dent variable. 

.If y = /(^)j increasing as x 

increases for those values of x for which 
f"(x) > 0. The range of values of x 
over which the second derivative is 
j)ositive d('fines the intcnwal over which 
the slope of the c\irve is increasing. As 
X increase's, the tangent to the curve 
turns in the counterclockwise direction. Hence, in this interval the curve 
is concave upward ^ as is shown in Figure 12 in the interval — oo < x < Xz. 
At a minimum point Pi, where f'{x) — 0, the second derivative must be 
j)ositive or zc'ro. 

\{ y — f(x),f{x) is decreasing as x increases for those values of x for which 
f"{x) < 0. The ranges of values of x for which the second derivative is 
negative d('fin(‘s the interval over which the slope of the curve is decreas- 
ing. As x increases, the tangent to the ciuwe turns in the clockwise 
direction. Hence, in this interval the curve is concave downward^ as is 
shown in Figure 12 in the intc'rval Xs < x < ^ . At a maximum point P2, 
where f{x) — 0, the second derivative must be negative or zero. 

If y — /(^)j i'"^ neither increasing nor decreasing for those values of 

x for which f"{x) = 0. The points of the curve y = /(x) at which the 
slope is maximum or minimum locate those points on the curve where the 
tangent changes from one direction of turning to the other. These are the 
points at which the curve changes its concavity from downward to upward, 
or vice versa, and are called inflection points. Such a point is P3 in Figure 
12. The abscissas of the inflection points of a curve are real solutions of 
the equation f"{x) = 0, although all such solutions are not necessarily 
abscissas of inflection points. 

Second Derivative Test for Maxima and Minima. In making the test 
for a maximum or a minimum value of a function it is often more con- 
venient to evaluate the second derivative for the critical value of x, thus 
determining the sign, than it is to find the variation of the sign in the 
first derivative. The criteria arc as follows: 

If at X = Xi, /'(xi) = 0 and /"(xi) > 0, the slope is increasing through 
zero and [xi,/(xi)] is a minimum point of the curve. 
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If at X = X 2 , /'(xs) = 0 and/"(x 2 ) < 0, the slope is decreasing through 
zero and [x 2 , /fe)] a. maximum point of the curve. 

If at X = X 3 ,/'(x 3 ) = 0 and /"(xa) = 0 , there is no test. 

Consider the function 

f(x) = 3x" - 20x3 + 16. 

The solutions of the first derivatives set equal to zero, 
fix) = I5x%f^ - 4) = 0, 

are ^ = — 2, x = 0 and x = 2. 


These values 
ative is 


from which 


give the critical values of the function. The second deriv- 
/"W = 60x(x^ - 2), 

/"(-2) - -240, /"(O) = 0, and /"(2) = 240. 


Hence, Pi( — 2,80) and ^ 2 ( 2 , — 48) 


are maximum and minimum points, respectively. For x = 0, the second 
derivative test fails. But since /'(x) does not change sign as x increases 
through zero, the point B(0,1G) is neither a maximum nor a minimum point. 



The solutions of the equation 
/"(x) = 60x(x2 - 2) = 0, 
are 

X — ~ \/2, X = 0 and x = V2. 

Hence, A( - V^,16 + 28 V^), P(0,1G) 
and C(\/2,l6-28\/2) 

arc the inflection points. The curve 
is concave downward to the left of A, 
coqcave upward between A and P, 
concave downward between B and C 
and concave upward to the right of C. 
The curve is drawn in Figure 13. 

The function /(x) = x^ + 2 has 
the first and second derivatives 

fix) = 3x2, 


The solution of fix) =0 is x = 0, giving /(O) = 2 a critical value 
of the function. Since /"(O) = 0, the second derivative test fails. As x 
increases through zero, fix) does not change sign and the critical value 
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is neither a maximum nor a minimum value of the function. The 
curve has a horizontal tangent at the point (0,2), is concave downward to 
the left of it and is concave upward to the right of it. 

In comparison with the study of the function just given, let us con- 
sider the function f(x) = + 2. It has the first and second derivatives 

f{x) = 4x^ f\x) = 12x2. 

The critical value of the function is /(O) = 2 and, here again, the second 
derivative test fails. However, in this case, as x increases through zero, 
/'(x) changes from negative values to positive values and the critical 
value is a minimum value of the function. 



Derived Curves. It is often instructive to draw in the same figure the 
graphs of the original function /(x), its derivative /'(x) and its second 
derivative The graphs of the derivatives are called the derived 

curves. When these curves arc drawn on the same axes the ordinates 
represent successively the values of the given function, the slopes of the 
curve and the rate of change of the slope. 

Perhaps the simplest method of procedure in drawing such curves is 
to construct the second derivative first. From the information obtained 
from it the first derivative is then constructed. Finally, from the latter 
curve the original curve may be constructed. In Figure 14 the curve rep- 
resenting the function 

/(x) = x4 - 6x2 
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is drawn from the derived curves obtained from the derivatives, 

f(x) = 4x(x^ — 3), 
f\x) = 12(x^ - 1). 


21. Acceleration. 

In Section 18 a study was made of the velocity of a particle moving on 
a straight line, where the distance of the particle from a fixed point of 
the line at any time is given as a function of the time. If 

5 = /W, 

= /'(O. 


The acceleration of the moving particle is defined as the rate of change 
of the velocity with respect to the time. Letting j represent the accel- 
eration, 



d^s 

dt^ 


no. 


If the acceleration is positive, the particle is moving with an increasing 
velocity. If the acceleration is negative, the particle is moving with a 
decreasing velocity. But it should be noted that if the velocity is neg- 
ative, an increasing velocity means a decreasing speed and a decreasing 
velocity means an increasing speed. 

In case the acceleration is constant, a particle is said to be uniformly 
accelerated. An important illustration of uniformly accelerated motion 
is that of a body falling toward the earth from a {)oint near the surface, 
where air resistance and other such forces are neglected. The attraction 
of the earth gives the body an acceleration g which is called the acceler- 
ation of gravity. Thus, we write 

S = V = gt and j = g. 


Exercise 10 

GROUP A 

1 . Find the coordinates of the critical points of the curve /(x) = 3x^ — 18a; + 4 

and make the second derivative tests for maxima and minima. 

2. Find the coordinates of the inflection point of the curve f(x) = — 3x^ -f- 6a; + 9 

and find its minimum slope? 

3. Over what intervals is the curve f(x) = x^ — 9x^ -|- 8a; -f- 7 concave upward and 

downward? 

Draw each of the following curves after making the second derivative maxima and 
minima tests. 

4. !/ = X* — 12x -h 4. 

6. t/ = 5x^ — X® — 8x -}- 6. 

6. 2 / = x« + 3x — 3x + 5. 

7. 2 / = - 8x 4- 2. 
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In each of the following problems s is the distance of a particle moving on a line 
from a fixed point at any time t. 

8 . s == — 3^2 -f. -f- 4. Find the position and the velocity when the 

acceleration is zero. 

9 . s = 2t^ — 9^2 4- 12^ 4- 5. For what values of t is the velocity increasing? 

For what values is the velocity decreasing? 

10. s = — 6^3 4- 12^^ 4" 6^ + 4. Find the maximum and the minimum 

velocities. Give the maxima and minima tests. 


GROUP B 


Draw a small arc of the curve y — f(x) through the point Pi under each of the fol- 
lowing conditions. 

11. If/(xi) = +,f(xi) = - and /"(a:,) = 4-. 

12. If/(a:i) - 4-,/'(^i) = -f and/"(a:,) = 

13. Iffixi) - -J'(xi) - - and/"fe) = 

14. If/(xi) = - 4- andr(^i) = +. 

16. Hfixr) = 4-,/'(xi) - 0and/"(xi) = 4-. 

16. If/(zi) = -tf'(xi) = 0and/"(a:i) = 


17. In Figure 15 give the signs of the first and the second derivative at each of the 

points A, R, (7, and D. 

18. In Figure 16 give the value of the first de- 

rivative and the sign of the second de- 
rivative at each of the points B and C. 

19. In Figure 17 give the sign of the first de- 

rivative and the value of the second de- 
rivative at each of the points A^ B and C, 

20. Draw on the same axes the curve 

y — x^ — 3x 

and the first and second derived curves. 








Fig. 16 



GROUP C 

21. Given y - x^ — Find coordinates of critical and inflection points. Draw the 
curve and first derived curve. 

Determine the unknown constants in each of the following equations from the data 
given: 

22. 2 / = ax^ 4- hx* 4- co: -f d, if the curve has a minimum point at (1,2) and a 

maximum point at (0,3). 

23. y = ox^ -f 5x2 4- cx 4- d, if the curve is tangent to the x-axis at (2,0) and 

has an inflection point at (0,4). 
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24. y = ax^ hx^ cx + dy if the curve is concave upward to the left of the 
origin and concave downward to the right of it and has a critical point at 
( 1 , 1 ). 

26. f{x) = ax^ + bx^ -f- cx + d, if the curve is tangent too: — 2/4-4 = Oat 
(0,4) and /(x) =0 has roots —1 and 2. 

26. fix) = ax^ bx^ cx d, if the curve is tangent to 8x 2/ — 10 = 0 at 

the inflection point (2,-6) and/(0) = 2. 

27. y = ax"^ -f- bx^ -f- + dx + e, if the curve has a critical point at (0,2) 

and a slope of —2 at the inflection point (1,0). 

28. Find the equations of the tangents at point (2,2) and at the inflection point of the 

curve y — x^ — -f 4x — 2. Find the acute angle between the tangents. 

29. Show that the equation of the tangent to y = ax^ -}- hx^ -f cx -|- d at (xi,2/i) is 

y - (3axi^ + 2bxi + c) x + (d — bxi^ — 2axi’'’). 

30. Show that the curve y — ax^ + bx^ + dx € has at least one critical point 

and either two or no inflection points. 

22. Applications of Maxima and Minima. 

In Section 19 it was shown that for a real value of x for which the 
first derivative vanishes, the function assumes a maximum or a minimum 
value, provided that the first derivative changes sign for this value of x, 
or, provided that the second derivative does not vanish also for that value 
of X. In application of this principle, many important problems are con- 
cerned with some magnitude which varies continuously, subject to certain 
restrictions, and require for their solution that the maximum or the min- 
imum value be found. The given conditions enable one to express the 
measure of the magnitude as a function of a single variable, usually within 
a restricted interval. The critical values of the function can then be 
found and examined for maxima and minima. 

In some applications it may be found convenient to express the func- 
tion, whose maximum or minimum value is sought, 
in terms of two or more variables. Until the' method 
for differentiation of a function of more than one 
variable is presented, ' it becomes necessary to elim- 
inate all of the variables except one by means of rela- 
tions which exist among them as determined from the 
conditions of the problem. 

As a first illustration of the application of the 
theory of maxima and minima, let us find the dimen- 
sions of the right circular cone of maximum volume which can be inscribed 
in a given sphere. 

As in Figure 18, let the altitude DC and the radius of the base DB of 
the cone be represented by the variables y and x, respectively. Let the 


C 
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radius of the given sphere be the constant a. Then 

T = Ixhj. 


From the right triangle OBDy the relation between x and y is 

— (?/ — 

or = a- — (a — yy. 

From either x'^ — 2ay — 

Eliminating x from the first equation expressing the volume, we have 


F = ^ (2aif - if). 


Since, 


f -S»<4“-3.A 


the function V has critical values for 1 / = 0 and for y = 4:a/S, And since, 


- 2 - = „ (4a - 6?y) 




if 


4a ^ dW 
3 ^ diy 


iarr 

T" 


Hence, the altitude and the radius of the base of the cone having the 
maximum volume are 


4a 

T 


and 


2V2 

a, 

3 


respectively. 

As a second illustration, we shall find the most economical propor- 
tions for a cylindrical can of given capacity, if no allowance is made for 
waste of material. 

The interpretation of this problem is that the volume of the cylinder 
shall be constant and that the surface area shall be a minimum in order 
that the least amount of material be used. Let the variables x £^nd y 
represent the radius of the base and the altitude, respectively. And let 
the surface area be S and the volume be a. Then 


S = 2Trxy + 27rx^ 
a = irx^y. 


and 
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Eliminating y from the first equation by means of the second, 

S = — + 

X 


Following the same procedure as before, 


dx 


4xa: - ^ ^ (2irx^ - a). 


X 




give S minimum. The solution of this problem enables one to state that 
a cylindrical can whose altitude equals the diameter of its base has the 
least surface area of all the cylindrical cans of the same volume. 


Exercise 11 


GROUP A 

/l. Find the volume of the greatest open box which can be formed from a piece of card- 
board 6 ins. square by cutting equal squares from the corners and turning up the 
edges. 

2 . A tank with no top is to hold SOOir cu. ft. and is to be made in the form of a right 

circular cylinder, the circular base being horizontal. The material used for the 
base costs twice as much per sq. ft. as that used for the sides. Find the dimen- 
sions of the most economical tank. 

3. A poster is to be printed having margins at the top and bottom of the printed mat- 

ter 4 ins. wide, and margins at each side 3 ins. If the area of the cardboard must 
be 1728 sq. ins., find its dimensions to give the maximum area of printed matter.4 

4 . A trough is to be made of a long rectangular piece of tin by bending up the two 

edges so as to give a rectangular cross section. If the width of the piece of tin is 
14 ins., find the dimensions of the trough in order that the carrying capacity be a 
maximum. (The carrying capacity is a maximum when the cross section is a 
maximum.) 

6. Of all the lines which may be drawn through the point (4,1), find the equation of 
the one for which the sum of the intercepts on the coordinate axes is a minimum. 
Suggestion: Express the intercepts in terms of the slope. 

6. Show that for a given perimeter, the square is the rectangle having the maximum 

area. 

7 . Show that for a given area, the square is the rectangle having the minimum perim- 

eter. 

8 . Find the dimensions of the largest rectangle which can be inscribed in an isosceles 

triangle, base b and altitude a, one side of the rectangle lying on the base. 

9. An open rectangular tank with a square base is to contain a given volume. If no 

allowance is made for thickness or waste of material, find the dimensions which 
will require the least amount of material. 
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10 . Find the area of the rectangle having the greatest area which can be inscribed in a 
right triangle having a given base and altitude, one vertex of the rectangle being 
at the right angle. 


GROUP B 


11 . 


12 . 


13 . 


14 . 


16 . 


16 . 


17 . 


18 . 


19 . 


20 . 


21 . 


22 . 


23 . 


Find the dimensions of the most economical cylindrical tin cup which holds a given 
volume, not allowing for thickness or waste of material. 

A piece of wire 24 ins. long is to be cut into two pieces, one of which is to bend into 
the form of a square and the other into the form of an equilateral triangle. Find 
the lengths of the pieces when the sum of the areas is a minimum. 

The combined length and girth of a parcel post package is limited to 6 ft. Find 
the dimensions of the largest rectangular package having a square base which 
can be posted. Find the dimensions of the largest cylindrical package which 
can be posted. 

The strength of a rectangular beam varies as the breadth times the square of the 
depth. Find the dimensions of the strongest beam which can be cut from a 
circular log. 

Find the volume of the maximum right circular cylinder which can be inscribed in 
a right circular cone, diameter of base h and altitude a. 

Find the volume of the maximum right circular cylinder which can be inscribed in 
a sphere of radius a. 

A metal casting has the form of a cylinder with the ends hollowed out in the form 
of hemispheres whose radii equal the radius of the (;ylmder. If the volume of 
the casting is Stt/G cu. ins., find the radius and the length of the casting, in order 
that the cost of finishing the surface be a minimum. 

A window has the form of a rectangle surmounted by a semicircle having a diameter 
equal to the width of the window. If the total perimeter of the window is a ft., 
find the dimensions which will admit the most light. 

A piece of wire 20 ins. long is to bend so as to enclose a circular sector. Find the 
radius if the area of the secdor is to be as large as possible. 

A sector is to be cut from a circailar piece of tin whose radius is a. From the 
remaining portion the two edges are to be soldered together forming a right 
conical funnel. Find the altitude and the radius of the base of the cone if the 
volume is a maximum 

A long rectangular strip of tin a ins. wide is to be bent to form an open eaves trough. 
Assume the two sides to be vertical and the bottom to form a semicircle. In 
order that the carrying capacity be greatest, show that the tin should be bent so 
that the cross section is in the form of a semicircle. Find the radius 

The sum of the two bases and altitude of a trapezoid is a and the difference of the 
two bases is b. Find the bases and the altitude if the area is a maximum. 

The equation of the curve of a stream of water projected from a hose is 


y 


= mx — 


(1 + m-)x^ 

' 100 ’ 


where m is the slope of the nozzle which is taken at the origin. For what value 
of m will the water reach the greatest height on a wall 45 ft. from the nozzle? 
Find the greatest height. 
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24 . A coal hopper having a rectangular open top is to be built 50 ft. long. The sides 

and ends are vertical. The bottom is formed by two planes inclined downward 
60° from the horizontal, meeting in a center line. A vertical cross section, which 
is three sides of a rectangle and two sides of an equilateral triangle, is to have a 
perimeter of 66 ft. Find the dimensions in order that the capacity of the hopper 
be greatest. 

25 . One man starts at a point A and walks 60° N of E at the rate of 3 miles per hour. At 

the same moment a second man starts at a point By 20 miles east of A, and walks 
west toward A at the rate of 4 miles per hour. After how long a time is the 
square of the distance between them, and hence the distance, a minimum? 



CHAPTER III 


THE DIFFERENTIAL 


23. Infimtesimals. 

An infinitesimal is a variable whose limit is zero. Such a variable may 
take on any series of values, not all of which are necessarily small. How- 
ever, ultimately, the absolute value of an infinitesimal must become and 
remain less than any small positive constant, however small. We have 
illustrations of infinitesimals in the process of differentiation; Ax and Ay 
are such variables. Contrary to common usage of “ infinitesimal as a 
constant, however small in value, the mathematical definition requires the 
use of infinitesimal for variables only. 

If one infinitesimal is a function of a second, the independent variable 
is known as the principal infinitesimal. Let a and be two infinitesimals 
such that 

= f{a). 

Then a is the principal infinitesimal. 

‘ Order of Infinitesimals. A concept which is of fundamental importance 
in the study of infinitesimals is the order of one with respect to the other. 
Infinitesimals are separated into classes according to the rapidity with 
which they approach zero relative to some principal infinitesimal. Suppose 
that a is the principal infinitesimal which approaches zero by taking on the 
values indicated in the first line below. The corresponding values of the 
infinitesimals 2a, a? and a^ are shown in the lines following. 


a 

: 0.1 

0.01 

0.001 

0.0001 

2a 

: 0.2 

0.02 

0.002 

0.0002 

a} 

: 0.01 

0.0001 

0.000001 

0.00000001 

a^ 

: 0.001 

0.000001 

0.000000001 

0.000000000001 


From this table we can see that there is a great difference between the 
relative behavior of a and 2q; as compared with that of a and and as 
compared with that of a and a^. It may be said that 2a is relatively keep- 
ing pace with a, while is decreasing relatively at a much more rapid pace. 
This illustration indicates that we should put all infinitesimals ka into one 
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class, ka^ into another class, ka^ into a third class, etc., where fc is a con- 
stant, not zero. 

If lim ^ = fc, k 9^ 0, 

a-+0« 

the infinitesimals a and ^ are said to be of the same order, or /3 is of the 
first order with respect to a. On the other hand, if 

lim- = 0, 


j8 is an infinitesimal of higher order than a. If a is an infinitesimal, then 
a^, • • • , are infinitesimals of higher order than a. Their orders with 

respect to a are second, third, fourth, • • • , respectively. More generally, 
if a value of n can be found for which 


13 is an infinitesimal of the nth order with respect to a. 

To illustrate infinitesimals of the first, second and third order with respect 
to a principal infinitesimal, let us take the circumference of a circle, the 
area of a circle and the volume of a sphere, each expressed as a function of 
the radius. 

s = 27rr, S = Trr-, V = |7rr^ 

Let r approach zero, thus making s, S and V infinitesimals. 

lim - = lim 27r = 27 r, 

r-->0 r r— >0 

s is of the first order with respect to r. 

S 

Since lim = lim tt = tt, ‘ 

r-^or^ r-M) 


S is of the second order with respect to r. 

V 

Finally, since lim = lim Jtt = Itt, 

r-M) r^ r— >0 

V is of the third order with respect to r. 

Principal Part of an Infinitesimal. An infinitesimal I3 which is a func- 
tion of the principal infinitesimal a, frequently is made up. of two or more 
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terms of different orders. The term of the lowest order is called the 'prin- 
cipal part of the infinitesimal. Thus, the order of the infinitesimal 0 is the 
same as the order of its principal part. 

In general, if 


= k + 


where lim 


= k 


and where e is an infinitesimal, the term ka^ is the principal part. If n = 1, 
the term ka is the principal part. 

Consider a slender cylindrical rod of constant length a and radius of the 
base r. The total surface area is 

S = 2irar + 27rr^,^. 


As r approaches zero, the area S approaches zero and both variables are 
infinitesimals. For small values of r, it is obvious that the area of the ends 
is small as compared with the lateral area. In fact, the lateral area is an 
infinitesimal of the first order and the area of the ends is an infinitesimal 
of the second order, each with respect to the radius. The infinitesimal S 
is of the same order as r and the lateral area, 27rar, is its principal part. 

If V is the volume of a cube whose edge is x, then V = x^. Let the 
side be increased by a length Ax, Then the volume V is increased by 

AV = 3x^ Ax 4- Ax (3x Ax + A?). 


If we choose a value of x, and let Ax approach zero, the variable A F is an 
infinitesimal depending on the principal infinitesimal Ax. And since, 

AF 2 

— = 3x2 ( 3 ^ Ax + Ax ) 


and 


lim ^ = 3x2, 
^->>0 Ax 


Ax and AF are infinitesimals of the same order. Moreover the term 
3x2 jg principal part of AF. 


Exercise 12 


GROUP A 

1. A straight steel rod is a ins long and has a square cross section whose side is x. Ex- 
press the perimeter p of one end, the total surface area S and the volume V of the rod 
as functions of x. Compute each of the values of p, S and F for x = 1, x =0.1 and 
X = 0.01 ins. 
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2. In Problem 1, find the orders of the infinitesimals p and 7 as :r approaches zero. 

3. In Problem 1, find the order of S and the orders of its two parts as x approaches zero. 
Find the order of each of the following infinitesimals. 

4. The surface area of a sphere with respect to its radius. 

6. The convex surface area of a right circular cylinder of constant height with 
respect to the radius of the base 

6 . The volume of a right circular cone having altitude a, with respect to the 

radius of its base. 

7. The surface area of a cube with respect to its edge. 

8 . Find the order and the principal part of the total surface area of a right circular cone 

whoso altitude equals the radius of the base as the radius of the base approaches 
zero. 

9. Find the order and the principal part of the function f{x) = 2x‘^ — 6.r as x approaches 

zero. 

10. Given the function y = -f- 6x -f- 1. Find Ay for any Ax and find the order and 

principal part of Ay with respect to Ax as Ax approaches zero. 


GROUP B 


Find the order and the principal part of each of the following infinitesimals. 

11. The volume of a re(!tangular solid having a square base whose altitude is a 

units longer than the side of the base, as the side of the base approaches 
zero. 

12. The surface area of the solid in Problem 11, with respect to the side of the 

base. 

13. The total surface area of a right prism of length a, whose base is an equi- 

lateral triangle, with respect to the side of the base as this side approaches 
zero. 

14. The volume of the frustum of a right circular cone whose larger base is con- 

stant and whose altitude is equal to the diameter of the smaller base, with 
respect to the radius of the smaller base, as the radius of this base 
approaches zero. 

Find Ay for any Ax and find the order and the principal part of Ay with respect to 
Ax, as Ax approaches zero for each of the following functions. 

16. ?/ = 3 — 2x — 17. y = x^ 2x. 

16. !/ = x^ — x2 -f 8. . 18. ?/ = x^ — 2 — x^ 

If a and /S are infinitesimals of the same order and lim a//3 9 ^ 1, find the order of each 
of the following with respect to either a or /3. 

19. a + 21. q:2 + 

20. a - /3. 22. _ ^2 

If a and p are infinitesimals and if /S is of the second order with respect to a, find the 
order of each of the following with respect to a. 

23. a + 26. a * /3. 
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24. Differentials. 


As has been said, the variables Ao: and A?/ as used in the fundamental 
differentiation process, are infinitesimals. The derivative of a continuous 
single-valued function y = f {x) has been defined as the limit of the differ- 
ence-quotient, 


lim fS 

Ax->o Ao; 


lim 

A r — >0 Ax 




In general, /'(x) 0. This expresses the fact that Ax and Ay are infini- 

temnals of the same order. 

In general, the infinitesimal Ay is composed of infinitesimals of the first 
order and higher. Thus, we may write 


or 


Ay 

Ax 


= /'W + 


Ay — /'(x) Ax + e Ax. 


In this latter expression. Ax is the principal infinitesimal and/'(x) docs not 
vary with respect to it, that is, /'(x) is fixed for a fixed x. Therefore, the 
term f'{x) Ax is the principal part of Ay. The term e Ax represents all 
infinitesimals of higher order. 

Th(i principal part of the increment of a function y is represented hy the 
symbol dy and is called the differential of the function. Thus, if f'{x) 0, 

the differential of /(x) is defined by 

dy = /'(x) A.X. 


Hereafter, for the sake of symmetry, when expressing the differential of 
the dependent variabk^ dy, we shall define th(i differential dx of the inde- 
pendent variable as the inen'ment Ax. Thus, we write 

dy = fix) dx. 

For the function y = x^ + 2x^, ^ = Sx^ + 4x. Hence, by the defini- 

tion of the diff(a’ential of the function, 

dy — (3x2 4^) yji- 

The increment of the given function, found in the usual way by giving x 
an increment, is 

Ay = (3x2 4 ^) _|_ ( 3 ^ Ax + 2 Ax + Ax^) Ax. 

From this it can be s('en that the principal part of Ay is dy. 
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Let us further illustrate the difference between Ay and dy by comparing 
their numerical values for small values of the increment of the independent 
variable, using the function given above. Let x = 10, giving 

dy = 340 dx and Ay = 340 Ax + (32 Ax + Ax^) Ax. 

If Ax = dx = 0.1, dy = 34 and Ay = 34 0.321 

If Ax = dx = 0.01, dy = 3.4 and Ay = 3.4 + 0.003201 

If Ax = dx = 0.001, dy = 0.34 and Ay = 0.34 +» 0.000032001 

Having defined the differential of a function y = /(x) as dy = /'(x) dx, 
we may now take the quotient of the differentials (dy) and (dx) and obtain 



This justifies our original choice of the latter symbol as one of the represen- 
tations of the derivative. 

Differentials may be used in the technique of differentiation. The 
advantage of their use, however, is not at once apparent but is indicated 
in a later chapter. The differentiation of the explicit function y = x® — 3x2 
by differentials gives 

dy = 3x2 __ dx 

and by the derivative gives dy/dx = 3x2 _ 

26. Geometric Interpretation of Differentials. 

In Figure 19 let y = /(x) be represented by the curve PP'. At any 
point P{x^y) on the curve, x is given an increment 

Ax = PQ then Ay = QP' 

is the corresponding increment of the 
function. The tangent PR is drawn 
to the curve at the point P, having an 
inclination 6, 

Then tan0=/'(x). 

From the right triangle PQP, 

QR = PQ tan 6, 
or QR = f(x) Ax. 

Hence, QR = dy. 



Fig. 19 
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Exercise 13 


GROUP A 

1. Given y = 2x — x^. Find Ay, the principal part of Ay and Ay — dy, 

2. Given y = a:® -f x. Show that the principal part of Ay is the same order as Ax and 

show that the remainder of Ay is an infinitesimal of higher order than Ax. 

3. Given t/ = x^ — x^. Find Ay, dy and Ay — dy. 

4. If V and S are the volume and the surface area of a cube whose edge is x, find 

AV - dV and A^ dS. 

6. If S is the area of a circle of radius r, find AS and dS. 

6. In Problem 5 show that dS is equal to the area of a rectangle whose base is the 

circumference of the circle and whose altitude is dr, and show that AS is the dif- 
ference in the areas of the circles having radii r dr and r. 

7. Given y ~ x^ — 4x. Find Ay and dy for x = 1 and dx = 0.01. 

8. Given t/ = 3x — x^. Find Ay — dy for x — 1 and dx ~ 0.002. 

9. If /(x) = 3 — fix* 4“ 2x^, find the differential of the function. 

10. If f{t) — + fii -h 3, find the differential of the function. 

GROUP B 

A particle moves on a line so that its distance s from a fixed point of the line is a 
function of the time t, its velocity is v and its acceleration is j, 

11. Show that ds — V dl. 

12. Show that dv = j dt. 

Find the differential of each of the following functions. 

13. fix) = Vx - 16. fit) = 2t + J . 

14. fix) = Vx + x + -^.. n. V = - 3t\ 

vx 

16. /(x) = ^2 J + • 18. s = — VT. 

19. If ^ = 2 /x, show that Ay is made up of two infinitesimals, one of the first order and 

one of the second order with respect to Ax. 

20. If 2 / = X — (1/x), compute the difference between Ay and dy for x = 2 and 

dx = 0.001. 

21. If the radius of a circle is fi ins. and if it is increased by 0.02 in., compute the dif- 

ference between the areas AS and dS. 

22. If the radius of a sphere is 10 ins. and if it is increased by 0.03 in., compute the 

difference between the volumes AF and dV, 


26. Parametric Equations. 

In analytic geometry it is frequently found to be more convenient to 
express the locus of a point by means of two equations, one for x and another 
for y in terms of a third variable, rather than the single Cartesian equation 
in terms of x and y. The third variable is known as the parameter^ and 
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the equations are called the 'parametric equations of the locus. The ordi- 
nary Cartesian equation of a curve can often be found from the parametric 
equations by the elimination of the parameter. However, there are many 
cases in which such eliminations are either complicated or even impossible 
to obtain. In fact, parametric equations are most useful in those cases in 
which it is difficult or impossible to express the Cartesian equation. 

If y = /i(0 and X = /2(0, 

we have two functions in which t is the independent variable. 

Hence, dy = fi{t) dt and dx = f 2 \t) dt. 

When dealing with parametric equations, it is necessary to be able to 
find the derivative of y with respect to Xy without having to find the Car- 
tesian equation. We proceed to show that 

or that ^ ^ provided that f 2 (0 ^ 0* 

From the two given functions wo have 

Ay = /i'(0 At + €1 

and Ax = f^'it) At + €2 A^, 


where ei At and 62 At represent infinitesimals of higher order than A^. Then 


and 


dx 


^ ^ /i'( 0 + , 

Ax J^it) + €2 


lim [/i'(0 + €i] . . 

A <-»0 _ W , 

lim [ft {t) + € 2 ] S'lit) 

At — >0 


where U{t) 5^ 0. 


In illustration, consider the equations 
y = + 2tj X = 4:t^, 

Then dy — {2t + 2) dt and dx = 12^^ 

and ^ _ Llh-l. 

dx Gt^ 


It may be advantageous to show this result in detail as was done in the 
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general case as follows: 

^y = {2t + 2) A< + 


And since 


Ax = 12«2 At + (12t At + At^) At. 

lijn ^ = lim [(2( + 2) + A<] ^ 

Ai->o Ax lim [ 12«2 + (I2i At + ■^^)] 


the same result is obtained as before. 


Exercise 14 

Find the derivative of /y with respect to x for each of the following parametric 
equations. 

1 . ?/ = l^, X = 3 ^ 2 . 

2 . ?/ = 5 ^ 2 , X - t^. 

3 . y = X = tK 

4. y — 2z Z-, X = 6z. 

5. y — 3r2 — r, x ~ 1/r. 

Find the ctpiation of the tangent to each of the following curves at the specified 
points. 

6. y = 2t, X = — ty where 1 = 2. 

7. 7/ = 'M‘\ X = ty where I = i. 

4 — 

8. ^ = V/j where t = 4. 

9. y = Vz z^y X = 1/Zy where ^ = 1. 

10 . ?/ = r — 1, X- = r\ where r = 4. 

27. Approximation by Differentials. 

It has been shown that the differential and the increment of a function 
differ by a very small amount for stnall values of the increment of the 
independent variable. As a result, the differential of a function may often 
be used to calculate approximations of changes of values of functions which 
are produced by small changes in the independent variable. 

To illustrate the use of differentials in making approximations, we shall 
compute the actual area of a square whose side is 3.002 inches and then 
approximate the area by the use of differentials, noting the difference in 
the two results obtained. 

If X is the length of the side and S is the area, 


S = 
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For AS = 2a: Ax + Ax , 

we shall assume x = 3 and Ax = 0.002 ins. 

Therefore, AS = 0.012004 sq. ins. 

Hence, the exact area of the square is 

S + AS = 9.012004 sq. ins. 

However, if we use differentials, 

dS = 2x dx = 0.012 sq. ins. 

And hence, the approximate area is 

S + dS 9.012 sq. ins. 

We observe that the two results differ by the small amount 

0.000004 sq. in. 

As a further illustration, let us approximate the value of 
/(x) = x3 - 2x2 + 5x + 1 

if X = 1.998. 

If X - 2, /(2) - 11. 

But since x differs from 2 by a small amount, we may compute the approxi- 
mate difference of the function which is due to this small change in x. 
The change in x is 

dx = —0,002. 

Since dy = (Sx^ ~ 4x + 5) dx, 

dy = /'(2) dx = 9(-0.b02) = -0.018. 

Therefore, the approximate value of the function is 

/(2) + di/ = 11 - 0.018 = 10.982. 

Small Errors. A second application of differentials is made when small 
errors in calculation are to be computed. For example, suppose that the 
radius of a circle is measured and found to be 10.05 inches with a maximum 
error of 0.02 in. We wish to approximate the maximum error introduced 
in the computation of the area of the circle. Using S and r for the area 
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and radius of the circle, respectively, 

S — TIT^. 

The exact maximum error in S will be the change AS found when r changes 
from 10.05 to 10.07. But the approximate maximum error in S will be the 
corresponding value of dSj where dr = 0.02. Hence, we have 

dS = 27rr dr 


dS - 27r(10.05)(0.02) - 1.26 sq. in. 


Relative and Percentage Error. In any approximate computation, the 
error of the result is the amount by which the computed value differs from 
the true value. This error should always be well within the limit of error 
allowable for the problem at hand. 

If Ay is the error in y, Ay/y is called the relative error in y, and 100 Ay/y 
is the percentage error in y. These errors may be approximated by the use 
of differentials instead of increments. Hence, 


and 


y 


= Relative error in y, approximately. 


100 ^ = Percentage error in y, approximately. 


Consider the problem last discussed, in which we now wish to approxi- 
mate the relative error in the computed area of the circle due to the maxi- 
mum error of 0.02 in. in the measurement of the radius. 


S 


2(10.05) (0.02)7r 
(10.05)V 


= 0.00398. 


Hence, the area is subject to relative maximum error of approximately 


0.4 per cent. 


Exercise 16 


GROUP A 

1 . Compute both AS and dS for the area of a circle of radius 10 ins. corresponding to 

an increase of 0.02 in the radius. 

2 . Find the approximate area of a square whose side is 5.001 ins. 

3 . Compute the approximate volume of a cube whose edge is 3.002 ins. 

4 . Compute the approximate volume of a sphere whose radius is 4.001 ins. 
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5. Find the approximate maximum relative error and the percentage maximum error 

in the area of a square if its side is measured as 3 ins. with a possible maximum 
error of 0.01 in. 

6. Given y = + 3a; + 2. find the approximate value of y for x = 4.99. 

7. Given f{x) ~ x^ ~ 2x^ -{- 2a; — 1. Find approximately /(3.002). 

8 . Find approximately the volume of a thin spherical shell. 

9. Find approximately the square root of 100.8. 

10. Find approximately the cube root of 999.1. 

GROUP B 

11 . The distance of a particle moving on a line from a fixed point of that line at any 

time is given by s = + 8. Compute, approximately, the distance, the 

velocity and the acceleration when t = 2.001. 

12. The altitude of a right circular cylinder is equal to the diameter of its base. If 

the radius of the base is measured as 5 ins. with a maximum error of 0.005 in., 
find the approximate maximum errors in the volume and the area of the convex 
surface. 

13. The altitude of a right circular cone is equal to the diameter of its base. If the 

radius of the base is 10.005 ms., compute the approximate volume and total sur- 
face area. Find the approximate relative error m the volume. 

14. The altitude of a right circular cone is equal to the radius of its base If the radius 

is measured to be 6 ins. with a possible maximum error of 0.002 m., find approxi- 
mate maximum error in the (computed area of the convex surface. Compute the 
apprclkimate percentage maximum relative error in the convex surface 

16. Find approximately the change in the reciprocal of a number corresponding to a 
small change in the number. 

16. Spherical iron castings arc to be burnished to smooth surfaces. If the process may 

change the radius by the amount 0.001 m and the allowable change in volume is 
1 cu. in., find the radius of the largest sphere for which the process may be used. 

17. A closed rectangular box 0 X 8 X 10 ins. is to be lined with lead as a container for 

radio active compounds. If the lining is \\ in thick, find the approximate change 
of volume. 

18. Spherical shot weighing 10 lbs. each, arc made of iron weighing 400 lbs. per cu. ft. 

If the weight must be accurate to 0.1 lb., find the radius of the shot. 

19. If ic = a/x + -h ^ 2 , compute the approximate value of ic for x = 398, 

y = 67 and z = 727. 

20. d'he pressure of a gas varies inversely as the volume of the container. If the 

allowable error in the pressure is 0.002 A', where k is the constant of variation, and 
the volume can be measured to 0.2 cu. ft., find the size of the smallest container 
to which the process can be applied. 

21. A wooden sphere of radius r is to be cut from a cubical block having an edge of 2r. 

If the value of r has a maximum inaccuracy of 1 per cent, find the approximate 
maximum relative error in the volume of wood remaining. 

22. The strength of a rectangular beam varies directly as the product of its breadth 

and the square of its depth. From a log of radius 6 ins. a beam having a breadth 
of 3.01 ins. is to be cut. Find the approximate strength of the beam in terms of 
kt the constant of variation. 
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GROUP C 

23. At any time the distance s of a particle moving on a straight line from a point A 

is given by s — — SP — 144^ + 432. Find the intervals of time when the 

particle is moving toward A, when the velocity is increavsing and when the speed 
is decreasing. 

24. Find the area of the triangle formed by the j:-axis and the tangents to the curve 

?/ = 4 — ^2 at the points for which x = 2 and x = —2. 

25. A coal bin with a square base is to be built in a corner of a basement using two of 

its walls as sides of the bin. The floor of the bin will cost 20i per sq. ft. to build 
and the two sides to be built will cost per sq. ft. Find the cost of the most 
economical dimensions for a bin whose volume is to be 288 cu. ft. 



CHAPTER IV 


THE IITOEFINITE INTEGRAL 


28. Integration. 

The integral calculus is primarily concerned with the problem of finding 
a function when the derivative of that function with respect to its indepen- 
dent variable is given. Such a function can often be found by inspection 
and the result verified by differentiation. 

Suppose that we are given 

^ = 6x2 + 2 . 
dx 

Then by inspection, the function which gives this derivative is 

y = 2x^ + 2x + C. 


If C is any Cjpnstant, its derivative is zero. Hence, the derivative of the 
latter function is the given function, regardless of the value of C. 

An indefinite integral of a function is a function whose derivative with re-- 
sped to the independent variable is the given function. 

In general, if 


dx 


= f{^)y 


y = F{x) 4- C, 


where 


f [F(x)] = /.(X). 


The process of finding an integral of a function is called integration. Con- 
sequently, integration and differentiation are inverse processes. 

It is customary to express the relationship between the functions f{x) 
and F{x) by writing 

Jsix) dx = F{x) + C, 


where the 


symbol J*is called the integration sign. 


It is to be observed that 


60 



The Indefinite Integral 


61 


the integration sign is always followed by the differential of the required 
function and not by its derivative. Thus, if we have 


y = + 2, dy = dx. 


Then 


-p, -f. 


Sx^ dx = x^ + C, 


Although further reasons appear in a later chapter for this demand, here, 



dx 


requires that we find a function whose derivative with respect to x isf(x). 
If, however, we have 



it is implied that y is a function of x which must be substituted before the 
integration can be performed. If 


2/ = a;2 — 2x^ + 1, 

J*y dx = J (x2 — 2x^ + 1 ) dXy 


y - ~ + x + C. 


The constant C which appears in the integration of a function is known 
as the constant of integration. The value of this constant is independent of 
the integration process. Consequently, there are as many integrals of a 
given function as there are values which may be assigned to the constant C, 

Thus, y = F{x) + C 


is a system of functions having the same derivative or the same differential. 
It is for this reason that such an integral is called an indefinite integral. In 
the applications the value of C is determined from the data of the problem 
at hand. 


29. Integration Formulas. 

The differentiation of a function is a direct process. On the other hand, 
the integration of a function, being the inverse of differentiation, is more or 
less a matter of trial. That is, the function is found if its derivative is the 
given function. 
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From the definition of an integral of a function, the following three 
formulas are stated : 

Integral of x to a Power. Let n be any constant except — 1. Then 


( 1 ) 


/ 


x” dx 




n + l 


+ C. 


Integral of a Constant times a Function. Let a be any constant and 
let u be any function of x which can be integrated. Then 


( 2 ) 


Jau dx ^ aju dx. 


This formula shows that any constant may be brought outside the integral 
sign, and conversely. 

Integral of a Sum. Let u and v be any two functions of x which can 
be integrated. Then 


(3) 


+ v) dx = Judx + Jv dx. 


Formulated in words, this formula shows that the integral of an algebraic 
sum of twfjor more functions is equal to the same algebraic sum of the in- 
tegrals of tnose functions. 


Exercise 16 

GROUP A 

Evaluate each of the following integrals and verify each result. 


1. 

j* (3a;® — 6a; -f- 2) dx. 

4. 

j* (x 4~ 2)® dx. 

2. 

t. 

j* (1 — 3x 4- a;® — a;®) dx. 

5. 

t. 

1* 6{x 4- 3)2 dx. 

3. 

(a bx) dx. 

6. 

t 

j* 2x(x^ — 2)2 da;. 


7 . If the derivative of }{x) with respect to x is 2x^ — a: -f b find /(a;). 

8 . Find if dy - (x + 1)^ dx. 

' 9. If the rate of change of a function with respect to x is 9a;® + bx^^ — 8x 4- 3, find 
the function. 

10 . If the velocity of a particle moving on a line at any time is given hy v 6^ 

find an expression for the distance of the particle from a fixed point of the line at 
any time t. 
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GROUP B 


Evaluate each of the following integrals and verify each result. 
11 . j* (3<“ - 2<2 + 6 < + 8) (ll. 

12. 

c 

^ (2y + 1) dxy where y — x- — x 2. 

13. 

j* {x — 1 + Vx) dx. 

14. 

j* (x“2 4. + 1 -- x^) dx. 

16. 

^5x2 (2x — x^) dx. 


16. J V2^{t — 1) dtf where 2 == — 4. 

17. The slope of a system of curves at any point is 2a; — 1. Find the equation of the 

system, 

18. A curve passes through the point (1,6) and has a slope of — 2x at any point. 

Find the equation of the curve. 

19. A particle moving on a line is 2 units from a fixed point on that line when / = 0. 

If the velocity at any time t is given by e; = 2^^ — 3/ + 6, find the distance from 
the fixed point at any time t 

20. A particle moves on a line so that its velocity at any time t is given by 

V = 3^2 -f 4^ 4- 2. How far will the particle move from ^ = 1 to < = 3? 


30. Determination of the Constant of Integration. 

When a problem of geometry or physics can be formulated by express- 
ing a function as the rate of change of a variable, the solution can often be 
found by the integration of that function. It was shown in the last sec- 
tion that if the derivative or the differential of a polynomial is known, in 
general, the function itself is known, except for the constant of integration. 
If, however, a value of the function is known for a particular value of the 
variable, the constant of integration can be evaluated and thus completely 
determine the function. 

Geometric Applications. If it is known that the rate of change of y with 
respect to x is/(x), 

^ = f{x) and dy = f{x) dx. 

Hence, the integral 


y = J fix) dx = Fix) + C, 
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is not a single function, but is a system of functions all of which have the 
same derivative. Consequently, if the derivative is interpreted as the 
slope of a curve at any point whose abscissa is x, the integral is represented 
geometrically, not by a single curve, but by a system of curves. 

If the slope of a curve at any point {x,y) is given to be 2x + 2, 

^ = 2x + 2 and dy = {2x + 2) dx. 

Then ^ ^ S 

and y — x’^ + 2x C, 

This equation is represented by a system of parabolas having the line 
X + 1 = 0 as axes. Three curves of the system are drawn in Figure 20. 

In the given illustration, suppose 
that the curve be required to pass 
through the point (2,9). This restric- 
tion demands that C take on a partic- 
ular numerical value in order that the 
coordinates of the point satisfy the 
equation. 

Thus, 9 = 4 + 4 + C, C=l, 

giving the unique solution of the 
problem 

y = x^ + 2x + 1, 

In Figure 20, this equation is repre- 
sented by the parabola which is 
tangent to the x-axis. 

Physical Applications. If a particle moves in a straight line so that its 
distance s from a fixed point is a function of the time ty the derivative of s 
with respect to t is the velocity v and the derivative of v with respect to t 
is the acceleration j. In this section it is desired to consider some problems 
involving relations among these magnitudes which are the reverse of those 
previously encountered. 

Suppose that it is known that the velocity of a particle moving on a 
line in terms of seconds elapsed is 

t; = 2^ — 1 

and that it is desired to find the distance passed over from ^ = 2 to < = 4 
seconds. 
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Since 

II 


s=J{2t-l)dt 

and 

s — — t C. 

Assume 

3 = 0, when t = 2 secs. 

Then 

0 = 4- 2 + C and C = 

making 

3 = - 2. 


This is the distance from the fixed point at any time t. Accordingly, if 
^ = 4, 

5 = 16 — 4 — 2 = 10 linear units. 

In the determination of the value of C above, it is to be noted] that its 
value depends upon the position of the point from which s is measured. 
This point is not located in the problem. Consequently it may be chosen 
at pleasure. In assuming s = 0 when ^ = 2, the fixed point was chosen as 
the position of the particle at the instant when 2 seconds had passed. 

If a particle moves on a line, it may be that it moves to the left and to 
the right as illustrated in Section 18. The distance from the fixed point 
may be increasing at certain times and decreasing at others and distance 
may become negative. Under such circumstances, distances moved in dif- 
ferent directions must be computed separately. 

Certain problems require two integrations for their solution. If so, it 
must be remembered that a constant of integration is introduced each time 
an integral is taken. 

It is given that a particle moves on a line so that its acceleration at any 
time t is 6^ feet per second per second and that its distances from the fixed 
point are 10 and 15 ft. at the end of 2 and 3 seconds, respectively. It is 
required to find the velocity and the distance from the fixed point at the 
end of 5 seconds. 

Since ^ ^ 


t; = J 6tdt = 3t^ + Cl. 

ds = (3^2 + Cl) dt 



4- Cl) dt = Cit C 2 . 


Then 
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If« = 2, 10=8 + 2 Ci + C2. 

lft = Z, 15 =27 + 3Ci + C2. 

Solving these equations simultaneously, Ci = — 14 and C 2 = 30. Replac- 
ing these constants by their values, 

v = Zt^- 14 

and s = - I4i 4- 30. 

If < = 5, V = 61 ft./sec. and s = 85 ft. 

Exercise 17 


GROUP A 

1. Find the equation of the system of curves which have slopes at any point (x^y) 

equal to Sx^ — 2x — 1. Show that the maximum points of these curves lie on a 
line parallel to the 7/-axis and that the minimum points lie on a line also parallel 
to the ?/-axis. 

2. Find the equation of the curve through the point (—3,2) whose slope at any point 

{x,tj) is Sx^ — 2x + 4. 

3. It being given that the acceleration due to gravity is 32 ft. per sec. per sec., find 

the distance from the starting point of a freely falling body in terms of the seconds 
of fallj|>g. 

In the following problems v is the velocity of a particle moving on a line at any time 
t in seconds and j is its acceleration. 

4. If i> = 2^ -f- 2, find the distance covered from t = 2 to t ~ 4 secs. 

6. If z; = + 1, find the distance covered during the first three seconds. 

6. If V = — 4t 3, find the distances covered during the first, second and 

the third seconds 

7. If j - 2t — ^ and if tz = 2 when < = 0, find the distance covered during the 

second second. 

8. If y = 2i -f- 4 and if z; == 2 when t = 0 and s = 6 when < = 3, find the 

velocity and the distance after 5 secs. 

9. Find the equ^^ion of the curve through the point (4,6) whose slope at any point 
(Xyy) is 2x/x. 

10. Find the equation of the curve through the points (0,6) and (3,2) if the rate of 

change of the slope at any point (x,?/) is 2x — 3. 

GROUP B 

11. The slope of a curve at any point (.r,?/) is 27 — 3x^ and the curve has an a;-intercept 

equal to 1. Draw the curve. 

12. Find the coordinates of the maximum and minimum points and the inflection point 

of the curve whose slope at any point (x,?/) is — 6x + 8 and whose 2/-intercept 
is —2. 
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13. Find tlie equation of the system of curves having the slope at any point (x,?/) equal 

to 1 divided by the square root of the abscissa of the point. Draw three curves 
of the system. Find the equation of the curve of the system which is tangent to 
the y-axis. 

14. A body is thrown tlownward wdth an initial velocity of 20 ft. /sec. Assuming the 

acceleration as 32 ft /sec.% find the velocities after 2 secs, and after 3 secs. Find 
the distance covered during the first two seconds. 

16. A body is thrown upward from an elevation with an initial velocity of 64 ft. /sec. 
Assuming the acceleration as —32 ft. /sec. 2 , find the time at which the body 
reacihes its greatest height. Find the distance covered during the third second. 

16. The rate of change of the slope of a curve at any point (x,y) is 6ax + 26, and at 

X = I this rate of change ecpials 2. Find the etpiation of the curve if it is tangent 
to the line 5x — y + 7 = 0 at the point ( — 1,2) and passes through the point 
(0,3). 

17. A particle moves on a line so that its velocity at any time is given hyv~ — 24/ 36. 

h'lnd the time at which the velocity is a maximum or a minimum and find 
that v(‘locity. Find the distance covered by the particle between the instants 
when it comes to rest. 

31. Rate of Change of Area. 

Let the equation of the curve in Figure 21 bo ij = f(x)^ where the curve 
is continuous, is rising and lies above the a-axis in the interval from A to N. 
Consider the area ^ bounded by the 
curve, the x-axis and the ordinates AB 
and MP. We shall assume that the anvx 
S is geiKU’atcd by the ordinate y as it 
moves from the fixed position AB to any 
other position MF\ At any position of 
the ordinate ?/, as at M give to x an in- 
crement Ax. I^'t the oorresponding in- 
crements of y and S be Ay and AaS, 
respectively. In the figure RQ = Ay 
and 

A>S = Area MNQP. 

From the figure it is obvious that 

Rectangle MNRP < AS < Rectangle MNQTj 
or y • Ax < AS < {y + Ay) • Ax. 

Dividing the inequality by Ax, we have 

y < (y + ^y^- 
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As Ax approaches zero, the ordinate NQ approaches coincidence with the 
ordinate MP^ or y + Ay approaches ^ as a limit. But since AS /Ax always 
lies between the two, it also must approach 2 / as a limit. Thus, 


AS 
lim — 

Aa:— K) 


The rate of change of the area which is generated by an ordinate of a moving 
point on a curvOj with respect to the abscissaf is equal to the ordinate of the 
point 

In the above discussion a continuous curve was assumed to be a rising 
curve above the x-axis in the interest of definiteness and simplicity. The 
argument may easily be modified to include the cases in which the curve 
falls steadily and in which it rises and falls alternately. 

Now we shall assume a continuous curve y = f (x) and consider the area 
between the curve and the x-axis from x = a to x = 6. We shall also 
assume the following conditions: 

/'(x) = + for a < X < c, /(x) = + for x = a 

f'(x) = 0 for X == c 

/'(x) = — for c < X <6, /(x) = — for X = 6, 



Fig. 22 


where a < c <b. Then the point [c,/(c)] is a maximum point and the 
curve crosses the x-axis at the point (xi,0) where c < Xi, < b. See Figure 
22. Then, since 


dx 
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the sign of the ordinates of points on the curve indicate the intervals over 
which the area between the curve and the a:-axis is increasing or is decreas- 
ing and the point at which the area becomes maximum. Thus, 

/(x) = + for a < a: < xi, S is increasing. 
f(x) = 0 for X = Xi, S is maximum. 

/(x) = — for Xi < X < 6, aS is decreasing. 


32. Area under a Curve. 

It was proved in the last section that 


(IS 

dx 


= /W, 


where S represents the area between a continuous curve y = f{x) and the 
x-axis. From this we may express the area under the curve by means of 
an integral, thus 

S=J f(x) dx = F(x) + C. 


This expression obtained for the area under a curve is a function of x 
and is indefinite because of the constant C. But also, the area under a 
curve is indefinite until it is botmded on the left and the right. 

Let us consider the area under the curve y = /(x) which is bounded on 
the left by the ordinate at x = a, and on the right by the ordinate at 
X = 6. The variable area S will be small when x is only a little greater 
than a. In fact, the area S approaches zero as x approaches a. Therefore, 

from above 0 = F{a) + C, or C = — F{a), 

The variable area under the curve to the right of the line x = a is 

S = F{x) ~ F{a). 


The area from x = a to x == 6 may now be found by evaluating this expres- 
sion for X — by 

S = F{b) - F{a\ 

where a < b. 

The area between a curve and the x-axis found in the manner indicated 
is positive if it is above the x-axis and is negative if it is below the x-axis. 
If an area between two ordinates is to be found which lies partly above the 
x-axis and partly below it, the two parts must be computed separately. 
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Otherwise, the algebraic sum of the two areas is found rather than the 
requir(‘d arithmetic sum. 

In Section 15 it was shown that the geometric interpretation of the 
derivative of a function is the slope of the envve. In an analogous manner, 
we may regard the area under a curve as the geometrical representation 
of the integral of a function. Thus, dS — f(x) dx is the differential of the 
function S — F{x) + C and the geometric interpretation of the integral is 
the area under the curve y = f{x). It is for this reason that considerable 
emphasis is placed on the calculation of areas under curves by integration. 

In order that this point may be illustrated still further, let us find the 
area under the curve 

y = 4:X — 

between the lines a: = 1 and a: = 3. The area under the cuiwe is 

>S = {4rx — x') dx = ^ + C. 

And the area bcdwc'cn the two given limvs is 

S = FOi) - Fil) = (18 - 0) - (^2 - 

Now suppkse that we wish to find the distance covered by a particle 
moving on a line between the times t = I and t = 3, where the velocity at 
any time is given by 

V — — Fy 

and where t is in seconds and v is in feet per second. The distance of the 
particle from a fixed point at any time is 

{4t - F) dt = 2F - + C. 

And the distance covered between the specified times is 

99 

5 = F(3) ~ F(l) = ^ft. 

If the equation v = it — F is drawn on a pair of t- and f-axes, the same 
curve is obtained as from the equation above in x and y. Moreover, the 
areas under these curves between the given limits are the same. However, 
the area under the latter curve is the geometrical representation of the 
linear distance 22/3 ft. which is covered by the particle during the time 
specified. 



1\ 22 
3j = -3sq. 
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To find the area between the curve f(x) = — Zx^ + 2x and the a:-axis, 

it is necessary to know that the curve intersects the axis at the points 
X = 0, X = 1 and x = 2, The graph of the function shows that the first 
portion of the area lies above the a;-axis and the latter, below it. The solu- 
tion is carried out as follows: 

s = F{x) = J fix) (ix = ^ - X* + + c. 

S = [FiD - F(0)] - [Fi2) - ^’(1)] = 

Exercise 18 

GROUP A 

1. Find the area under /(x) = 2x from x = 1 to x = 4. Verify the result by geometric 

methods. 

2. Find the area under /(x) = x^ -f- 2 from x = 0 to x = 3. 

3. Find the area between the curve /(x) — 4x — and the x-axis. 

4. Find the area between the curve /(x) == 16 — x^ and the x-axis. 

5. Find the area bounded by the curve /(x) = x^ — Gx^ -j- 9x and the x-axis 

6. Find the aiea bounded by the curve /(x) = — 6x + 12, the x-axis, the y-axis 

and the minimum ordinate. 

7. Find the area bounded Ijy the coordinate axes and 3x — — 15 = 0. Verify 

the result by geometric^ methods. 

8 . Find the area bounded by the curve /(x) = x^ — 8x and the x-axis. 

9. Find the area bounded by the curve /(x) = x® — Sx^ -J- 2x and the x-axis. 

10. Find the area bounded by the curve /(x) = 2x^ — Gx^ + 12x, the x-axis and the 

maximum and the minimum ordinates. 

GROUP B 

11. Find the area between the curve ?/ = 4x — x^ and y — 2x. 

12. Find the area bounded by the curve fix) — x^ -f Sx^ -f- 2, the x-axis and the maxi- 

mum and the minimum ordinates. 

13. Find the area bounded by the curves /(x) = x^ and/(x) = 18 — x^. 

14. Find the area of the segment of the parabola ~ 4x cut off by the chord through 

the focus perpendicular to the axis 

16. Find the area of the segment of tlic parabola x^ = 16y cut off by the chord through 
the focus perpendicular to the axis. 

16. Find the area bounded by the curve x -\- y^ — 2y ~ Q and the ?/-axis. 

17. A curve passes through the point (2,0) and the slope at any point is Sx^ — 2x — 1. 

Find the equation of the curve and draw it. 

18. The x-intercepts of a curve are —2 and 4. Find the equation of the curve and draw 

it if the rate of change of the slope is 2 

19. The velocity of a particle moving on a line at any time is y = — 5< + 4. During 

what time is s decreasing? Find the distance covered during that time. 

20. The velocity of a particle moving on a line at any time is = 6^ — 5 — During 

what time is s increasing? Find the distance covered during that time. 
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GROUP C 

21 . Twelve hundred persons would buy tickets to a moving picture show if they cost 

20 cents each. Each cent added to the cost would deter 20 persons from buying 
tickets. Find the price the manager should charge per ticket in order to receive 
the greatest gross income. 

22 . Find the approximate error in the volume and the surface area of a cube of edge 

6 ins., if an error of 0.02 in. is made in measuring the edge. 

23 . Find how exactly the diameter of a circle must be measured in order that the area 

computed from it shall be correct to within one per cent. 

24 . Write the expression for the area of a square inscribed in a circle of radius a. Find 

approximately the area remaining, if such a square is cut out of a circle of radius 
3.99 ins. 

25 . Find the area of that portion of the segment of the curve whose equation is 

y = 6 -f x — x* cut off by the line through the points ( — 1,4) and (3,0). 



CHAPTER V 


ALGEBRAIC FUNCTIONS 
33. Classification of Functions. 

All functions arc divided into two large classes, algebraic functions and 
transcendental functions. 

In this chapter we are concerned with the differentiation of algebraic 
functions. Prior to this, we have considered the differentiation and inte- 
gration of a limited class of such functions, namely, rational integral func- 
tions or polynomials. It is now our task to extend these studies to other 
classes of functions. 

Other algebraic functions are rational fractional functions and irrational 
functions. Such functions may be obtained from polynomials by multi- 
plication, division, raising to powers and extracting roots. Thus, 

{x — 2Y{x‘^ + 2) and {x^ — + x)^ 

are rational integral functions, while 

X — 1 j x^ — 3x + 11 
^ and ■ 

are rational fractional functions. The functions 
Vx — 2 and (a^ — 

are illustrations of irrational functions. 

Examples of transcendental functions are found in the trigonometric 
and inverse trigonometric functions and in the exponential and logarithmic 
functions. The differentiation and integration of such functions are pres- 
ented in later chapters. 

Single and Multi-valued Functions. A single-valued function is one 
in which there is one, and only one, value of the function corresponding to 
each value of the independent variable. A function is called multi-valued 
if to some value of the independent variable, there corresponds two or more 
values of the function. 

In dealing with multi-valued functions it is customary to group the 
values so as to form two or more one-valued functions. These one-valued 
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functions are called branches of the function and the corresponding parts 
of the curve are called branches of the whole curve. It shall be our practice 
to attend to a single branch of the function or the curve, or to deal with the 
branches separately. In this way, we may limit our study to that of a one- 
valued function. In illustration, 

if ^x+ I 

is a two-valued function of which the branches are 

y = V X + I and y = —Vx+1, 

and the two branches of the curve are the upper and the lower half of the 
parabola, respectively. 

The formulas for the diffenmtiation of algebraic functions which are 
derived in this chapter are direct consequences of the definition of the deriv- 
ative given in Section 13 and are valid for all functions which are con- 
tinuous and one-valued and which possess derivatives. 


34. Differentiation Formulas. 


In Section 14 the following formulas were derived : 
If 


( 1 ) 

where a denotes any constant. 


i <“> - »• 


( 2 ) 


-r- (x") = > 

ax 


d , . d,u 


where n is a rational number, proved for n an integer only. 

(3) 

where u represents a function of x which can b(^ differentiated. 

(4) 


d , , . du , dv 


where u and v are funetions of x whieh can be differentiated. 
In the next section the following formulas are derived: 

d , . dv , du 

dx ' dx dx 


( 5 ) 
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the formula for the differentiation of the product of two functions of x. 

du dv 

d /u> 


( 6 ) 


dx\ 




1/ 

dx dx 


V 9^ 0^ 


the formula for the differentiation of the quotient of two functions of x. 

(7) 

the formula for the differentiation of a function of a; to a rational power. 


^ (u") = nu^~^ ~ > 
dx^ ' dx 


36. Derivations of Differentiation Formulas. 

Let ’ y = u • Vj 

where u and v represent two functions of x which can be differentiated. 
Give to x an increment Ax, and let the corresponding increments of u, v 
and y be At^, Ay and A?/, respectively. Then 

2/ + A?7 = {u-\- Au){v + Ay), 


and 


Ay == u Av + V Au + Au Ay, 


Ay Av , An , Au ^ 
Ax ^ ^ Ax ^ Ax Ax 


Since 

and 


(5) 


,. Au du Ay dv 

lim “ = "T’ i™ ~ 

Ax dx Ax-^o Ax dx 

lim Ay = 0, we have 

Ax — K) 


dx 


(uv) = u 


dv 

dx 


+ 


dx 


Derivative of a Product. The derivative of the 'product of two functions 
is equal to the first times the derivative of the second plus the second times the 
derivative of the first. 

u 

Let y — y 5*^ 0, 

y 

where u and v are two functions of x which can be differentiated. Give 
to x an increment Ax, and let the corresponding increments of u, v and y be 
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Am, Av and Ay, respectively. Then 


y + Ay 


M + Am . V Au — u Av 

* Ay = — 7 ^ f 

V + Av v{v -\r Av) 


Au Av Au Av 

y y lljYi y lini — 

Ay _ Ax Ax ^ ^ ^ Ax ax->o Ax 

Ax v(v + Av) ax-k) Ax v lim (v + Av) 

Ax — >0 


In taking the limit as Ax approaches zero, Au and Av also approach zero. 


( 6 ) 


d /u\ ^ dx ^ dx 

dx\vj ~ 


V 9^ 0. 


Derivative of a Quotient. The derivative of the quotient of two functions 
is equal to the denominator times the derivative of the numerator minus the 
numerator times the derivative of the denominator y all divided by the square of 
the denominator. 

Let * y = 

where u is a function of x which can be differentiated and where n is a 
positive integer. Give to x an increment AXy and let the corresponding 
increments of u and y be Au and Ay, respectively. Then 

y + Ay = {u + Au)^. 


Expanding the right-hand member of the latter equation by the binomial 
theorem and subtracting u^ from the result, 


Ay = nu^~^ Au + u^~^ Au + 


+ Au . 


Dividing by Ax, 
Ay 


Ax 


= nw 


n-l I 

AX ^ 1-2 


1 ) 


r-^AM + 
Ax 




Taking the limit as Ax approaches zero, we have 


(7) 


dx 


(u") = nu 


n-l 


du 

dx* 


Derivative of a Function to the nth Power. The derivative of a function 
to the nth power is equal to n times the product of the function to the (n — l)th 
power and the derivative of the function. 



Algebraic Ftmctions 


77 


The application of formulas (5) and (7) is illustrated by the differen- 
tiation of the function 

fix) = -M)(2a: - x^. 

fix) = ix^ +1)^ i2x - x^)^ -h i2x - x^)^ ^ ix^ + 1), 

= ix^ -f 1) 2 i2x — x^) ^ i2x — x^) -f i2x — x^)^ 2x, 

= 2(2a: - x^) Hx^ -M) (2 - 2x) + xi2x - x^)], 

= 2(2a; - x^)i2 - 2x + 4x^ - 3x^). 


The application of formulas (6) and (7) is illustrated by the differen- 
tiation of the function 


f(^) 

m 


jx - 2)^ 
x + I ■ 

(a; + 1) ^ (a: - 2)5 - ix- 2)5 ^ (x + 1) * 

(x -f 1)5 

ix + 1) Six - 2)5^ (x -2) - ix- 2)5 
(x + 1)2 


(x - 2y [3(3: + 1) - (x - 2)] ^ (x - 2)H2x + 5) 
(x + 1)’^ {x + 1)2 


In the derivation of formula (7), n was restricted to positive integral 
values. Now we shall show that this formula is also valid for negative 
integral values of n and for positive and negative rational fractional values 
of n. ^ 


Let 


n = 


e, 


where p and q are positive integers which are prime to each other. Then 

y = 


Raise both sides of the equation to the gth power 


7 /« = 

in which we have two functions of x, equal for all values of x. Taking the 
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derivative of both sides of the equation by the use of formula (7), 


dx 




du 

dx 


^ V du 

dx q dx 


or 


dx 


Q 


du 

dx 


Upon replacing p/q by n, we have formula (7). 

Again, let n = ~ m, 

where m is a positive rational number. Then 

1 


y 


u” 


Applying formulas (6) and (7), 

du 

dy __ dx 

dx u^^ 


dy 


= —mw' 


du 


dx dx 

Upon replacing — m by n, we have formula (7). 


Exercise 19 


GROUP A 


Differentiate each of the following functions. 


1 . fix) = i2x - Dix^ -h 1). 

2 . fix) = (2 - 3x)ix^ -f 1). 

X 

X ~ 2 

2x — 1 
6. fix) = (3a:2 _ 2 ) 3 . 


3 . m = 

4 . f(x) = 


6. f{x) = Vx^ — 3i + 2. 

7. 2 / = - 2){2x^ -2x + 3). 

S. y = V (x^ — 1)^ 


9. ?/ = 

10. y = 


1 — 

1 

(1 


11. Given y = x(x — 1)^. Find the coordinates of any maximum, minimum and 

inflection points and draw the curve. 

12. Given ?/ = 2/(x — 1)^. Find the equation of the tangents at the points where 

X = 2 and x = —1. 

13. Given y = xV4 — xK Find the rate of change of y with respect to x for x = 1 

and X = —1, 
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14. Given y — x(3 — x)’. Find the coordinates of tiie critical points and the interval 
in which the curve is concave upward. 

16. Given y = x(l — x)*. Draw the curve and the first and second derived curves. 


GROUP B 


Differentiate each of the following functions. 

^ 21. fix) = (x^ + 2)V(l -x)» . 


16. y = xV-c'^ 

X 


y /o 


(2 - 3x)2 


18. 2 / = (3 - 4x)V3x - 2x^ 

19. 2 / = (2x - l)’>(2x + 1)’. 
(x - 2)» 


20 . y = 


V X2 + 1 


22 . fix) = 


x^ — 3x* 


23. y 


VT 


V3'+~x 


24. y = yjr^—2 


26 . m = ^ 


(1 + 0(1 - 2t) 


26. A particle moves on a line so that its distance from a fixed point at any time is 

6* == t{l — 4)^. Draw the s, v and j curves and make an analysis of the motion. 

27. Find the equations of the tangents to y{x — 2) = x at the origin and at x 3. 

28. Given xy ~ X“ 1. Find the intervals for which the curve is concave upward 

and downward 

29. Rectangles are inscribed in a semicircle of radius \/5, with one side along the 

diameter. Find the dimensions of the rectangle whose perimeter has a critical 
value and show whether it is a maximum or a minimum. 

30. Given y = Ax‘^{l — xy. Find coordinates of any maximum, minimum and 

inflection points and give the intervals in which the curve is concave upward and 
downward. Draw the curve. 


GROUP C 


Differentiate each of the following functions. 


31. 

/«) 

= <(U - 2)(«2 + 1). 

36. 

V — 

w{a — wy 
a -\r 'tx 

32. 

fi.z) 

= (a«3 - xy^)K 

37. 

z — 

b 

x‘^{x — ay 


{(‘A 

z 



ax{a — xY 

oo. 


V (6^ — 

oo. 

y — 

b{a -f xy 

34. 

fiy) 

— y'^Vc^ — 2/2. 

39. 

V = 

j/x^ + a 
\x^ — a 

36. 

fiy) 

_ y^y ~ . 

y A- h 

40. 

fix) 

'^x — 4^:“* 

Three 

towns A, B and C are so 

situated that they form an 

isosceles triangle 


the base AB of 12 miles. The altitude through C is 9 miles. Three roads 
AD — BD and CD are to be built to a point D. Find the length CD so that 

the three roads have the least total length. 

42. If .c = 4.002 find the approximate values of \/{x + 1) and l/VO + 
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43. li y ~ \/t and x ~ 1/(1 -f ^2) find dy/dx. 

44 . If ?/ - (2/ l )/^2 and x ^ i. Find the coordinates of the minimum point of the 

curve. 

46 . A particle moves on a line so that its distance from a fixed point at any time is 
if = (2 — ty/t. Disregarding negative values of find the time at which the 
velocity is zero and the acceleration at that time. 

36. Implicit Algebraic Functions. 

Consider an algebraic e(tuatiori containing the variables x and y. The 
symbol for the reiiresentation of such an equation may be 

F{x,y) = 0. 

The existence of such a relationship betwc^en x and y implies that y is a 
function of x. Under these circumstances, y is called an implicit function 
of x. Likewise, x is an implicit function of y. In the first instance, x is 
thought of as the independent variable. If the equation is solved for y 
in terms of Xj obtaining 

y = /W, 

y becomes an explicit function of x^ since y is expressed explicitly in terms 
of X, Were the equation solved for x, x would be an explicit function of y. 
In the Equation 

2xy + X + — 3 = 0, 

each variable is an implicit function of the other. Upon solving for y, 

y = —X db\/x2 — X + 3, 

in which y is an explicit function of x. 

When working with equations in two variables, frequently it is not pos- 
sible, nor desirable, to change the equation to explicit form. 

37. Implicit Differentiation. 

Given a function defined implicitly, 

F(x,?y) = 0, 

in which it is desired to find the derivative of y with respect to x. To do 
this it is unnecessary to express y as an explicit function of x. Each term 
of the equation is differentiated with respect to x. Having in mind that 
y is a function of x, by formula (7) the derivative of y^ with respect to x is 

dy 


n— 1 
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In general, after the differentiations are carried out, an equation in terms 
of X, y and dy/dx is obtained. This equation may be solved for dy/dx in 
terms of x and y. 

If a product or a quotient term appears in the equation, formula (5) 
or (6) must be applied. For example, if 

xy = X + 2, 


we apply (5) as follows: 


and 


dy , 


1 


^ = LzlI. 

dx X 


Or again, if 

we apply (6) as follows: 


and 




y - X 


% 

dx 




= 1 


dy ^ - y) ^ 

dx X 


An equivalent result in different form, might have been obtained for the 
latter differentiation had we cleared the equation of fractions and applied 
(5) as in the first equation. 

Let it be required to find the slope of the curve 

xy^ + 2y — 4: = 0 


at the point (2,1). Differentiating the function implicitly, 


dx 2xy + 2 


Evaluating the slope at the given point, we have 

dx (i 


It is possible also to use differentials in implicit differentiation. 
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From the last equation 

y^dx + 2xy dy + 2 dy = 0, or dy = 2xy ~ +2 
From this, the derivative is the same function as before. 


Exercise 20 

GROUP A 

In each of the following equations express y as an explicit function of x. 
h x + 3y - 7 = 0. 

2. -f 1/2 = 4. 

3. xy - Ax + 2y = 0. 

4. — ?/2 -f 2y = 0. 

Find the derivative of y with respect to x in each of the following equations. 

5. xy — A = 0. 

6. x2 + y'^ - 4x + 2,v - 1 - 0. 

7. X' — xy y'^ -[• 2x = 6 . 

8. ?/2 4- 2.C — Ay — A — 0. 

9. x2 + xy - ?y2 = 2. 

10 . 2xy + y^ = 0. 

Find the equation of the tangent to each of the following curves at the specified 
points. 

11. x^ -A- 7/ = 25 at (3,4) and at (-3,4). 

12. 1/2 —!^x = 0 at (2,-4) and at (2,4). 

13. 1/2 4- ^ + 2i/ — 9 = 0 at (1,2). 

14. Find the angle between the tangents to x^ 4- y^ = 25 at the points (3,4) and (4,3). 
16. Given the equation x‘^y‘^ — x‘^ —2 = 0. Find dy/dx both by implicit and explicit 
differentiation and show that the results arc equal. 

GROUP B 

Find the derivative of y with respect to x in each of the following equations. 

16. If 4- 2ax - a2 = 0. 

17. ?>2^2 ^ ahf = 

18. 62^2 - ahf = a^h\ 

19. 0:1/2 ^ yii2 = ^1/2, 

20 . 0 : 2/3 y2lz == 1)21 

Find the equation of the tangent to each of the following curves at the specified 
points. 

21. if A- X — y — 9 = 0 at (7,2). 

22. x2 4- — 4o: 4" 6?/ — 12 = 0 at x = 5. Show that the tangent is per- 

pendicular to the radius of the circle at the given point. 

23. 2o:3 — 2/2 = 0 at o: = 2. 

24. if - Apx = 0 at ixi,yi). 

26. x2 4- 2/2 = a2 at (xi, 2 /i). 
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Find the angle at which the following curves intersect. 

26. 3^2 _ = 0 and 4x^ — 9i/ = 0. 

27. — 8x = 0 and -f ^2 _ 5 ^ == q 

28. 0:2 -f- 2/2 — 4 = 0 ^nd — 2x — 4 = 0. 

Find the derivative of y with respect to x in each of the following equations. 

29. xy Qx by c 0. 

30. xhf^ + + 2/^ + = 0. 

31. xy'^ — y^ ax -\r by = 0. 

32. (x + y)Kx - y) = a. 

33. 2 /^ = X + Vx^ + 


38. Successive Implicit Differentiation. 

In Section 20 the first, the second and higher derivatives of ^ = f{x) 
with respect to x were represented by /'(x), /"(x), /'"(x), /"'"(x), etc. The 
continued differentiation of a function with respect to its independent vari- 
able gives rise to functions which are known as the successive derivatives of 
the function. The order of the successive derivative is the number of times 
the given function has been differentiated. 

Th() successive derivatives of a function of two variables with respect 
to one of them can be found by continued implicit differentiation. If 
F{x,y) = 0 is differentiated successively with respect to x, it is convenient to 
use the symbols 

dy dhj d^y 

; ^ ^ j pf p 

dx dx^ dx^ dx^ 


for the successive derivatives of y with respect to x. 

For example, let us find the third derivative of y with respect to x from 
the equation 

x^ + 2/^ = a^. 

Differentiating implicitly, 

3x^ + 32/^J = 0, or x^ + 2/=g = 0. 

From this == _ 5^. 

dx y‘^ 
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by substituting the expr(‘ssion for the first derivative found above. Solving 
for the second derivative, 


d!^y 

dx- 


- (^•* + 2/’) ^ 


2a^x 

yb 


From this result, the third dc'rivative is found to be 


dhj 

dx^ 


2a^ / 


r A 

bxy^ -~ 

‘ dx/ 


_ _ 2a^(y^ + ^ 

yS 

When working with parametric equations 
y = /i(0, a: = 


it often becom(\s necessary to find the derivativ(^s of y with respect to x 
of higher order than the first. In Section 20 it was proved that 

dx J 2 {t) 

1 

where tl'ie primes indicate diffenmtiation with respect to t. In general, the 
result is a function of t. In ordcM- to obtain higher dc'rivatives, this result 
must be differentiated with respect to x. 

Thus, if we have the parametric equations 

y = f + l, x = r^ + 2t, 

dy __ t 
dx ^ + I 

Differentiating with respect to x, 

dhj _ d / t \ _ 1 dt 

dx- dx\t +1/ {t dx 

From the second given equation, we have 


dh/ _ 1 

“ 2(t + 1 )-'** 


Hence, 
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GROUP A 


Find 


and ^ for each of tlie following equations. 
ax ax“ 


1 . = 4rt.r. 

2. 7j^ = 4.r. 

3. xy = a\ 

4. = 4a.r‘-^. 

6. x‘^ + = a2. 

6. x'^ — — a^. 


7. a:?/ 4- 3.r -f 27/ = a. 

8 . a :?/2 = a . 

9. 0 * 27 /^ = a. 

10. -f X?/ — 1/2 = 0. 

11. y = X ^ 

12. y = 3/2, X = 2 - 


GROUP B 


13. Find the first and second derivative of y with respect toxif Vx + y/y = \/a. 

14. Find if y- = ax^ 

(Ix^ 


16. Find if = cF. 

16. Find if + 2x^1/ — x 


1/2 + 2 = 0 . 


17. Find the derivative of y with respect to x if ^ -f 




18. Find ~ and y“ if x'^ if — 2ax — 2b y = 0. 

dc dx- dx^ 

19. Find if if = x y. 

20. Find the coordinati's of the critical point of the curve ^x^y — 8.r?/2 -f 3?/^ = 8 and 

show it to be mfiximum or miniinuin by th(‘ use of the second derivative. 

21. Find the coordinates of the maximiun and ininnnuin points of the curve 


x2 — 2xy — 4if + 5=0 


and show the inaxiina-niinima test. 

22. Find the dimensions and the area of the maximum rectangle which can be inscribed 
in the curve 3x2/ ^ _|_ ^ 2/3 = 21 . 

Find and classify any critical points of each of the following curves. 

10 / _ /3 / 

23. y — ^ — ■ jX = ^ • 26. 4xhj — Sxt/^ + by^ = 1. 

0 2 

24. y = - St, x = 2 - L 26. /(x) = x(G + xf{Q - xf. 

27. Find the dimensions of the maximum rectangle which can be inscribed in the curve 

^ 2/3 yH3 = 24. 


39. Applications of Implicit Differentiation to Maxima and Minima. 

The implicit diff(irentiation of fimctiorivS makes it possible for us to 
simplify the method of finding the maxima and minima of functions as 
presented in CJhaptcr II. If the function whose maximum or minimum 
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value is sought is expressed as a function of two variables, the data of the 
problem must enable one to relate these two variables by means of a second 
equation. Both equations may then be differentiated implicitly and an 
equation formed between the two variables which gives a solution. This 
method of approach can best be presented by means of an illustration. 

To find the dimensions of the maximum rectangle which can be inscribed 
in the ellipse — 4, we proceed as follows: 

The area of any inscribed rectangle is 

S = 4xy, 


and since a critical value of >S is desired, 



= 0 , 


or 


dy _ 

dx X 


From the equation of the ellipse, 

x + iy'^.O and f 

^ dx dx 

Equating the two values of the derivative, 


41 / 


y 


x 



X = 2y, 


Thus, the maximum rectangle has a base equal to twice its altitude. 

The same result is obtained if we substitute dy/dx = — (x/42/), from 
the differentiation of the equation of the ellipse, in the equation dS/dx — 0, 
obtaining 


dS 

dx 






4.y2 


= 0. 


As before, x^ = 4i/2, or x = zb 2y. The solution x = —2y has no inter- 
pretation in the problem under consideration. 

In order to make the second derivative test, 


^ - 

1 

to 

1 

1 


dx^ 

2/" 



y(-4y - 4y) - 0 
2 /" 


8 , 
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ivhich, being negative, shows that x == 2y gives S maximum. The dimen- 
sions of the rectangle are found to be 

2V2 by \/2, 

solving this equation simultaneously with the equation of the ellipse, 
obtaining the solution x = V2 and y = V2/2. 


Exercise 22 


GiROUP A 

1. Find the proportions of the maximum isosceles triangle of given perimeter. 

2. Find the most economical proportions for a conical funnel of given volume. 

3. Find the minimum distance from (0,3) to the curve y'^ = 4x. 

4. The length of the hypotenuse of a right triangle is a. Find the dimensions if the 

area is maximum. 

6. The strength of a rectangular beam varies as the product of its breadth and the 
cube of its depth. Find the dimensions of the end of a beam of maximum strength 
which can be cut from a given cylindrical log. 

6. A pyramid with a square base is to have a maximum volume. Find the proportion 

of the dimensions for a fixed lateral surface. 

7. A sector is to be cut from a given circular piece of tin. Find the proportions of the 

right circular cone which can be formed having a maximum volume. 

8. Find the most economical proportions for a cylindrical can for a given volume if 

the material used for the bottom is twice as expensive per unit area as that used 
for the sides and the top. 

9. From 500 sq. ft. of tin find the proportions of the box with no top and a square base 

which can be made having the maximum volume. No allowance is to be made 
for waste or for the dimensions of the material. 

LO. A post 10 ft. high stands 20 ft. from an electric light pole 15 ft. high. A guy wire 
is to be stretched from the top of each to a stake between them. Find the position 
of the stake in order that the length of the wire be least. 


liROUP B 

LI. Find the dimensions of the largest rectangle inscribed in the ellipse = 

L2. Find the dimensions of the largest rectangle with two vertices on the curve 
2x^ — Sy^ — 6 and two vertices on the line x — 5 = 0. 

L3. Find the area of the maximum isosceles triangle inscribed in bV -h = a^b^ 
with its base parallel to the major axis, assuming a > b. 

L4. The two sides of a long strip of tin of given width are to be bent up to form an open 
trough. If the sides are bent to form an angle of 60° with the horizontal, find the 
dimensions in order that the trough have a maximum carrying capacity. 

L6. Given y{x^ + 4) =8. Find the coordinates of the critical and inflection points of 
the curve. 

16. Given yix"^ 1) ~ x. Find the coordinates of the maximum, minimum and the 
inflection points of the curve. 
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17 . A tank is to be built in the form of a half cylinder with no top and with semicircular 

ends. If the material for the ends costs twice as muc;h per unit area as that for 
the convex surface, find the dimensions for the minimum cost for a given volume. 

18 . A power station is located on the edge of a cliff and it is 2 miles across to the cliff 

on the opposite side of the valley. It is desired to construct a high tension wire 
across the valley to a town which is 20 miles directly down the valley from the 
|)oint opposite the power station. If it costs 100 dollars per mile to construct 
the cable across the valley and 60 dollars per mile along the cliff, find the most 
economical way to build the cable, assuming the wires in a horizontal plane. 

19 . A vessel is anchored 6 miles off shore. A man wishes to go to a point on shore 

10 miles from the vessel. If he can row 2 mi. per hr. and walk 4 mi. per hr., find 
where he should land in order to reach his destination in the shortest possible 
time. 

20 . Find the dimensions of the isosceles triangle inscribed in with 

its base jiarallel to the major axis such that the (;one generated by rotating the 
triangle about its altitude has a maximum volume. 

21 . A rectangular sheet of paper is a inches wide. One corner is to be folded over so 

as to lie on the opposite edge of the sheet. Find the width of the part folded 
over in order that the length of the crease be minimum. 

22 . Regarding Problem 21, find the width of the part folded over in order that the 

area of that part be minimum. 


40, Ca^e Tracing. 

In many of the applications of the calculus it is essential to have precise 
knowledge conccniiing the position and the behavior of a curve which repre- 
sents the function under consideration. The importance of being able to 
trace a curve from its equation, quickly and accurately, cannot be over- 
emphasized. It is, therefore, pertinent that a few remarks be made on the 
elementary part of the subject of curve tracing. 

The analysis of an equation preparatory to the tracing of the curve is 
here considered under two headings, the analytic study and the calculus 
study. 

Analytic Study. It is often possible to trace a curve readily by an in- 
vestigation of the equation by the methods of elementary analytic geometry. 
These methods of study, as applied to the simpler types of equations, are 
also most useful in obtaining information concerning the more difficult 
types of equations in which a calculus study is to be made. 

The usual topics included in any analytic study of an equation are as 
follows: 

Symmetry. A curve F{x,ij) = 0 is symmetrical with respect to the 
x-axis, if the equation is unchanged by a substitution of —y for y. The 
curve is symmetrical with respect to the ^-axis, if the equation is unchanged 
by a substitution of — x for x. Finally, a curve is symmetrical with respect 
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to the origin, if the equation is unchanged by a simultaneous substitution 
o{ —y for y and —x for x. 

These symmetry relations may be extended to include a study of sym- 
metry with respect to lines parallel to the coordinate axes. For example, 
consider the curves representing the equations, 

A(x ~ a)'^ + By = 0, B{y + hy + Ax‘^ + Dx = 0 
and A{x — aY + B{y i>Y — 

The first is symmetrical with respect to the line x — a = 0, the second is 
symmetrical with r(\spect to the line y b ~ 0 and the third is symmetri- 
cal with resp(^ct to both lines and hence, symmetrical with respect to the 
point (a,— b). 

Intercepts, The x-intercepts of a curve F{xpj) = 0 are the real solu- 
tions of the equation F{xfi) = 0. Similarly, the ^-intenx'pts of the curve 
arc the real solutions of the equation F(0,?/) = 0. 

If the equation ^ a multiple root, use should be made of 

the calculus in order to determine whether the intercept is an inflection 
point or a maximum or a minimum point. A discussion of a more general 
case is given below under the calculus study of inflection points. 

Extent. An equation F{xpj) ~ 0, should be solved for both x and y, 
if possible, obtaining 

y = Six) and x = giy). 

Those values of x for which /(x) is real, define the intervals along the x-axis 
in which the curve lies. Those values of x for which /(x) is imaginary, 
define the intervals along the x-axis in which there is no part of the curve. 
Similarly, the intervals along the ^-axis may be studied for values of y 
giving giy) real and imaginary. 

Horizontal and Vertical Asymptotes. In the equation y = /(x), any value 
of X, as X = a, for which /(a) becomes infinite, locates a vertical asymptote 
X — a = 0. If such is the case, the function /(x) is discontinuous for 
X = a. In the equation x = g(y)j any value of y, as y = b^ for which gQ)) 
becomes infinite, locates a horizontal asymptote y — b = 0. 

In an application, such as finding the area under a curve, if the function 
involved has a discontinuity within the interval concerned, it is highly 
important to take that fact into consideration. In the same way, it is 
often necessary to take into consideration a horizontal asymptote in certain 
applications. h]xamples of some of these applications are to be found in 
Chapter IX. 
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The tracing of the curve corresponding to the equation 
xy^ + 2?/ — 4 = 0 

is given as an illustration in which the methods of analytic geometry give 
sufficient information to draw the curve. 

The solutions for y and for x are 

-2 ± 2 Vl + 4x 2(2 ~ tj) 

^ X y^ 

There is no symmetry with respect to the coordinate axes. The ?/-intercept 
is 2. For values of x less than — y is imaginary. For values of x greater 
than — i, 2/ is real. Both the r-axis and the ?/-axis are asymptotes. The 
curve is drawn in Figure 23 by using this information and by plotting 
several points of the curve. 



oblique asymptotes. However, it is sometimes advisable to make an inves- 
tigation of a function for large values of the variable. Such a study may 
or may not lead to the discovery of an oblique asymptote. As an illustra- 
tion in which such an asymptote exists, consider the equation, 

x^ — xy — 1 — 0, 

The solutions for y and for x are 

y = x--> X = I + 
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There is no symmetry with respect to the coordinate axes. The x-inter- 
ccpts are —I and 1. There is no interval along the x-axis for which the 
first function is imaginary, nor along the ?/-axis for which the second func- 
tion is imaginary. The y-axis is a vertical asymptote. In the solution of 
the given equation for y, it is to be ob- 
served that as X becomes infinite, y — x 
approaches zero, since l/x approaches 
zero. Therefore, the line ^ = 0 is 
an oblique asymptote. The curve is the 
hyperbola drawn in Figure 24. 

Calculus Study. The analysis of an 
equation preparatory to tracing the curve 
by the methods of the calculus has been 
applied to polynomials which arc contin- 
uous single-valued functions. These 
methods may now be applied to other 
functions which may or may not be 
single-valued and which may or may not 
be continuous for all values of the vari- 
able. A summary of the methods of the calculus as applied to curve tracing 
is given as follows: 

Critical Points. The abscissas of the critical points of a curve y = f{x) 
are the real solutions of the equation f'{x) = 0. At these points the tan- 
gents to the curve are horizontal. The criteria for maxima and minima 
are applied and the points are found to be maximum points, minimum 
points or neither. 

Inflection Points. If y = f(x)y the real roots of the equation /"(x) = 0 
are the abscissas of inflection points of the curve only in case the second 
derivative changes sign as x varies through those values. 

The first and the second derivatives of the function /(x) = (a; — 1)^ + 2 
are 

f'(x) = 3(x — 1)“ and f\x) = 6{x — 1). 

The critical value of the function is /(I) = 2. The second derivative test 
of the critical value fails, since /"(I) = 0. The first derivative does not 
change sign as x increases through x = 1 and the second derivative does 
change sign. Hence, the point (1,2) is a critical inflection point of the 
curve. 

The first and second derivatives of the function f(x) = (a: — 1)^ + 2 
are 

fix) = 4(a: ~ 1)3 and /"(a:) = 12(a: - 1)^. 
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As in the function above, the critical value of this function is /(I) = 2 and 
the second derivative test fails, since /"(I) = 0. In this case, the first 
derivative changes from negative values to positive values as x increases 
through X = 1 and the second derivative docs not change sign. Hence, 
the point (1,2) is a minimum point of the curve. 

Concavity. If 2/ = /(^), Ibe range of x for which /"(x) < 0, defines an 
interval over which the curve is concave downward. The range ' of x for 
which f''{x) > 0, defines an interval over which the curve is concave 
upward. 

Suppose that an equation F{x^y) = 0 so that y = f(x) is not a poly- 
nomial. The curves representing such equations often possess points which 
merit special attention. The power of the calculus is shown in the fol- 
lowing investigation of these particular points. * 

Singular Points. Suppose that F{x^y) = 0 is an equation such that by 
implicit differentiation, the derivative of y with respect to x is a function 
of X and y^ taking the form 

dx q{x,y) 

If there are values of x and y, as (xi,^i), which satisfy the three equations 
I 

F{x,y) = 0, g{x,y) = 0 and q(x,y) = 0, 

the point {xi,yi) is called a singular point 

Consider the equation = x^. By implicit differentiation, dyfdx ~ 
3x^/2?/. Hence, the origin is a singular point. At the origin the two 
branches y = x^^"^ and y = '— x^^'^ meet, and both are tangent to the 
a:-axis, since dy/dx = db V^. In this case the singular point is called a 
cusp. 

Consider the equation y"^ = x^ — 2x-. By implicit differentiation, 

dy _ — Ax 

dx 2y 

Here again, the origin is a singular point. By solving for y and differen- 
tiating explicitly, the slope for x = 0 is found to be imaginary. In this 
case the singular point is an isolated point. 

To trace the curve corresponding to the equation 

y‘2> — ^2(4 _ ^2^^ 

we shall use the information obtained by applying both analytic and cal- 
culus methods. 
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The curve is symmetrical with respect to both coordinate axes. The 
x-intercepts are —2, 0 and 2. The ^/“intercept is 0. For the interval 
— 2 < X < 2, y is real. For the intervals x < —2 and x > 2,y is imaginary. 

There are two branches of the curve corresponding to the two 
functions 

y = x'n/4 — x^, y = — xV4 — 

Attending to the first branch, 

dy _ 4 — 2x‘^ d^y _ 2x{xP‘ — 6) 

dx \/4 — ~x’ (4 — x 2)*'^/2 

From these derivatives it is found that (— \/2, — 2) is a minimum point, 
(a/2,2) is a maximum point and (0,0) 
is an inflection point. The curve 
intersects (he x-axis perpendicularly 
at the points ( — 2,0) and (2,0). From 
this information the first bramfli of 
the curve is drawn in Figure 25 
with the full line. An analysis of the 
sc(!ond function yields derivatives 
differing from those obtained in 
sign only. With these results the 
curve is completed with the dotted 
line in the same figure. The singu- 
lar point at the origin is a double 
pointy since th(' slopes of the cuiwe 
at this point are real and ecjiial to 
2 and —2. 

The curve drawn in Figure 26 is obtained from the equation 

X“y — 2x + 4?y = 0. 

The derivatives, taken implicitly, are 

dy __ 2(1 — xy) , d^ _ 2(3x'\v — 4x — 4y) 
dx x‘^ + 4 dx^ {x^ + 42 ) 

The curve has no singular point. The coordinates of the critical points are 
obtained by solving the given equation simultaneously with the equation 
xy — 1 = 0. They are found to be (— 2, — |) and (2,|), of which the first 
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is a minimum point and the second is a maximum. The coordinates of 
the inflection points are obtained by solving the given equation simul- 



taneously with the equation ‘Sxhj — 4x — 4y = 0. They are found to be 
(0,0) and (± Vl5, ± 2V'l5/19). 


Exercise 23 


GROUP A 

Trace each of the following curves. 

1. XT/ -f + 1 == 0. 

2. y%x + 1) = 1. 

3. x-y- -f = 1. 

4. y^ = x(x^ — 1). 


6 , xy"^ -{• X = A, 

6. y^(x^ + 1) = 1. 

7. x^ -y^ -Hx-\- 67 / + 16 - 0 . 

8 . y{x^ + 1 ) = + 4 . 


Find the equation of the tangent to each of the following curves at the specified 
points. Find the Cartesian equation of each. 

9. X = y = t — 1 at t = 2. 

10. a: = _ 2, 77 == 3 ^t / - 1. 

11. X = 2t i- 3 ^2, 77 - + 3 at ^ - - 1. 


12. Find the values of i which give the critical points and the inflection point of the 
curve X — 3t, y = — 3^^. Test the critical points for maxima and minima 

and trace the curve. 


GROUP 13 

Trace each of the following curves. 

13. xy^ — y^ — 4:X — 0. 

14. + 47 — 2 = 0. 

16. yix ~ 1)2 = 1 . 

16. yix + 1) = (a; - 2)2. 

17. 72 = a;3 _ 43 . 2 ^ 


18. x^y^ = 4-0:3. 

19. 72 = o:(2 — x)2(4 — 0:). 

20 . 7(0:2 _ ^ _ 2) — X. 

21 . 72 (a2 _ x^) = ax, 

22. 72 = (0: - 1)3. 


In each of the following find the first and the second derivatives of 7 with respect 
to X as functions of the parameter. 


23. a: = 3 ^ 2 , 7 = t\ 

24. X = ^2 4. 2/, 7 = t\ 


1 1 
1 + ^ 1 - <* 


26. X = 
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26. Find the coordinates of the critical point of the curve x = 3 ^^, y = t’i ^ 2t. Find 

the range of values of t for which the curve is concave downward and concave 

upward. Trace the curve. 

GROUP C 

Trace each of the following curves 

27. x^y^(l — x) = a^. 

28. y^{a^ + x^) = ax. 

29. y{x — aY — ax^. 

30. axy — {x — 2a) ^ 

31. x'^y^ ~ aK 

32. x^y^ = a*. 

33. if{l - x2) = a2. 

34. x'^y'^ix'^ — a^) = 6^. 

36. xyix"^ -f a^) = h. 

36. xhjix’^ + a2) = 6. 

41. Motion in a Curve. 

In Chapter II, Sections 18 and 21, the velocity and the acceleration on 
a particle moving on a straight line were studied. Such a motion is called 
rectilinear motion. In this section we are to consider curvilinear motion ^ or 
the motion of a particle along a curve. 

Vectors. A vector quantity is defined as a quantity having a magnitude, 
a sense and a direction. Accordingly, such a quantity may be represented 
by a directed line segment where the length represents the magnitude of 
the vector quantity. The sense is indicated by an arrowhead at one extrem- 
ity and the direction is the angle which the line segment makes with some 
line of reference. Such a line segment is called a vector. Vectors are of 
considerable importance in physics as they 
are used to represent forces, velocities, accel- 
erations and other such quantities. 

If two forces act simultaneously on the 
same particle, they are equivalent to a single 
force which is called their resultant. The 
two original forces are called the components 
of the resultant. If the two forces are repre- 
sented by the vectors AB and AC as in Fig- 
ure 27, the resultant force is represented by the vector AD which is the 
diagonal of the parallelogram A BCD. This is known as the parallelogra7n 
law of vectors. Conversely, a single vector can be resolved into two com- 
ponents in many ways. That is, in the same illustration, two sides of any 



37. 

y^x^ + 4) = 

= a\ 

38. 

y(.c* - aq = 

= x. 

39. 

x^y{4: — x^) 

= 1. 

40. 

xy{x^ — a^) 

= b. 

41. 

?/2(x2 - a2)3 

= b. 

42. 

y(a^ + x^Y 

= bx. 

43. 

X = P - 2, 

y = 4/^. 

44. 

H 

II 

11 

= 4(1 - tY. 

46. 

^2/3 ^ y2l3 = 

= 4. 
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parallelogram of which AD is the diagonal, as AB' and AC' in the figure, 
are two components of the same vector. 

Velocity. If a moving particle describe a plane curve, its coordinates 
at any time may be expressed as functions of the time. Hence, the path 
of the particle has the parametric equations 

^ = /i(0, y = f 2 (t) 

in which the parameter t is the time elapsed. At any instant the particle 
has a position P{x,y) on the curve, where x and y are the values correspond- 
ing to the value chosen for t. 

The velocity of the partick^ at any instant in the x-direction is the rate 
of change of x with respect to t, or 


Vx = 


dx 

di 




And the velocity of the particle at the same instant in the y-direction is 
the rate of change of y with respect to t, or 


= 


dt 


= / 2 '( 0 - 


If V represents j^the velocity of the particle along its path at any instant, 
Vx is called the x-component of v and Vy is called the y-cornponent of v. 

Suppose that a particle is moving on the 
curve drawn in Figure 28 and that we wish to 
find the velocity along the path at the instant the 
particle reach(\s the point P, If the x- and the 
^/-components of the velocity are represented by 
the vectors PA and P/?, respectively, where Vx 
is drawn parallel to the x-axis and Vy is drawn 
paralkil to the ^-axis, the resultant velocity is 
represent'd by the vector PC which is the diago- 
nal of the rectangle PABC. Let the direction 
of the vector PC be represented by the angle^^, 
that is, 

AAPC = 6, 



Fig. 28 


Then 


Vx = V cos y, Vy = V sm I 


Squaring these two equations and adding 

Vx^ + Vy^ = 
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This result is a fundamental relation by means of which the magnitude of 
the velocity of the particle at any instant may be found from the components 
of that velocity. 

Upon dividing the second equation by the first, 


From Section 26, 


Vy 

Vx 


V sin d 

V cos 0 


= tan 6. 


dy 

dx 


dy 

dt 


dt 


where tan B is the slope of the curve at the point P. Hence, the velocity 
of a particl(‘ moving on a cxuvo at any instant t is represented by the vector 
V laid off on the tangc'iit to the curve at the corresponding point P{x,y). 

The diiH'ction of the motion of a particle at any instant can be found 
from the components of the velocity at that instant by means of the relation 


B = arctan — • 
Vx 


Suppose that a particle moves so that its position at any time is given 
by the equations 


X — P, y = 3^ — 1 


and that we wish to find the vc^locity and the direction of the motion at the 
instant t — 2. 

The solution is carri(‘d out as follows: 


Vx = 2tj Vy = 3. 


H = 

B = arctan — 


= 5 . 

= arctan f . 


The path of the motion is the parabola drawn in Figure 29. When ^ = 2, 
the particle has the position P(4,5) and the vectors v^y Vy and v have the 
lengths 4, 3 and 5, respectively. 

Acceleration. We shall coasider the acceleration of a moving particle 
which describes a plane curve in the same manner as has been followed for 
the study of its velocity. The acceleration of the particle at any instant 
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in the x-direction is the rate of change of Vz with respect to the time, or 

A = ^ = /t"(0. 

And the acceleration at the same instant in the 2 /-dircction is the rate of 
change of Vy with respect to the time, or 


If j represents the acceleration of the particle along its path at any instant, 
jx is called the x-component of j and jy is called the y-component of j. 




Suppose that a particle is moving on the curve drawn in Figure 30 and 
that we wish to find the acceleration along the path at the instant the 
particle reaches the point P, If the x- and the y-components of the accel- 
eration are represented by the vectors PA and PBj respectively, where jx 
is drawn parallel to the x-axis and jy is drawn parallel to the ^/-axis, the 
resultant acceleration j is represented by the vector PC which is the diagonal 
of the rectangle PABC. Let the direction of j be represented by the angle 
<^, that is 

ZDPC = <t>. 

Then jx = j cos <t>, jy = j sin <t>. 

Squaring these two equations and adding 

Jx^+jV 

This result is the fundamental relation by means of which the magnitude 
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of the acceleration of the particle at any instant may be found from the 
components of that acceleration. 

Upon dividing the second equation by the first, 

^ = tan (j), 

Jx 

Hence, the acceleration of a particle at any instant may be represented by 
a vector j laid off on a line having the direction given by the relation 

</) = arctan^^- 
Jx 

It is to be observed that it is possible to find the absolute values, only, 
of the magnitudes of the velocity and the acceleration from the relations 

\V\ = V + Vy^ 

and |jl = Vj/ + [yK 

The sense of the vectors representing them is determined from the directed 
vectors representing their components. 

It is important here to note that, while the acceleration j of a particle 
having rectilinear motion is equal to dv/dt, this is not true for a particle 
having curvilinear motion. That is, the resultant acceleration is not rep- 
resented by the derivative of the resultant velocity with respect to the 
time in curvilinear motion. 


GROUP A 


Exercise 24 


A particle moves along a plane curve given by each of the following equations. 

1. X = 2t, y = 2t ~ Find Vx, Vy, v and the coordinates of the position 

when t = 1. Draw the curve and the velocity vectors at the given time. 

2* X = dlj y ~ St — St^. Find the position and the time at which the motion 

is parallel to the x-axis. Find the velocity and the direction of motion 
when t = 2. 

3. X = y = 21 — Find jx jyj j and the coordinates of the position when 

t ~ 2. Draw the curve and the acceleration vectors at the given time. 

4. X = y — 2t^ — 5L Find the velocity at any time. Find time and the 

position at which the velocity is minimum. 

6, X = Si'^y y = St^ — P. Find the acceleration at any time. Find the time 
and the position at which the acceleration is minimum. 

6. X = Py y — {t — 2)2. Find Vxy Vyy v, jxy jyy j and the coordinates of the 
position when / = 1. Draw the velocity and acceleration vectors at the 
point found. 
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7. X = y — Find the directions of the velocity and the acceleration 

vectors. Find the Cartesian etjuation of the path. 

8. .r = — 3, y = P 2. Find the vclotaty, the; position and the time at 

which the velocity is minimum. Find the Cartesian equation of the path 
and draw the vector representing the least velocity. 

9. A man can row at the rate of 5 mi. per hr. and wishes to reach a point across a river 
miles wide directly opposite his starting point. If the current of the iiver is 
4 mi. per hr., in what direction must he row and how long will it take him? 

10. A man can row 4 mi. per hr. If he rows across a river 1 ^ miles wide at right angles 
to the current which is 3 mi. per hr., when and where will he reach the shore 
opposite? 


GROUP B 

Given the following equations of the paths of curvilinear motion. In each case find 
Vyy Vy jxy ju^ J, the direction of v and the direction of j at the given instant. 


11. X = 2ty y = P at I = 2. 

12. X = 3^“, y = 2P at f = 1. 

1 , , . 


16 . ^ J at < = 1 

16. X — at + hy y = ct (1 at t — h. 

17. X 1 I y3 II /3 ^ 1* 


13. X = 2ty y 


at I = 1. 


14. 0 - = 1 -f- y — f 


at ^ = 1. 


18. A particle describes the first quadrant of the circle x^ y^ — 20 with Vy = 3, 

constant. Find Vx, Vy jx and jy at the point (2,1). 

19. A particlJ^^ describes the upper half of the parabola = 6x, with v — 5. Find Ux, 

Vyy Jx and Jy at the point (6,6). 

20. The equations of the path of a particle are x = 4/^, ?/ = P. Find the time at which 

the velocity and the acceleration vectors are at right angles to each other. 


42. Projectiles, 

An object which is thrown in the air is called a 'projectile. The path 
whi(‘}i is traced during the flight of a projectile is approximately a portion 
of a })arabola. Were there no forces acting except that of gravity, the path 
would be that of a true parabola. In our work w(} shall m^glect such forces 
as air resistance and speak of the parabolic path of a projectile. Con- 
sequently, our results will be first approximations to those which might be 
obtained from the true path, or th(i trajectory of a projectile. 

A projectile which is thrown horizontally from an elevation traces the 
arc of a parabola from the vertex to the ground, while one which is thrown 
upward at an acute angle with the horizontal, traces a portion of a parabola 
whose vertex is the highest point n^ached. In both cases the axis of the 
parabola is vertical. 

In expressing analytically the path of a parabola, it is convenient to 
express the coordinates of the position of the body at any instant in terms 
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of the time elapsed as a parameter. If a projectile is thrown from the 
origin with an initial velocity and with an initial direction a with the 
a;-axis, the parametric equations of its path are 

X = v4 cos a, 2/ = ^^ 0 ^ sin a — 

From these equations the x- and the ?/-components of the velocity at 
any time are 

Vx = ro cos a, Vy = Vq sin a — gt, 

from which the magnitude of the velocity can be found. Again, from the 
last equations the x- and the ?/-(;omponents of the acceleration at any time 
are 

ix = 0, jy = - g, 

from which it is seen that the acceleration is the constant g directed down- 
ward. We shall assume {/ = 32 ft. per sec.‘-^ 

If the parameter is eliminated from the equations of the path of a 
projectile, tlui Cartesian equation is seen to be that of a parabola having 
the form 

Ax- Bx A- Cy = 0. 

This justifies the statements made in th(i first paragraph of this section. 

The range of a projectile is the horizontal distance to the point where it 
strikes the ground. 


GROUP A 


Exercise 26 


1. A projectile is given an initial velocity of 200 ft. per sec. in a direction inclined 45° 

with the horizontal. Write the equations of the path if it is released from the 
origin. Find the component and resultant velocities at the end of the third 
second. 

2 . A projectile is given an initial velocity of 150 ft per sec. in a direction inclined 60° 

with the ground. Find the height to which it rises, the range, the angle at which 
it strikes the ground and the velocity with which it strikes the ground. 

3 . Find the range and the time of falling of a projectile thrown horizontally from a 

height of 600 ft. with an initial velocity of 80 ft. per sec. 

4 . Show that the magnitude of the velocity of a projectile at any time is 

V — 2gvQl sin a + gH'^. 

6. Show that a projectile reaches its maximum height when 

I — ^0 sin a 
9 

and find the maximum height. 
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6 . Show that the magnitude of the velocity has a minimum value of Va cos a when 

the projectile has attained its maximum height. 

7 . Find the Cartesian equation of the path of a projectile. 

8 . Show that the range of a projectile thrown upward from the ground is twice the 

abscissa of the highest point in the path. 

9 . Show that the angle at which a projectile thrown from the ground htiikcs llu) 

ground is equal to the angle at which it was released. 

10 . Show that the magnitude of the velocity with which a projectile thrown upward 

from the ground strikes the ground is equal to the initial velocity. 

11 . Find the angle « at which a projectile should be released in order that the range be 

greatest for a given initial velocity 

12 . Derive the parametric equations of the path of a projectile using 

~ IT ~ di^ ~ " ~dt ~ dW 

and assuming the same initial conditions as heretofore. 


GROUP B. Tangential and Normal Components of Acceleration. 

Instead of resolving the acceleration of a particle moving along a plane 

curve into the components jx and jy, in 
the x~ and the ?/-directions, respectively, 
it is often convenient to resolve it into 
components along the tangent and the nor- 
mal line to the path. Referring to Figure 
31, assume that j has the horizontal and 
vertical components jx and jy. Let 6 be the 
inclination of the tangent to the curve at the 
point P in question and let the line CD be 
the normal to the tangent line AB also at 
the point P. For the tangential component of j, we have 

(1) jt = jx cos d + jy sin d. 

And for the normal component of j, we have ‘ 

(2) jn = jy cos 6 - jx sin e. 

Since 

(3) Vx = V cos 6 and Vy ^ v sin 6, 



these components can be expressed as follows 

dvT . dv 


( 4 ) 


Vx 


jt 


dt 




Vvx'^ + Vy^ 
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(5) 


in — 


Vx 


dVy _ dVx 

dt dt 


Vvx^ + y/ 


13. Draw the Figure 31 and carry out the derivations for (1) and (2). 

14. Draw the velocity vector parallelogram and derive the equations (3). 

16. Derive equation (4) from (1). 

16. Derive equation (5) from (2). 

17. Show that by the differentiation of + Vy^ with respect to tj jt = dv/dt. 

18. Given x = 1, y = 2t^ — 1. Find the tangential and normal components of 

the acceleration. 

19. Given x = 2 — 4/, y = 2t^ — t. Find the tangential and normal components of 

the acceleration when t — 

20. A particle moves along the curve x = y = — 18^ Find the point at which the 

tangential component of the acceleration is minimum. 


43. Time Rates. 

If a variable is expressed as a function of the time, its derivative with 
respect to the variable t is called the time rate of change of the function. 
We have previously expressed variable distance measurements as functions 
of time and have called their derivatives, velocities. In this section we 
wish to study the rates of change of other variable quantities with respect 
to time, of which the velocity of a moving body is a particular case. 

Suppose that air is blown into a rubber balloon and that the balloon 
retains its spherical shape. Then the radius r and the volume V are vari- 
able, and at all times have the relation 

V = 


Each variable is a function of the independent variable even though such 
functions are not expressed. And for any value of t, each variable has a 
rate of change. The latter are 

dV ^ dr 
-7- and -7- • 


The time rates of change of such variables are obtained by implicit differen- 
tiation as was done in Section 37. Hence, 


dV . ^dr 
Jt' 


If air is forced into a spherical balloon at the rate of 47r cu. ins. per sec., 
let us find the time rate of change of the radius when the radius is 10 ins. 
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It is given that 



and 


r = 10. 


Hence, from the last equation we have 


dr __ Att 
dt 4007r 


0.01 in. per sec. 


It is observed that in this problem the time rate of change of the volume 
is constant, while the time rate of change of the radius is variable, differing 
for each value of r. 

As a second illustration, two ships start simultane- 
ously from th(^ same position, one sailing due east at 
the uniform rate of 20 mi. per hr. and one sailing N 60® 
E at the uniform rate of 30 mi. per hr. How fast are 
they separating at the end of 2 hrs.? 

In Figure 32 let OA = x repres('nt the distance the 
first ship has travelled after t hours, lut OB = y repre- 
sent the distance the second ship has travelled during 
and let AB = z represent the distance between them. 



Fig. 32 


the same time 
From the law of cosines 


^2 ~ 3^2 ^ ^2 __ 2xy cos 60®, 

2;2 ^2 ^2 _ 


Differentiating implicitly with respect to 


2z 


dz 

dt 


i2x-y)^+{2y-x)^^> 


At the end of two hours, x = 40 and ?/ = 60 from which z = 20\/7 miles. 
It is given that 

#.20 and t-30. 

at at 

Hence, — = lOV? = 26.46 mi. per hr. 


As a final illustration, the solution in a conical funnel 16 ins. across the 
top and 10 ins. deep is dripping out at the rate of 4 cu. ins. per hour. How 
fast is the surface falling when the solution is 5 ins. deep? 
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The volume of the solution in the funnel at any time is 


V = ~xhj, 


where x is the radius of the surface and y is the depth, 
triangles 5x = 4?/. Eliminating x, 

V = 

Differentiating, ^ 


Hence, 


dy I . , 

j;m.perhr. 


From similar 


Exercise 26 

GROUP A 

1 . Water is running into a vertical cylindrical tank having a radius of 10 ft. at the 

rate of 4 cu. ft. per min. How fast is the surface rising? 

2 . A man is walking toward a vertical flagstaff at the rate of 6 ft. per sec. When he 

is GO ft from the foot, how fast is he approaching the top of the flagstaff? 

3 . Water flows at the rate of 2 cu. ft. per min. into a vessel in the form of an inverted 

right circular cone of altitude 6 ft. and radius of the base 2 ft At what rate is 
the surface rising when the surface is halfway to the top*^ 

4 . A circular metal plate is heated and expands retaining its circular shape. If the 

radius increases 0 01 in per rriin., how fast are the area and the circumference of 
the plate increasing when the radius is 10 ins ? 

6. Two automobiles start simultaneously at the .same point, one travelling due west 
at the rate of 30 mi. per hr , and one due south at the rate of 40 mi. per hr. How 
fast are they sciparating at the end of 3 hrs ? 

6 . A particle is moving along the parabola ~ 4.r so that when a: = 4 the abscissa is 

increasing 6 ins per min. At what rate is the ordinate increasing and what is 
the velocity of the particle in its path? 

7 . The top of a ladder 30 ft. long slides down a vertical wall at the rate of 4 ft. per sec. 

How fast does the foot slide away from the wall on a horizontal floor when the 
foot is 20 ft. from the wall? 

8 . A cubical block of ice is melting, retaining its cubical shape. How fast is the sur- 

face decreasing, if the volume decreases at the rate of 2 cu. ins. per min. when the 
length of an edge is 20 ins.? 

9. A man 6 ft. tall is walking at the rate of 8 ft per sec. directly away from a lamp 

post 20 ft. high. How fast is the tip of his shadow moving and how fast is his 
shadow lengthening? 

10 . A particle moves on the circle x‘^ = 100 so that x decreases at the rate of 12 ins. 

per sec. when a: = 6. Find the rate of change of the ordinate. 

GROUP B 

11 . A trough has the form of a right prism whose vertical ends are equilateral triangles. 

If the length of the trough is 15 ft., and if the water leaks out at the rate of 2 cu. 
ft. per hr., how fast is the surface falling when the water is 6 ins. deep? 
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12 . Three towns Ay B and C are connected by straight roads. The road AC is 20 miles 

long and makes an angle of 30*^ with the road AB. One automobile starts at C 
travelling toward A at the rate of 15 mi. per hr. and at the same time a second 
automobile starts at A travelling toward B at the rate of 24 mi. per hr. How 
fast are the two approaching each other 20 minutes later? 

13 . A balance wheel 6 ft. in diameter is rotating at the rate of 50 revolutions per minute. 

A lug on the rim of the wheel becomes loosened and flies off at a tangent. Assum- 
ing that no allowance is made for any new force, how fast will the lug be moving 
from the center of the wheel 3 seconds later? 

14 . The top of a ladder 30 ft. long rests against the vertical side of a house and the foot 

is being pulled from the wall at the rate of 5 ft. per sec. along a roof which makes 
an angle of 120° with the vertical wall. How fast is the top of the ladder sliding 
down the wall? 

16 . Coal is being released from a hopper at the rate of 12 cu. ft. per min. and forms a 
right circular conical pile whose height is always half the diameter of the base. 
How fast is the ground being covered with coal when the radius of the base is 
20 ft.? 

16 . A light on the floor is 50 ft. from a wall. A man 6 ft. tall walks from the light 

toward the wall at the rate of 4 ft. per sec. Find the rate at which the length of 
his shadow on the wall is changing when he is 10 ft. from the wall. 

17 . A right triangle ABC has the right angle at C and AC = 50 ins., CB = 40 ins. A 

particle starts at A and moves toward C at the rate of 20 ins. per sec. At the 
same time a second particle starts at B and moves in a line parallel to AC and in 
the opposite direction at the rate of 30 ins. per sec. At what rate are they 
approaching or separating at the end of § second and at the end of 2 seconds? 
At what time are they nearest each other? 

18 . Points A and B slide along a straight line on a horizontal plane and are connected 

by a cord 84 ins. long passing over a pulley at C which is 30 ins. above the line 
AB. If B is pulled away from the point Z> in AB vertically below C at the rate 
of 20 ins, per sec., how fast is A moving toward D when DB = 40 ins. 

19 . An airplane leaves the ground at an angle of 30° at a distance of 2 miles from an 

observer. If the speed of the airplane is 70 mi. per hr., at what rate is it approach- 
ing or receding from the observer according as it flies directly toward or away 
from him? 

20 . An elevated track is 36 ft. above a street and crosses it at right angles. A car on 

the track travelling at the rate of 27 ft. per sec. reaches the crossing at the same 
instant that an automobile travelling at the rate of 24 ft. per sec. reaches it. 
How fast are they separating after one second? 

44. Reversal of Time Rates. 

A study of the integration of polynomials was presented in Chapter 
IV. It was also stated that 

which can be applied for all real values of n except — 1. In this section it 
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is desired to consider some applications which are the reverse of those 
treated in the last sections. 

As a first illustration of the nature of such problems, suppose that water 
is being pumped into a pressure tank so that the volume is increasing at 
the rate of 8/ cu. ft. per minute. We wish to know the volume of water 
pumped into the tank during the first four minutes and during the second 
four minutes. 

It is given that 

dV ^ S 

dt vr* 


From the definition of the differential of a function, 



dv = ~ dt. 

Vt 

Hence, 

V = 8^ dt = leVT + c. 

From ^ = 0 to ^ = 4, 

V = 16(2 - 0) = 32 cu. ft. 

From ^ = 4 to ^ = 8, 

V = 16(2\^ - 2) = 13.25 cu. ft. 


As a second illustration, a particle describes a plane curve in such a way 
that the x- and the ?/-components of the acceleration are 2 and 6^ ft. per 
sec. per sec., respectively. If the particle have the position (2,0) when 
t — 0 and, (10,6) when t = 2 secs., wc may find the parametric equations 
of the path. 

It is given that 

dvx o • dvy 


u. 


Integrating each equation, 


Vx 

Vy 


= 2 J dt 2t + Ai 

= 6 ^ t dt St^ "b Bi, 


Again, integrating each equation, 

x=J(2t + Ai)dt =-t^ + Alt + A2 

y = J* (Zt^ + Bi)dt = t^ Bit + B2. 
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For t = Oj r = 2 and y = 0 gives Ao = 2 and B 2 = 0. 
For t = 2j x = 10 and 2 / = 6 gives Ai = 2 and Bi = — 1. 
Hence, the required parametric equations of the path are 
x = r- + 2t + 2, y == t^-t. 


GROUP A 


Exercise 27 


1. Water is flowing into a reservoir at the rate of 200 cu. ft. per min. How much 

flows in during the first 10 mins.? How much flows in during any 10 minute 
period^ 

2. A mountain stream empties into a lake. Melting snow increases the volume of the 

flow at the rate of 60^ cu. ft. per hr. Find the increased volume of water in the 
lake during the first 10 hours and during the second 10 hours 

3. An automobile is travelling at the rate of 30 mi per hr. If it is accelerated 10 mi. 

per hr. per hr., how far will it travel during the first 2 hours and during the second 
2 hours? 

4. The X- and the ^/-components of the velocity of a moving particle are 4 and 2t, 

respectively. If the particle starts motion at the point (3,2), find the parametric 
equations of the path. 

5. The X- and the ?/-components of the acceleration of a moving particle are 4 and 0, 

respectively. If the particle starts motion at the origin with the x- and the 
^-components of the velocity 3 and 6, respectively, find the parametric equations 
of the path. 

6. A particle starts motion at the point (3,-2) with Vx = 5 and Vy = —4. If 

jx = 2t and jy = 3, find the parametric equations of the path. 

7. A particle starts motion at the point (0,2) and it is given that x = and Vy = 3 ^^^ 

Find the Cartesian equation of the path and the acceleration in the path when 

t == 1. 

8. A particle moves along a straight line with j = L It is at rest at x = 1 when t — 1. 

Find the equation for its motion and its initial position and velocity. P^ind its 
position and velocity when i = 3. 

9. A car is moving northward at the rate of 40 mi. per hr. If a ball is thrown from the 

car toward the east at 20 ft. per sec., find the direction and velocity of the ball 
with reference to the ground. 

10. Find the magnitude and direction of the resultant of a force of 15 units directed 
northeast and a force of 8 units directed 30° W of N. 


GROUP B 

11 . A particle moves on a straight line with j — i — \ and starts from the origin with a 

speed of 1 ft. per sec. toward the left. Find the equation of motion, when it will 
stop and when it will return to the origin. 

12. A particle moves so that x = and y = t/2. Find the Cartesian equation of its 

path, its velocity and its acceleration. 
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13 . A point moves along the curve xy - a with the vertical component of the velocity 

constant. Find the acceleration. 

14 . A particle starts motion at the origin, moving along the curve 2y — x^. As it 

passes through the point (2,2), the x-component of the velocity is 3. Find the 
resultant velocity and show that 2jx — Jy + 9 =0. 

15 . Given jx = k and jy = 0. If the particle starts at the origin with Vx = a and 

Vy = 6, find the equations of the path. 

16 . Given jx = a and jy = h. If the particle starts at the origin with v - c directed 

along the ^-axis, find the equations of the path. 

17 . Given Jx = l/vx and jy =0 If the particle starts motion at the point (9,9) with 

Vx = 3 and Vy - 2, find the equations of the path. 

18 . A car starts from rest with an acceleration of 16 rds. per min. per min. for 1 minute. 

Then it coasts for 2 minutes. Thereafter the brake is applied giving a retardation 
of 16 rds per min per mm., bringing the car to a stop. Find the distance covered 
by the car and the time required. 

19 . An automobile is moving at the rate of 8 rds. per min. and is given an acceleration 

of 16 rds. per min. per min for 3 minutes. Then it coasts for 3 minutes. There- 
after, the brake is applied giving a retardation of 28/3 rds. per min. per min. bring- 
ing it to a stop Find the distance covered and the time required. 

GROUP C 

20 . Find the area bounded by y = y = 2x and y ~ x. 

21 . A road is to be built from a point A, located on the corner of a large rectangular 

tract of timber, to a point B situated in the timber 50 rds south and 30 rds. east 
of A. The cost of building the road along the edge of the timber is one-half as 
much per unit of length as through the timber. Find the length of the road for 
which the cost of building is minimum. 

22 . Prove that for a given hypotenuse, the isosceles right triangle has the maximum 

area. 

23 . A point is moving on the curve -f- 4?/^ = 16. Find the coordinates of the points 

at which x is increasing at the same rate y is decreasing. 

24 . A point is moving in the counterclockwise direction around the circle x^ y^ — 100 

with a constant sjiced of 6 ins. per sec. Find the components of its velocity at the 

point (6,8) and at (8, —6) 

26 . One ship is 75 miles due east of a second ship The first is sailing due west at the 

rate of 9 miles per hour and the second, due south at the rate of 12 miles per hour. 

Find how long they continue to approach each other and find the nearest distance 
they can get to each other. 

26 . A particle moves downward on the right-hand branch of the curve xy = 12 with a 

constant total velocity of 5. Find the components of the velocity and the ac- 
celeration at the point (4,3) and draw the vector of the resultant acceleration at 
that point showing magnitude and direction. 

2 

27 . Approximate the value of (x — 1)*^ + y — Vx -f 1 for X = 3.02, using dif- 

tx — Z) 

ferentials. 
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THE DEFINITE INTEGRAL 
46. The Definite Integral. 

In Chapter IV an indefinite integral of a polynomial was defined as a 
function whose derivative is the given polynomial. Thus 

J fix) dx = F(x) + c, 

where f(x) is called the integrand. In this chapter, also, the integrand is 
limited, with a few exceptions, to polynomials. The integration of a more 
general class of functions is given consideration in Chapter IX. Conse- 
quently, in the discussions which follow, the integrand /(x) is assumed to 
be a continuous single-valued function. 

An indefinite integral of a function does not have a definite value 
corresponding to each value of its variable because of the constant of inte- 
gration Cj hence its name, indefinite integral. 

If the symbols Va and Vi are chosen to represent indefinite integrals of 
f(x)dx for X = a and x — h, respectively, one is a function of a and C and 
the other is a function of h and C. That is, 



fix) dxY^ 

~\x~a 

= Fix) + cJ 

= Fia) + C 


n ~|a;=6 



and 

Vb=J fix) dx 

= Fix) + cJ 

= Fih) + C. 


From these two expressions it is possible to find a value of the difference 
which is independent of the constant C. Thus, 

V,~Va = F{b) - F(a). 

This difference is a function of the consitants a and b which generally exists, 
provided that f(x) is a continuous single-valued function in the interval 
a ^ X ^ b. 

The symbol for the definite integral is 

fi’fix) dx, 
no 
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which is read “ the definite integral of f{x) dx from a to 6.” 
ence between values of indefinite integrals for x = b and x = a 
this definition, 

r fix) dx = Fix)V'‘ = Fib) - Fia). 

Ja Jjf=a 

Thus, for a given continuous single-valued function the definite integral is 
a constant which depends only on a and 6, hence its name, definite integral. 

In the use of the definite integral, care should be exercised in placing 
the limits a and 6. For the integral above, the limits are from a to b, 
while in the integral 

fjfix) dx = Fia) - Fib), 
the limits are from b to a. 

An interchange of the limits of a definite integral, changes the sign of 
the value of that integral. Thus, 

f fix) = ~f /(^) 


It is the differ- 
Hence, from 


GROUP A 


Exercise 28 


1. If dyidx = 2x, show that dy = 2xdx and express y as a function of x. Find the 

change in y from a: == 2 to a: = 4. Show that this change is equal to Ay. 

2. If dy = (3a;2 — 8a:) dxy express the change of y between the limits a: = 0 and a: = 2 

as a definite integral and find its value. 

Evaluate each of the following integrals. 


4x dx. 


‘■S: 


3a:2 dx. 

2 

16 

Vx dx. 


x^'^ dx. 


'■i: 

-x 

■X 

"X 


{t + 1) dt. 
2 1 -f ^2 




■ dl. 


(1 -f 2/ + y^) dy. 
100 
10 


(0.01 -f 0.020) de. 


GROUP B 


11. A stone falls vertically with a velocity given by i; = 12 + 16f ft. per sec. Find the 

distance covered as a function of t. Find the distance covered from t — 2 to 
t = 5 secs. 

12. An automobile travels at the rate of t/2 ft, per sec. Find the distance covered 

during the first 10 secs and during the second minute. 
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13 . 


14 . 


16 . 


16 . 

17 . 


18 . 


19 . 


If the pressure on a certain gas is increasing at the rate of VTlbs. per sec., find the 
change in pressure from ^ = 1 to i = 4 secs. 

A ro(;ket is let fall from a parachute with an acceleration of 32 ft. per sec. per sec. 
Find the change in the velocity from / = 2 to ^ = 3 secs. Find the’distance 
covered during the same time. 

Find the area between the curve y — ~ x) and the x-axis. 

Find the area under the curve from x = —a to a: = a. 

Find the rate of change of the slope of the curve y — with respect to x. Express 
the change of the slope as a definite integral between the limits x — 2 and x = 3 
and find that change. 

Express the area in the first quadrant under the curve x — 2t, y ~ t~ from x = 0 to 
a; = 4 as a definite integral of /(/) dt with values of t as limits and evaluate the 
integral. 

For a continuous curve x — f{y) in the first quadrant prove that dSfdy = Xy where 
S is the area between the curve and the ?y-axis. From this result show that the 
area between the curve and the y-a\is from y ~ a to y = b is 



fiy) dy. 


20. Find the area between the curve -f- 4x — 4?/ = 0 and the ?/-axis 


46. Area under a Curve. 


It was provc'd in Section 31 that if f{x) is a continuous single-valued 
function, the rate of change of the area S b{‘twe(‘n the curve y = f{x) and 
the a;-axis is given by 


dS 

dx 


= m. 


From this relation we may now use the definite integral to find the area 
between a curve and the a:-axis, provided that the right and left boundaries 
are known. 

If f(x) is positive in the interval a ^ g 6, the area S between the 
cuiwe y = /(x) and the x-axis from x = a to x = 6 is 

= r fix) dx = Fib) -F{a). 


If /(x) is negative in the same interval, the area aS, is 



However, if the curve intersects the x-axis once at x = c between x — a 
and X = 6 and if /(a) is positive and /(6) is negative, the area >S, is 


S = f fix) dx — f fix) dx. 

nja Jc 
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When working with areas for curves whose equations are expressed 
parametrically, it is unnecessary to find the corresponding rectangular equa- 
tions of those curves. If x and y are functions of the parameter ty the 
integrand and the differential may be expressed as functions of t, if so, the 
limits must he expressed as t limits. 

Consider the area in the first quadrant bounded by the curve 

X = t^y y = t\ 

the x-axis and the ordinates x — \ and x = 4. 

From the first given equation dx = 2tdt. For x = 1, ^ = ±1 and for 
X = 4, ^ = db 2. Choosing the positive values of ty since the first quadrant 
area is desired, we have 

^ ^ S y ~ ^ dty 
^ 2 , 02 

or ^ ^ r = — sq. umts. 

5 jt=:l 5 

Exercise 29 

GROUP A 

Find the area bounded by each of the following curves, the x-axis and the given 
ordinates. 

1. 2y = from x = 1 to x = 4. 

2 . ?/ = 6x — X“ from x == 0 to x = 2. 

3. in the first quadi’ant from x = 0 to x == 9. 

4. y = x^ — 4x- + 3x from x = 0 to x = 3. 

x3 4- 4 

y — — — from x = 2 to x = 4. 
x^ 

6. x^i + If y = t — 1 from x = 1 to x = 6. 

7. X = — ~ — f y = t; from ^ = 2 to i = 4. 

t o 

8. X = 1 + V^, y = 2/2 from / = 0 to / = 9. 

9. X = 1 — ?y = Vl f from x — — 2 to x = 2. 

10. X = Vf + b 2/ = “ 1 from / = 1 to / = 5. 

GROUP B 

Find the area in each of the following problems. 

11. Bounded by ?/ = 9 — x^ and the x-axis. 

12. Bounded by ?/ = 4x — x^ and the .x-axis. 

13. Bounded hy y — 4x^ — 9x2 _j_ its minimum ordinate and the x-axis. 

14. Bounded by \/x -f- Vl/ = V2 and the axes. 

16. Bounded by y‘^ = 4x and = x. 
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16. Bounded by y — — 4 lX and y — x — 0. 

17. Bounded by x = 21^ y = 8/^ and the line i/ = 8. 

18. A curve cuts any line joining any point on it to the origin at right angles. Find the 

equation of the curve if it passes through the point (4,-3). 

19. Find the equation of the tangent to x'f^ + 2/^^^ = at the point (a, a). 

20. An isosceles triangle is inscribed in the ellipse bV -f- aV — ci^b^i where a > by 

having its vertex at an extremity of the minor axis. Find the base and the alti- 
tude of the maximum triangle. 


47. Summation Notation. 

In mathematics the Clreek letter is used to indicate the sum of any 
number of terms. For example, 

Zi = 1 + 2 + 3 + 4. 

^=l 

The letter i is always assumed to take on the values of the consecutive 
positive integers. In the sum the first valiu^ of i is indieati'd at the base 
of the symbol and the last value of t, at iho top of the symbol. 

The letter ^ may appear in various positions in the expression which is 
to be summed, that is, it may represemt a term, a subscript or an exponent. 
In illustration, the following sums are written: 

X (2 + t) = (2 +2) + (2 + 3) + (2 + 4) + (2 + 5). 

1=2 

t =n 

E = Xi + X2 + Xz + h Xn-l + Xn. 

1=1 " 

E x^ ~ \ + X + x‘^ x^, 

1=0 

‘z /(O = /(3) + /(4) + /(5) + /(6). 

1=3 

E Six,) = /(xi) + Sixi) + /(Xs). 

t=l 

If Xi = 1, xio = 19 and X 2 ~ Xi = X3 — X 2 = • • • = Xio — Xg, then 

Xt — Xt_i = 2 

t = 10 

and E x^ = 1 + 3 + 5 + 7 + 9 + 11 + 13 + 15 + 17 + 19. 

1=1 

Again, if Xi = 2, Xn = 12, n = 6, /(x) = x^ + 2 and X 2 — Xi = Xs — X 2 = 

• • • = Xn — Xn-i, then x^ — Xi_i = 2 and 

'if M) = 6 + 18 + 38 + 66 + 102 + 146. 

1 = 1 



The Definite Integral 


115 


Exercise 30 

Find the numerical value of each of the following sums. In each case it is assumed 

that X 2 — Xi = X3 — X 2 == Xn — Xn-\ 

1. ^ where Xi = 5 and xe = 10. 

t = 1 
1=5 

2. X) where Xi = 1 and X 5 = 5. 

t=i 

1=6 

3. XI where /(a;) = x — 3, X2 = S and X5 = 15. 

1=1 

i=Q 

4 . XI fM) where f(x) = x -h 3, Xi == 4 and Xio = 13. 

1 = 1 

I =4 

5. XI /(a), where /(. t) = l/Xy Xi = 1 and Xi = 4. 

1 = 1 

1 = 10 j 

6. XI T'j — ^ ’ where == 0 and Xn = 1. 

1 = 1 t i- ^1“ 

t=10 

7. XI sin Xif where Xi = O'" and Xn = 7rV2, and where x is measured in radians. 
1=1 

z=10 

8. XI cos Xiy where Xi = 0^ and Xu = irV2, and where x is measured in radians. 
1 = 1 

t =5 

9. XI where Xi = 2 and X 5 = 10. 

1 = 1 

i=n 

10. XI where y - x + 6, yi = /(O), 7/3 = /(6) and n = 3. 

1 = 1 


48. Approximate Area under a Curve by Summation. 


Consider a function y = f{x) which is positive, continuous and single- 
valued in the interval from x = aiox = h and draw the curve as in Figure 
33. I^et S Represent the area under the curve 


between the ordinate AC drawn at x = a and 
the ordinate BP drawn at a; = 6. It is desired 
to find an expression for an approximation to the 
area S. This is done in one way by dividing the 
line segment AB into n equal intervals Ax, 
where 




Fig. 33 


and by erecting ordinates at each of the points of division. At each point 
on the curve so located, parallels are drawn to the x-axis, thus forming a 



116 


Elementary Calculus 


series of inscribed rectangles. The sum of the areas of these inscribed rec- 
tangles is an approximation to the area >S. The larger the value of n is 
chosen^ or the smaller the value of Ax, the better is the approximation. In 
the figure n was chosen as 5, but were n = 50, n = 100, n = 200, etc., the 
approximations would be nearer and nearer to the value of S, 

Let Si represent an approximation to the area S by the sum of n inscribed 
rectangles. Then 

<Si = Z /(^i) = j^/(^i) +fixd +fix3) + h/W^Aa;, 

where Xi = a, X2 = a + Ax, Xs = a + 2 Ax, • • * 

and Xn = a + (n — 1) Ax = 6 — Ax. 


Another way in which an approximation to the area S may be expressed 
is by using the circumscribed rectangles, as shown in Figure 34. Let *82 
represent such an approximation. Then 


t =n 4-1 

^2=1: 

t=2 


f{xi) Ax 


= /(^‘ 


2) + f{Xz) + • • • + f{Xn+l) Ax, 


where a, b, n and x» are subjected to the same conditions as above. 

The first approximation Si is smaller 
than S and the second approximation ^82 is 
larger than a8, no matter how large n is 
chosen, if, as we have assumed, /(x) is an in- 
creasing function. These differences are 
due to the triangular shaped areas which 
arc neglected in the first case and those 
which arc added in the second case. Hence, 
for any value of n, 

a 8 i < >8 < >82. 

The inscribed or the circumscribed rectangles 

f{Xt) Ax 



are called elements of the area S, As n increases indefinitely, each of the 
elements approaches zero, that is, they are infinitesimals. 

In the next section the limit of the sum of the elements of the area S 
as Ax approaches zero is considered, where it is shown that the lim >81 or 

Ax — K) 

lim Si is equal to the area S. The problem of finding the limit of the sum 

Ax — K) 

of infinitesimal elements arises many times in the applications of the integral 
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calculus. Consequently, it is well that this first appearance of the subject 

should be treated with some care. 

Exercise 31 

1. Draw the curve y = l/a:^ to a large scale and draw both the inscribed and the cir- 

cumscribed rectangles for the area under the curve from x = 0.5 to x = 1 by 
taking n = 5. Compute the approximate area under the curve between the 
given limits. Compare the results with that obtained by the use of the definite 
integral. 

2 . Compute the approximate area under the curve in Problem 1 between the same 

limits by taking n = 10. Compare the results obtained with those found in 
Problem 1. 

3. Draw the curve ?/ = l/(a;4-l)toa large scale and approximate the area under the 

curve from x = 0 to x = 1 by taking n = 10 and by using both inscribed and 
circumscribed rectangles. 

In each of the following problems proceed as in Problem 2. 

4. y — \/x between x = 0 5 and x = 1, taking n = 10. 

6. y = l/(x2 -f 1) between x = 0 and x = 1, taking n = 10. 

6. y = cos X for the first half arch, taking n = 10. 

1, y ~ sin X for one arch, taking n — 20. 

8. y = log X between x — 1 and x = 2, taking n = 10 

49. Area under a Curve as the Limit of a Sum. 

In I'igure 35 let represent the sum of the inscribed rectangles and S2 
represent the sum of the circumscribed rectangles to the area S under the 
curve b(i tween the ordinaU's AC and 
BP, As in the pnwious section, it is 
assumed that there are n rectangles 
in each case. Then it is obvious that 

aSi <C 

for all values of n. The difference 
b(itw('en th(^ area S2 and the area Si 
is [the sum of the small rectangles 
which in th(i figure, are the shaded 
ones. The sum of these rectangles 
is equivalent to the area of the rec- 
tangle DEPQ, as may be seen by sliding each small rectangle across into 
the last column. Since, 

EP^m ^f(a\ 

S2 — Si = 
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As n increases without limit, Ax approaches zero, so that 

lim {S2 - Sx) = 0 . 

Ax — ^0 

But since S always lies between Si and S2, >Si and S2 approach S as their 
common limit. Hence, 

lim f(xt) Ax = S. 

Ax — >0 1 = 1 

The area under a curve betweim given limits is equal to the limit of the 
sum of elementary rectangles inscribed or circumscribed to that area, as the 
number of such rectangles is increased without limit. 

In the foregoing discussion it was assumed that /(a:) was positive in the 
interval from x = a to x = b and was increasing with x so that the curve 
y — f(x) rises from left to right. In the following sections it is shown that 
these restrictions may be removed, that f(x) may decrease as x increases 
and that f(x) may alternately increase and decrease. However, the 
assumption that /(a;) be a continuous single-valued function through the 
range, of course, cannot be abandoned. 

60. The Fundamental Theorem. 

Let us again assume that f{x) is a continuous single- valued function 
and that it is a positive increasing function in the range a ^ x ^ b. If 
S is the area bound{'d by the curve y = f(x), the a:-axis and the ordinates 
X = a and a; = 6 , it has been proved that 



i =n 

and that S = lim XI /(^i) 

Ax — K) t =1 

Therefore, for the same area, 

lim E f(xi) Ax = r f(x) dx, 

Ax—^0 1=1 J a 

where cci — a, Xn = b — Ax and Ax = (6 — a)/n. This equality, under the 
conditions imposed, is a statement of the fundamental theorem of the integral 
calculus. 

While the fundamental theorem has been proved by means of a plane 
area, it is a general theorem, which is stated presently. The general proof 
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of this theorem is beyond the scope of this treatment, such a proof may 
be found in an advanced calculus textbook. 

Consider the area under the line y = 2x 2 from x ~ 0 to x = 2, 
See Figure 36. 

The interval OA from x = 0 to a: = 2 is di- 
vided into n equal parts Ax. At each point of 
division vertical lines are drawn, thus dividing 
the area S into n increments AS. Then the area 
S is equal to 

I =n 

Z A,S\, 

i = l 

regardless of the value of n. Hence, 

S = lim ’Z ASi Fio. 36 

n — >co t = l 

From the figure the area of any element is 

ASt = ?/t Ax + I Ay Ax = y^ Ax + ^ 
vsince Ay = 2 Ax from the ecpiation of the line. Hence, 

S = lim ^ (iji Ax + A?). 

Ax-^O t=l 

If we disregard the infinitesimal of the second order, Ax , and use only the 
principal part, dSi = iji Ax, of the infinitesimal of ASi we shall have the 
exact area S. Thus, 

t—n 

S = lim XI Vi Aa;. 

Ax — K) i—i 

By the fundamental theorem, 

S = f y (lx = r (2x + 2) dx = 8. 

Jo Jo 

In this illustration, the step in which we substituted the differential of the 
area for the incnment is justifiable. However, its validity depends on a 
theorem called Duharners Theorem, the proof of which may be found in 
any treatment of the advanced calculus. 

The fundamental theorem of the integral calculus may be stated as 
follows: If an arbitrarily close approximation to a quantity R is given by 

Z /(x.) Ax, 

1=1 
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by taking n sufficiently large, so that 

R = Urn f^f(xi)AXy 



where Xi = Xn = b — Ax and Ax = {b — a)/n, provided that'f(x) is a 
function which is integrable. 

In the applications of the fundamental theorem in which R is to bo deter- 
mined, it is convenient to divide it into n incn'ineiits and to denote the 
approximation of each of the increments AR by its principal infinitesimal 
dR, It is avssumed in each case that such an element can be expressed in 
the form /(a:) Ax, This method of procedure is illustrated in the following 
sections. 

The integral sign originated from the old-fashioned long s, which is the 
initial letter of mmma. Thus the integral was first conceived as a definite 
integral, the limit of a sum. 

61. Plane Area. 

In this section we shall illustrate the more general problems of finding 
plane area. In each case, the required area is divided into n vertical or 
horizontal increments AS. A rectangular element of area dS is found which 

arbitrarily closely approximates this in- 
crement by increasing the value of n. An 
approximation to the desired area is rep- 
resented by the sum of all such elements 
of the area. The required area is the limit 
of this sum as the number of the elements 
is increased without limit. By means of 
the fundamental theorem, the limit of the 
sum is replaced by the definite integral 
and the solution is obtained by the eval- 
uation of the definite integral. 

First, we find the area bounded by a 
curve and a line; 

2 / = 4 — and y = 1 — 2x, 

The coordinates of the points of in- 
tersection of the parabola and the line are Pi ( — 1,3) and P2(3, — 5) as 
shown in Figure 37. The line segment A 1 A 2 is divided into n equal parts 
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each of length i^x. The vertical lines from the line to the parabola divide 
the area S into n increments AS. If Pt\Xt,y') is a point on the parabola 
and P^'{x^Jy") is a point on the line, then the length of the vertical line 
P/'P/ is 

Vx - 2/t", 

which is positive for any value of Xt in the interval —1 < x < 3. An 
element of area, which approximates an increment of area AS, is 

dS = (i// - 1//') Ax. 

In the figure one such element is the inscribed rectangle P^'MQP/. From 
the given equations 

dS = (3 + 2x^ — Xt^) Ax. 

If we sum the n elements corresponding to the n increments of the area, 
an approximation to the required area is found, 

E (3 + 2x, — Xt^) Ax. 

t=i 

The area is the limit of this sum as n becomes infinite. Thus, 

S = lim (3 + 2xt — x»2) Ax. 

Ax — >0 1 = 1 

By the fundamental theorem, 

S = (3 + 2a: - a:^) dx = • 

Second, we find the area bounded by the curves 
5y^ = 4x and y^ ~ d — x. 

The coordinates of the points of intersection of the parabolas are (5,2) 
and (5,~2) as shown in Figure 38. Since both curves are symmetrical 
with respect to the x-axis, the required area is divided symmetrically by 
it and we need to find the area in the first quadrant only. In this problem 
the area is divided into n horizontal strips by dividing the line segment OB 
into parts each of length Ay, Since the length of the horizontal line seg- 
ment P'P" is x»" ~ x/ and is positive for any value 0 < y, < 2, the area 
of an element is 

dS = (x/' - X,') Aj/ = I (4 - i/,2) Ay. 
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An approximation to the area is the sum of all such elements for any value 
of n. The area is the limit of this sum as n becomes infinite. Thus, 

S = lim E 7 (4 - 2/t') A?/. 

Ai/— >0 t=l 4 

Hence, by the fundamental theorem, 

= I £ (4 - y^) dy = 12, 
and the entire area enclosed is 24 square units. 



Fig. 38 


The solutions given for the two problems above illustrate the necessity 
of having precise geometric information concerning the curves under con- 
sideration. In the first, vertical elements 
were necessary to avoid the evaluation of 
two integrals. In the second, horizontal ele- 
ments were similarly necessary. However, 
in some instances it is necessary to evaluate 
two integrals. An illustration of such a case 
is given below. 

We find the area which is enclosed by the 
curve and line : 

y = + 9x and 



y 


X. 


The coordinates of the points of intersec- 
tion of the two loci are (0,0), (2,2) and (4,4) as shown in Figure 39. The 
required area is divided into two parts and each must be computed sepa- 
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rately. The elements of area for the first and the second parts, by taking 
vertical strips, are 


dSi = + 9Xt) — x^] Ax 

and dS^ = [Xt — (x»^ — Gxt^ + Ox^)] Ax. 

Summing each of the two parts, taking the limit of each of the sums as 
Ax approaches zero and applying the fundamental theorem, we have 

S = Si + So = J' (x^ — Gx^ + 8x) dx ~ J* (x^ — Gx^ + 8x) dx 
-S = - 2a;» + ~ [ J + 4x2 = 4 - (-4) = 8. 

Exercise 32 

GROUP A 

In solving each of the following problems, draw a careful figure, draw a representative 
element of the required area, express the approximate area, apply the fundamental 
theorem and find the area bounded as indicated. 

1 . The area enclosed by = 16x and the line through the focus perpendicular 

to the axis. 

2 . The area enclosed by ~ 2y and the line y = S. 

3. The area bounded by ?/ = 4.c — and y — x. 

4 . The area bounded by ?/ = — 4x and y — x. 

Find the area enclosed by the following loci. 

6. ?y — x^ — x^ — 4x -f- 4 and the x-axis. 

6. x’ 3// — 7 =0 and 2.x + 3?/ — 4 = 0. 

7 . 1/2 = and y'^ = 4x. 

8. x ^/2 q. yii 2 - 2 and x + y — 4:. 


GROUP B 

9 . Find the area between the curves IGx^ = 9y and 9?/2 = 16x by taking the element 
in two different ways. 

10 . Find the area between y = x2(4 — x) and x -f- y = 4. 

11 . Find the area between 4?/ — x^ — 4x — 4 = 0 and ?/ -f* -f 4x = 1. 

12. Find the area in the first and second quadrants which is bounded by ?/2 -f 4a; = 16, 

2y — X 1 and the x-axis. 

13 . Find the area bounded by = 2x -|- 9 and x -f = o. 

14 . Find the area between the curve y = (x — l)2(x — 3) and the x-axis and find the 

ratio in which it is divided by the minimum ordinate. 

16 . Find the area enclosed by the curve x — — 4, y = 2t and the y-axis. 
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16. Find the parametric equations of the path of a particle which moves so that the x- 
and the !/-components of its acceleration are 2l and 3^^, respectively, if the initial 
position is (2,1) and the initial velocity is such that its x- and ?/-components are 
3 and 4, respectively. 

62. Volume of a Solid of Revolution. 


A piano curve which is rotated about a line lying in its plane, generates 
the surface of a ^olid of revolution. If a plane area is rotated about such 
a line, it generates the volume of a solid of revolution. The \im) is known 
as the axis of revolution. 

In this section we shall consider two types of solids of revolution, those 

which arc generated by the rotation of 
an area about a linear boundary as axis 
and those which are generated by the 
rotation of an area about an axis not 
bounding the area. 

As in the case of plane areas, the 
volume of a solid of revolution is found 
by forming increments of the volume, by 
approximating those increments by ele- 
ments of volume, by summing the elements 
as the number of them becomes infinite, 
by applying the fundamental theorem 
and by evaluating the definite integral. 

Let us find the volume of the solid generated by revolving the area 
between the line i/ = + 1 and the a;-axis from a; = 0 to x = 2 about 

the x-axis. 

The volume V generated is divided into elements by dividing the seg- 
ment OA in Figure 40 into n parts each Ax in length and by passing planes 
perpendicularTo the x-axis at each of the points of division. In the figure 
one of these elements is the truncated cofie PQRS. Its volume is 



AV 


^ r 2 
2 


+ {y, + AyY Ax 


or 


A7 = 7 r (?/*2 Ax + 2^i ^ + 2 Ax^). 


Taking the principal part of this infinitesimal only, we have the element 
of volume 


dV == Ax = 7r(4x»2 + 4x* + 1) Ax. 


This element of volume is the volume of an inscribed cylinder whose radius 
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is Ui and whose altitude is Ax. Following the usual procedure, 


X 2 (^2 

+ 4x + 1) = - 1 ^ f'u. units. 


wM 


We turn now to the problem of determining an element of volume which 
arbitrarily closely approximates the volume of an increment. There are 
three types which we shall find useful, the circular disc^ the cylindrical shell 
and the circular ring. Each type is illustrated below. 

Circular Disc Element. If a narrow rectangle of width w and length h 
is rotated about one of its ends, it geiu^rates a thin circular cylinder whose 
volume is wh'^w. Such a volume is a circular disc element which may be 
used when the axis of revolution is one 
boundary of the area revolved. 

Let us find the volume of the solid 
generated by the revolution of the area 
in the first quadrant bounded by the 
curve = 2x, the a;-axis and the line 
a; — 8 = 0 about the a:-axis. We shall 
be concerned with but one branch of the 
curve, namely y = +V^. 

The line segment OA in Figure 41 is 
divided into n equal segments of length 
Ax. At each division, ordinates of the 
curve are drawn and either inscribed or 
circumscribed rectangles to the area are 
constructed. Each rectangle, as AEPC, 

will generate in its rotation about the a:-axis, a circular disc whose volume is 

dV = Tr?/*^ Ax. 

An approximation to the volume is the sum of all such elements and the 
volume is 

F = 27r lim ^ XxAx, 

Ax—H) » — 1 

By the fundamental theorem. 



F = 27r I x dx = 647r. 


If the same area as above, is rotated about the line x — 8 = 0 as an 
axis, a totally different solid of revolution is generated. In this case a 
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point P on the curve describes a circle lying in a plane perpendicular to 
the ?/-axis, having its center on the line x — 8 = 0 and having a radius 
equal to (8 — Xt). Hence the area of the circular cross section of the solid 
is 7r(8 — Xt)^. The elements of volume are the circular discs of thickness 
Ay, one of which is drawn in Figure 42. Therefore, we write 

dV = 7r(8 — Xty Ay. 



An approximation to the volume for any value of n is 

2\2 

' (« - f ) 

Taking the limit and applying the fundamental theorem, 



Cylindrical Shell Element. If a narrow rectangle of width w and 
length h is rotated about a line in its plane which is parallel to the longer 
sides and is at a distance of r from the nearer side, it generates a cylindrical 
shell whose inner radius is r, whose outer radius is r + te and whose height 
is A. The volume of such a shell is 

TT [(r + wy — h = T{2rw + w^)h. 

If w is an infinitesimal, the approximate volume of such a cylindrical shell 
for small values of w is the principal infinitesimal of the function, 2Trrwh. 
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The use of the cylindrical shell element of volume in finding volumes of 
revolution is frequently advantageous. 

Let us find the volume generated by the rotation of the area in the first 
quadrant bounded by 'if- = the ^/-axis and the line i/ — 8 = 0 about 
the x-axis. 



Fig. 43 


The rectangle PBCD in Figure 43 has the length x and the width Ay. 
When such a rectangle is rotated about the x-axis a cylindrical shell is 
formed whose inner radius is y, whose length is x and whose thickness is 
Ay. From above, the approximate volume of the element is 

dV = 2TX^y^ Ay. 

The required volume is approximated by taking the sum of such elements, 

^ i~n 

A Z 2/." ^y- 

Taking the limit of this sum and applying the fundamental theorem, 

V = A = 5127r. 

^ Jo 

Circular Ring Element. If a narrow rectangle of width 'w is rotated 
about a line in its plane which is parallel to the shorter sides and which is 
a distance of ri from the nearer side and r 2 from the farther side, it generates 
a thin circular ring whose volume is 7r(r2^ — 7f)'w. 

In application of the use of the circular ring element, let us find the 
volume generated by the area in the first quadrant between if = 2x, the 
x-axis and x — S = 0 rotated about the y-axis. 
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In Figure 44 the rectangle PQRS has the width Ay and CP = x while 
CQ = 8. When this rectangle is rotated about the ?/-axis a circular ring 
is formed which is an clement of the desired volume. We may think of 



the rectangle CDRQ as rotated about the t/-axis generating the circular 
disc and the rectangle CDSP also rotated about the ^-axis, the latter cutting 
the hole out of the circular disc thus forming the circular ring. The volume 
of the element is 

dV = 7r(64 -- Ay, 

The approximate value of the volume is 

^ X (256 - y^^) Ay, 

Taking the limit and applying the fundamental theorem, 

rr TT , .X , 10247r . 

V = . I (25b — y^) dy =. — - — cu. units. 

4 Jo 5 

Exercise 33 

GROUP A 

In each of the following problems draw a. good figure showing a representative cle- 
ment of the volume and find the volume which is generated under each of the following 
conditions. 

1. The area in the first quadrant bounded by ~ \y and y — 6 is rotated 

about the 2 /-axis. 

2 . The area bounded hy y ^ 2x -- and the x-axis is rotated about the x-axis. 
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3 . The area in the first quadrant bounded by = Sy, the x-axis and x = 2 is 

rotated about the y-axis. Use cylindrical shell elements. 

4. The area in the first quadrant bounded hy y - x^, x y = 2 and the x-axis 

is rotated about the ?/-axis. Use circular ring elements. 

Find the volumes which are generated by the rotation of the areas given. 

5. Bounded by = 2x^ + and the x-axis rotated about the x-axis. 

6. Bounded by = Sx and x = 2 rotated about x = 2. 

7 . Bounded by y'^ = x and x = 4 rotated about x = 6. 

8 . In the first quadrant bounded by x^ = 2?/, x + i/ = 4 and the x-axis rotated 

about the x-axis. Use cylindrical shell elements. 

GROUP B 

Find the volumes which are generated by the rotation of the areas given. 

9. Bounded by y — 2x\ the 2/-axis, x = 3 and y -b 2 — 0 rotated about 

y 2 — 0. 

10 . Bounded by ?/2 4- 4x = 0 , the x-axis, x — 2 and 2/ = 3 rotated about x = 2. 

11 . Bounded by ?/ = 4x — x*, and y == x^ — 4x + 6 rotated about the x-axis. 

12 . Bounded by 2/ — 8 = 0 and the 2/-axis rotated about the 

y-axis. 

13 . Bounded by 2y^ = x^ and x = 2 rotated about x = 2. 

14 . Find the area between x*^ + 2x 4- 2/ = 2 and 3x2 4. _ 4^^ = 43^ 

16 . A fiarticle moves on a line so that its velocity at any time is given by — 3/ -j- 2. 

Show that its dire(;tion of motion changes at the end of the second unit interval 
of time. Find how far it moves during the second two unit interval of time. 
Draw a figure for the given function and show the geometric illustration of the 
latter solution. 

16 . A wire 2a ft. long is to be bent into the form of an isosceles triangle and one-half of 
it is to be revolved about the altitude to form a cone of revolution. Find the base 
and altitude of the triangle which will give a cone of maximum volume. 

GROUP C 

Derive formulas for the volume of each of the following solids by integration. 

17 . A right circular cone of altitude h and radius of its base r. 

18 . A frustum of a right circular cone of altitude h and radii of its bases n and rj. 

19 . A sphere of radius r. 

20 . A cylinder of altitude h and radius of its base r. 

21 . A segment of a sphere of altitude h and radii of its bases n and r^. 

22 . Find the volume generated by the rotation of the area between x'^^ 4- = 2, 

the x-axis and the 2/-axis about the y-axis, 

23 . Find the volume generated by the rotation of the area in first and second quadrants 

between x^/® 4" 2/^^^ = 4 and the x-axis about the x-axis. 

24 . Show that the volume of a thin spherical shell of radius r and thickness Ar is approxi- 

mately 47rr2 Ar. Using such spherical shell elements, find the volume of a sphere 
of radius a. 
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63. Volumes of Miscellaneous Solids. 

In finding the volumes of miscellaneous solids it shall be assumed that 
the area of a cross section is known. A cross section of a solid is a closed 
area bounded by the intersection of the enveloping surface and a cutting 
plane. The data of the problem enable one to compute the area of a cross 
section which lies on any one of a series of parallel planes. In addition, 
it must be possible to express the perpendicular distance of any, such cross 
section from some fixed point. If the variable x represents that distance, 
then the area of the cross section multiplied by its thickness is an cle- 
ment of the volume. It is seen that the various elements which were used 
in finding the volumes of solids of revolutions are special cases of the present 
more general problem. 



Let us find the volume of the solid of which any cross section made by 
a plane perpendicular to the x-axis is an equilateral triangle having two 
of its vertices on the curve — 4x, if the altitude OA of the solid is 8. 

Since one side of the triangle forming a cross section is 2y^, the area of 
the triangle PP'Q in Figure 45 is V3 Accordingly, the element of 
volume is 

dV = V3 y^^ Ax. 

Proceeding as in the previous illustrations, 

i =n 

Approximate V = X4v3xidx 
^=l 

V = 4 V3 J* X dx = 128 Vs cu. units. 
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As a second illustration, we find the volume common to two right cir- 
cular cylinders each of radius a whose axes intersect at right angles. 

In Figure 46 one eighth of 
the common volume of the two 
cylinders is represented. The 
lines OA and OC represent the 
perpendicular axes intersecting 
at 0, The arcs BD and BE are 
the arcs of circles on the surfaces 
of the cylinders which intersect in 
the curve BF. Let OA and OB 
be taken as the x- and ?/-axes and 
take any section perpendicular 
to the 2 /-axis which is the square 45 

PQRS whose side is Xi. Sinc(i 

its distance above the plane AOC is the element of volume is 

(IV = Xt^ Ay, 

But since the radii of the cylind(n*s are a, 

xr + 2/t“ = 

Hence, V = 8 ^ (a^ — y^) dy = ~ a^. 

Exercise 34 

GROUP A 

A solid has a circular base of radius 6 ins. and the diameter of this base is the line OA. 
Find the volume of each of the following solids where every plane section of the solid 
perpendicular to OA is given as follows. 

1 . An equilateral triangle, 

2 . An isosceles right triangle with its hypotenuse in the plane of the base of the 

solid. 

3 . An isosceles right triangle with one of its equal sides in the plane of the base 

of the solid. 

4 . An isosceles triangle with its altitude equal to its base, the latter being in the 

plane of the base of the solid. 

A solid has an elliptical base whose major axis is 12 ins. long and whose minor axis is 
6 ins. long. Find the volume of each of the following solids where every plane section 
of the solid perpendicular to the major axis of the base is given as follows. 

6. A square. 

6. An equilateral triangle. 

7 . An isosceles triangle with its altitude equal to its base, the latter being in 

the plane of the base of the solid. 
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A solid has as base a segment of a parabola which is cut off by a chord 24 ins. long, 
9 ins. from the vertex of the parabola and perpendicular to the axis. Find the volume 
of each of the following solids where every plane section of the solid perpendicular to 
the axis of the parabolic base is given as follows. 

8 . A sipiare 

9. An etpiilateral triangle. 

10. An isosceles triangle with altitude 4 ins. whose base is in the base of the 
solid. 

(iROUP B 

11 . Any section of a solid ma(l(‘ by a plane perpendicular to a line segment OA is a circle, 

tangent to OA, whose center is on a line segment OB ma-king an angle whose tan- 
gent is 2 with OA If the altitude of the solid along OA is 9 ins , find the volume. 

12. On a spherical ball of wood two great circles are drawn intersecting at right angles 

at the points P and Q. 4’he radius of the ball is a ins. If the wood is cut away 
so that any cross section perpendicular to PQ is a square with its vertices on the 
two great ciircles, find the volume remaining. 

13. Any plane section of a solid made by a plane perpendicular to the r-axis is a square 

of which the center lies on the x-a\is and two opi)osite vertices he on the curve 
1 p — 8.r. Find the volume of the solid if the altitude along the x-a\is is 10 ins. 

14. Any plane section of a solid made by a plane perpendicmlar to the y-axis is a circle 

with the ends of one of its diameters on the curves — x and — 2x — 4. 
Find the volume of the solid between the points of intersection of the curves. 

16. The center of a square moves along the diameter of a circle of radius a with the 
plane of the square perpendicular to the diameter of the circle and two opposite 
vertices of the square move on the circumference of the circle. Find the volume 
of tlu‘ solid generated. 

16. A variable equilateral triangle moves with its plane perpendicular to the y-axis and 

the ends of its base on the curves x^ = 16ay and x^ = 4ay, and to the right of 
the 2 /-axis, Find the volume generated by the triangle as it moves from the 
origin to y ~ a. 

17. A variable rectangle moves from a point O so that one side is equal to its distance 

from O and the other is equal to the square root of this distance Find the vol- 
ume of the solid generated if the rectangle moves a distance from 0 of 4 ft. 

18. Find the volume of a wedge (;ut trom a right circular cylinder of radius a by a plane 

intersecting the base m a diameter and inclined to it at an angle of 00°. 

19. Derive the formula for the volume of a right pyramid of altitude h and having a 

square base of side a, using integration. 

20. Derive the formula for the volume of the frustum of a right pyramid of altitude h 

and having square bases of sides Ui and using integration. 

21. The carrying capacity of a rectangular beam varies as the product of its width and 

the (!ube of its depth. Find the dimensions of the beam having maximum carry- 
ing capacity which can be cut from a circular cylindrical log of radius a. 

22 . If water is flowing from a right circular conical tank, 6 ft. across the top and 4 ft. 

deep, at the rate of 2 cu. ft. per min., find the rate at which the surface of water 
is falling and find the rate at which the circumference of the surface of the water 
in moving down the side of the cone when the depth is 2 ft. 
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54. Fluid Pressure. 

A liquid which is at n^st (‘xtTis a force on a surface in contact with it. 
In this sect ion we shall considtM* the problem of finding this force in special 
['.ases where the submerged surface is taken as a vertical bounded area lying 
in a plane. 

Assume an increment of area A^S containing a fixed point A so that as AS 
approaches zero the point A is in its interior. Let AF represent tlu' force 
'X(‘rted by the licpiid on one side of the area AS. Then the average pressure 
is AF/AS, which is the avc'rage force per unit of area AS. The pressure at 
the fixed point A is defined as 

p _ lim . 

AS-^O AaS 


In the study of hydrostatics it is shown that the pressure exerted at a 
[)oint in a liquid is proportional to the depth of the point below the surface. 
Thus, 

P = hWy 


where h is the depth of the point A and w is weight of the liquid per unit 
v^olume. But since tlu' pressure is tlu' same at all points having the same 
h'pth //, the pressure is taken to be the force exerted by the liquid on each 
unit of this area. 

Suppose that the area CDEF in Figure 47 is 
v^ertically subiiKU’gi'd in a liquid with horizon- 
tal top CD at a dc'pth of AC = a below the sur- 
face A 5 of the liquid. L(A the area be divided 
into n horizontal strips equally spaced along 
the vertical line CF. If the upper edge of any 
diip has the distance y^ below AR, if the width 
L)f the strip is Ay and if its length is x, then 

(IS = X, Ay, 





Fio. 47 


which approximates the (dement of area AS^. The pressure at any point 
3n the upper edge of ASi is ^vy^ and the pressure at any point on the lower 
?dge of ASt is w(y^ + Ay). Then the pressures at points between the two, 
range between these, or in terms of fluid force, 

wyi AS^ < AF^ < w(y^ + Ajj) ASx 
and wyxdSi < AF^ < w(y^ + Ay) dSi. 

Hence, AFt differs from wy^dSi by an infinitesimal of higher order than it. 
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Using the principal part of AF, 

(IF = wy,dSt = wx,y. Ay. 


Therefore, 


F = lim wx:,y. Ay 

Ay— H) 1 = 1 


F = w 


xydy, 


where the limits a and b are taken so that 6 — a is the width CF of the area. 
Let us find the horizontal force against a vertical triangular water gate 
. whose horizontal base is 12 feet long and 

3 feet below the surface of the water and 

3 '^ ^ whose altitude is 10 feet, where the vertex 

j V is below the base. 

^ Figure 48 the data of the problem 

1 ° are represented and a horizontal rectangle 

A is circumscribed to a strii) of tlui area. Let 

4 g the kmgth of such a rectangle be x and 

let the uppi'r base be a distance of y 
below the base of the given triangle, where y is directed downward as 
positive. Then the element of area is 

dS = XtA?/. 

The distance below the surface of the water of any element of area is i/» + 3. 
If we denote the approximate force on the rectangular element of area by 
dF, we have what may be called an element of force, 

dF = wxr{y,, + 3) ^y, 

Summing all such elements, an approximation to the force is 

t=n 

W E x^iyi + 3) Ay. 

The force is the limit of this sum, from which 


J r»io 

x{y + 3) dy, 

0 


From the similar triangles ABC and APQ, 

5a: + 6i/ = 60. 
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Solving for x and substituting in the integral, 

F = + 7y - if) dy = 380w. 

If w represents the weight of a cubic foot of water and w = 62j lbs., 

F = 23,655 lbs. = 11.83 tons. 

Similarly, let us find the force exerted by a liquid on a vertical parabolic 
segment whose altitude is a and whose horizontal base is 25, where the 
vertex is in the surface of the liquid. 



Taking the a:-axis in the surface of the liquid and the y-axis through the 
vertex, downward as positive, the equation of the parabola is 

ax^ = b'h/. 

The element of area for an inscribed rectangle as shown in Figure 49 is 

dS — 2x^Ay 

and the element of force is 


Hence, 


dF 

F 


F 


2wxy^ Ay. 

2w I xy dy 

Jo 

w f y^f^ dy = ~ a^hw. 
Va Jo 5 


Exercise 36 


GROUP A 

A triangular water dam has a base 10 ft. and altitude 8 ft. and is submerged in water 
with its altitude vertical. Find the force exerted on the dam under each of the follow- 
ing conditions. 
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1 . The vortex is in the surface of the water with base below it. 

2 . The vertex is 3 ft below the surface and the base is below the vertex. 

3 . The base is in the surface of the water with the vertex below it. 

4 . The base is 4 ft below the surface and the vertex is below the base. 

5 . In Problem 3 find the position of a horizontal line so that the force above it 

is equal to that below it. 

A trapezoidal water dam has its horizontal bases 50 ft. and 60 ft long and has an alti- 
tude of 20 ft. and is submerged in water with its altitude vertical. Find the force 
exerted on the dam under eaidi of the following conditions. 

6 . The longer base is in the surface of the water with the shorter base below it. 

7 . The longer base is 2 ft. above the surface and the shorter base is below it. 

8. The shorter base is in the surfa(;e of tlie water with the longc'r base below it. 

9. 'The shorter base is 5 ft. below the surface and the longer base is below the 

shorter one. 

10 . In Problem 6 find the position of a horizontal line so that the force above it 

is eciual to that below it. 

GROUP B 

A parabolic water gate is formed from a parabola by a chord 32 ft long at a distance 
of 16 ft. from the vertex and perpendicular to the axis. If the water gate is submerged 
in water with its axis vertical, find the force exerted against it under each of the follow- 
ing conditions. 

11 . The vertex is in the surface of the water with the Irase below it. 

12. The vertex is 4 ft. above the surface with the base Ix'low it. 

13 . The vertex is 3 ft below the surface with the base below it. 

14 . The base is in the surface of the water with the vi'rtex below it. 

16 . The base is 4 ft. below the surface with the vertex below the base. 

16 . The base is 5 ft above the surface of the water with tlu'. vertex below it 

17 . In Problem 11 find the jiosition of a horizontal line so that the force above 

it is equal to that below it. 

18 . A board 5 ft. square is submerged in water with one vertex in the surface and with 

the diagonal through that vertex vertical Find the force excited on the board 
both above and below the second diagonal 

19 . In ac(;ordance with Boyle’s Law PV = a volume of air vaiies inversely with the 

pressure, where k is a constant. If the pre.ssure is decreasing at the rate of 4 lbs. 
per square inch per minute, find the corre.spondmg rate of change of the volume 
at the instant the pressure is 100 lb. per in. and the volume is 20 cu ins 

20 . Find and classify the critical points of the curve y = 3.c^ — 15^:^ + 16-r^ -j- 30x‘^ — 

45a; — 4. Find the abscissas of the inflection points and give the intervals over 
which the curve is concave upward and downward. 

66. Work. 

If a force of constant magnitude is applied to a particle in a fixed direc- 
tion and if the particle is moved along a line in the same direction, the 
force is said to do work. From physics 

W = F-x, 
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where W is the work done by the force F in moving a particle the distance 
X. If the force is expressed in pounds and the distance in feet, the work 
done is in foot-pounds. 

We shall be concerned with problems in which the forces acting on a 
body are variable and are functions of the distance over which the body 
is moved. Hence, 

F = fix), 

where f{x) is a positive continuous function of the variable distance x of 
the moving body from a fixed point in the lino of motion. 

Let us consider a particle which is moved by a force f(x) from A to B 
along the line OP as shown in Figure 50, where 

OA = a, OB = b and OP — x. 

The line segment A 5 is divided into n equal segments Ax. At any point 
Pi, where OPi = Xi, f(xi) represents the force exerted on the particle. Then 
by the definition of work, the work done by the force over the interval Ax 
is approximately, 

dW = f(x^) Ax. 


0 A Pi P B 

1 1 HH 1 H 

AX 

Fig 50 

For any interval, we shall call this an element of work. The sum of all such 
elements forms an approximation to the total woik in moving the particle 
over the interval from x == a to x = b. Hence, 

W =£’ fix) (lx. 

When work is done against the force of gravity, the force exerted is the 
weight of the body and the distance is the vertical distance through which 
the body is lifted. 

A conical tank 16 ft. across the top and 12 ft. deep is represented in 
Figure 51. If the tank is full of water, we wish to find the work necessary 
to pump the water to a height of 4 ft. above the top of the tank. 

The volume of any inscribed circular disc element of the given volume is 

dV = TTXt^ Ay 
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and the weight of the element of volume filled with water is 

TTWX^^ Aljy 

where w represents the number of pounds in a cubic foot of water. This 
function is the force against which the work is exerted. The distance to 
which any element of volume filled with water must be lifted is 16 — y^. 
Hence, the element of work is 

dW = (16 — 7J^) Ay, 

From similar triangles, we find that 2y = 3x. Substituting the value of 
X and taking the sum of all the elements of work, 

W = TTW Urn S (16?/»2 - y,^) Ay 

y Ay — >0 t =1 

W = ^ ttw I (16y^ — y^) dy = 1792 irw ft. lbs. 

9 «/o 

Exercise 36 


GROUP A 

1. The force in pounds acting on a body is F = 2x — 5, where x is the distance of the 

body from the source of the force. Find the work done in moving the body from 
X — 3 to X = 5. 

2. The force in pounds ac^ting on a body is F = + 1, where x is the distance of the 

body from the source of the force. Find the work done in moving the body 
from a point where F = 13 to F = 28 lbs. 

3. If the weight of a body varies inversely as the square of its distance from the center 

of the earth, find the work done in lifting B lbs from the surface of the earth to a 
height of a miles above the surface. Use 4000 miles as the radius of the earth. 

4. A positive charge k of electricity at 0 repels a unit positive charge at a distance x 

from 0 with the force k/x^. Find the work done in carrying the unit charge from 
X = 2a io X — a. 

5. The force necessary to stretch a spring is proportional to the amount the spring is 

stretched. If a force of 3 lbs. will stretch a spring 6 ins., find the work done in 
stretching it 3 ins. and in stretching it 12 ins. 

6 . A vertical cylindrical water tank has a radius of 3 ft. and a height of 10 ft. If the 

tank is full of water, find the work done in pumping the water to a height of 6 ft. 
above the top. 

7. If the water tank in Problem 6 stands on a horizontal roof 50 ft. above the ground, 

find the work done in pumping the tank full of water from the ground through a 
pipe which delivers at the top of the tank. 

8. A particle moves on a straight line so that its distance from 0 at any time isx — bt^. 

If the resistance of the air is proportional to the velocity, find the work done 
against that resistance as the body moves from a; = 0 to x == 9. 
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GROUP B 


9 . 


10 . 


11 . 


12 . 


13 . 


14 . 


16 . 


16 . 


17 . 


18 . 


19 . 


20 . 


A conical tank of height 12 ft. has a circular base of radius 6 ft. If it is full of 
water, find the work done in pumping the water to a height of 3 ft. above the 
vertex until the surface is lowered 6 ft. 

A segment of a parabola with a vertical axis is revolved about its axis to form a 
tank 6 ft. deep and 4 ft. across the top. If the water in the tank has a depth of 
4 ft., find the work done in pumping the water to the top of the tank. 

A segment of a parabola with a vertical axis is revolved about its axis to form a 
tank 6 ft. deep and 4 ft. across the base. If the base of the tank is 10 ft. from the 
ground, find the work done in pumping the tank full of water through a pipe 
from the ground to the bottom of the tank. 

Find the work done in pumping the water from a hemispherical tank of radius 6 ft. 
to a height of 5 ft. above the top of the tank. 

A water tank has the form of the frustum of a right circular cone. If the tank is 
6 ft. deep, 8 ft. across the top and 10 ft. across the bottom, find the work done in 
emptying the tank over the top of the tank. 

A rectangular tank 6 ft. deep, 5 ft. across and 10 ft. long stands with its base 12 ft. 
from the ground. Find the depth of the water in the tank when one-half of the 
necessary work has been done to fill the tank from the ground through a pipe in 
the bottom. 

Find approximately, the value of for x = 1.001. Find the percentage 

VIO — X 


error of the approximation. 

The motions of two particles moving on a line are given by the equations si == 21^ — 
5/2 -f- 2/ — 20 and 52 = + 4/^ — 10/ — 2. Find the velocities and the positions 

of the two particles at the instant they have equal accelerations. 

1 — X 

Given the equation y = 


Are the first three derivatives continuous for all 

Find 


1 -|- 

values of j? Does the curve possess an inflection point or a critical point? 
the interval of x in which the curve is concave upward. 


Given x — 


1 -}- / 

1 - /’ 


y 


1 - / 
1 -f- ^ 


- • Find 


d~y , (Py 


A particle moves on the curve y = -J- 2 j: -f 3 with the x-component of its velocity 

equal to 3. Find the 7/-component of the velocity and the x- and the ^-components 
of the acceleration at any time. 

If a stone is thrown from the top of a clilT 200 ft. high directly toward an object 
100 ft. from the foot of the cliff with an initial velocity of 50 ft. per second, find 
the distance by which the stone misses the mark. 


GROUP C 

21 . A ball rolls down an incline whose equation is 16i/ = 16 — x^ to the x-axis. If the 

horizontal component of the velocity is 6, find the speed of the ball when it reaches 
the x-axis. 

22 . Find the volume generated by rotating the curve 4x2 9^2 = 35 about the x-axis. 

Find the portion of this volume which lies between the two planes perpendicular 
to the major axis of the curve at the two points of trisection. 
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23 . A vertical rectangular water dam is 10 ft. wide and 6 ft. deep. Find the total 

force on the dam when the water level is 8 ft, above the top of the dam. Find 
how much higher the water must rise to double the force on the dam. 

24 . A hemispherical tank of diameter 20 ft. is full of oil weighing 60 lbs. per cu. ft. 

The oil is pumped to a height of 10 ft. above the top of the tank by an engine 
which can do work at the rate of 16,500 ft lbs per nun. How long will it take 
to empty the tank? 

25 . A bucket of weight 50 lbs. is to be lifted from the bottom of a shaft 100 ft. deep. 

The weight of the rope used to hoist it is 0 5 lb. per ft. Find the work done'. 

26 . A square hole with sides slanting at 45° is to be dug in the ground. The soil to be 

removed weighs 200 lbs. per cu. ft. If the top of the hole is to be 10 ft. on a side 
and if the depth is to be 3 ft., find the work done in excavating the soil and in 
lifting it to the level of a truck 3 ft. above the ground. 



CHAPTER VII 


TRIGONOMETRIC FUNCTIONS 

66. Circular Measure of Angles. 

In practical problems which arise in surveying and in related fields of 
study, wh(‘r(‘ the solution of triangles is required, angles are more (‘onven- 
iently measured in degrees. However, in theoretical problems and those 
which arise in the study of the calculus and its applications, the radian 
measure of angles is mon' (a)nvenient. 

Radian. A radian is the angle at the center of a circle which subtends 
a circular arc equal in length to the radius of that circle. As an immediate 
consequence of that dc'finition 

5 = r • 0, 

where 5 is the linear measure of the arc and r is the measure of the radius 
of the circle in the same units. Then 6 is measured in radians, that is, 6 
H'prescnts the numbc'r of radians in the subtendc'd angle. 

From th(' ('lemcaitary relation c = 27rr, wlnn'o c is the linear measure 
of the circumfenaice of a circle and r is that of the radius in the same 
units, 

^ = 27r radians. 
r 

Hence, the entire angular magnitude about a point is 2t radians which is 
equivalent to 360°. Then 

TT radians = 180°. 

67. Graphs of Trigonometric Functions. 

The six fundamental trigonometric functions are 

sin Xf cos Xf tan jc, cot x, sec x, esc x. 

If each of these functions is represented by y, there are six equations ex- 
pressed in which x is the independent variable. The range of values of x 
is unlimited, both positively and negatively. While each function is a 
single-valued function, they are not all continuous for all values of x. The 
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variations of the different functions differ very markedly and the range of 
values for some of the functions is limited. 

Graph of y = a sin bx. In drawing the graph of the function 

y = 2 sin 3x, 

it is convenient to find first, values of x for which y = 0, those for which 
the sine has the maximum value +1, by letting y = 2, and those for which 


the sine has the minimum value 

-l,by 

letting y = — 2. Thus 

If y = 0, 

X = • • • , 

-h, 

0) Itr ■ • ■ 

If y = 2, 

X = • • • , 

-5ir, 


If y = -2, 

X = • • •, 

-iir, 

“s’T, i-ir, • • • . 


The graph of the function is 
drawn in Figure 52 from 
X = — 7r/3tox = 27r/3. 

The period of a trigono- 
metric function is the least 
angular magnitude after 
which the values of the 
function repeat themselves 
in the same order. The 
period of the function a sin bx 
is 27r/fe. The constant a is called the amplitude of the function. 

Graph oiy = a cos(6jc + c). In drawing the graph of the function 

y — 2 cos (3a; + 1), 

we may proceed as above, solv- 
ing for X if ^ == 0, ^ = 2 and 
y — _2. However, a more con- 
venient method of attack is to use 
a transformation of axes. If we 
let 

x' = X + then ^ = 2 cos 3x'. 

When this curve has been drawn 
with reference to a pair of x- and 
2/'-axis as in Figure 53, the original 
2/-axis is drawn parallel to the 2/^-axis and ^ unit to the right of it. 
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Graph oty = a tan bx. The graph of the function 

y = a tan bx 

is discontinuous for x = mrf2hy where n is a positive or a negative odd 
integer. As x approaches any one of these values, y increases or decreases 


Fig. 54 

without limit, that is, becomes infinite. Hence, all lines having the equa- 
tion 2hx — riTT = 0, for these values of n, are vertical asymptotes. Two 
branches of the curve are drawn in Figure 54 in which it may be seen that 
the period of a tangent curve is 7r/6. 

Exercise 37 

GROUP A 

Trace the curve for each of the following functions, indicating the vertical and 
horizontal scales used and giving the period of each function. 


1. 

y ~ sin 3x. 

6. 

y 

= 2 cot X, 

2. 

y = cos ix. 

7. 

y 


3. 

y = 2 tan 2x. 

8. 

y 

= cos \x. 

4. 

y = sec x. 

9. 

y 

= 4 tan ^ . 

5. 

y — CSC X. 

10. 

y 

= 2 sec Zx. 


11. A flywheel of radius 20 ins. makes 10 revolutions per sec. Find the linear speed of 

a point on the run of the wheel and of a point on a spoke 5 ins. from the center. 

12. Find the angle which a chord 6 ins. long subtends at the center of a circle of radius 

20 ins. Find the length of the smaller arc subtended. 

GROUP B 

Trace the graph of each of the following functions. 

13. 2 / = 2 + sin 2x. 16. y - 2 sin • 

14. 2 / == 4 — cos Sx. 16. y — Z cos (x — ir). 
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17 . y = tan V ~ ^ (2x4- 1). 

18 . ?y = 2 sin {2x ~ tv). 21 . ?/ = cos x -|- sin x. 

19 . y - 3 cos (x — 1). 22. y - X sin x. 

23 . The angle between two radii of a circle of radius 6 ins. is 20°. Find the area of the 

setitor between them and the area of the segment formed by the chord joining 
their extremities and the minor subtended arc 

24 . A horizontal cylindrical tank is 12 ft long and the circular ends have a radius of 

2 ft. Find the volume of water in the tank if the water is 1 ft. deep, and if the 
water is 3 ft deep. 


68. Evaluation of Two Limits. 

If d is an infinitosiinal measured in radians, the variable sin 6 is of the 
same order. Thus 


lim 
e — >0 


sin 6 
~~ 0 ~ 


- k. 


We wish to prove that k — I for reasons which appear in the next section. 

In Figure 55 an angle '28 is constructc'd, where 

20 = Z AOB. 

With the vcu'tex O as a center and with any length r 
as a radius, the circular arc ADB is drawn. At the 
points A and/i, taiigi'iits to the circle ar(‘ constructed 
which intersect at the point FJ lying on the bisector 
OD of the angle 20. The chord ACB is drawn. 
From the figure it is obvious that 

Chord ACB < Arc ADB < AE + EB. 

Again from the figure, 

ACB - 2AC = 2r sin 0, AE — EB = r tan 0. 

ADB — 2r0, where 0 is measured in radians. 

Whence, 2r sin 6 < 2rd < 2r tan 0, 

sin 0 < 0 < tan 0. 



A 


Fig. 55 


Dividing the inequality by sin 0, 


1 < 


0 

sin 0 


< 


1 

COS0 
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and inverting, 


1 > 


sin e 


> COS 9. 


As 6 approaches zt'ro, cos 6 approaches 1. And since the ratio of the angle 
and its sine lies between 1 and cos 6, it also must approach 1 . Thus it has 
been proved that: The limit of the ratio of an angle and its sine is unity 
as the angle approaches zero, provided that the angle is measured in radians. 

If 6 is an infinitesimal, the variable 1 — cos 6 is an infinitesimal of 
higher order. Thus 


lim 
d -+o 


1 — cos 6 
0 


= 0. 


This statement is proved as follows: 

From trigonometry 

1 — cos 9 — 2 sin^ ~ « 


Dividing both sides of the equation by 9^ 
1 — cos 


• 2 ^ 
sm^2 


9 


2 


. 9 
. 9 ^^^2 
2 ’ 9 

2 


Taking the limit of both sides of the equation as 9 approaches zero, 

. 9 

^ ^ ^ sin - 

1 - cos 0 . 9 y 2 

hm = hm sin ^ • lim =0-1 =0. 

e — >0 9 0 _>o ^ 0 — >0 ^ 

2 


69. Formulas for Differentiation of Trigonometric Functions. 


The formulas for the differentiation of the six fundamental trigonomet- 
ric functions are as follows, where u denotes any function of x which can 
be differentiated: 

(8) 

d . du 

dx dx 

(9) 

d . du 

dx dx 

(10) 

d , . du 

dx dx 
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( 11 ) 

( 12 ) 

(13) 


d j. ^ du 

3 - cot U = — CSC* u 3 - • 
dx dx 

d du 

dx dx 

d du 

dx dx 


60. Derivation of Trigonometric Differentiation Formulas. 

The derivation of the derivative of the sine of a function requires 
the use of the delta process which was used in earlier chapters. However, 
once this derivative is found, the result can be used in the derivation of the 
derivatives of other trigonometric functions. Consequently, the first 
derivation is a fundamental one. 

Derivative of sin u. Let 


y = sin u, 

where u is any function of x which can be differentiated. If x is given 
the increment Ax, u and y will take on the corresponding increments Au 
and Ay, respectively. Then 

y + Ay = sin(u + Au), 

Ay = sin u cos Au + sin Au cos u — 
and Ay = cos sin Au — (1 — cos Au) sin u. 

Dividing both sides of the equation by Ax, 

^ = cos u sin Au (1 — cos Au) sin u ~ • 

Ax Ax Ax 


The limits of the terms of this equation can be evaluated if Au is supplied 
in both numerator and denominator of each term in the right hand member. 
Thus 


Ay sm Au Au 

= cos U 

Ax Au Ax 


1 — cos Au 
Au 


sin u 


Au 

Ax 


Taking the limit of each term as Ax approaches zero by making use of the 
evaluations of the limits in Section 58, and by making use of the fact that 
Au also approaches zero, we have. 


dx 


du 

cos u 3 - • 
dx 


( 8 ) 
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Derivative of cos u. From trigonometry 


= sinQ-«). 


By the use of formula (8), 


-r- cos u = -r sin 
ax ax 




-r- COS = — Sin U -7- ‘ 

ax ax 


Derivatives of tan u and cot u. Expressing tan u in terms of sin u, and 


tan u = 


Differentiating the quotient of two functions by formula (6) of Section 35 , 

d , . d 

, cos 11 -r sin it — sin u -7- cos u 

d ^ dx dx 

I " tan a — n , 

dx cos^ u 

(cos- a + sill- n) ~ 


d , ^ dll 

-r- tan 11 — see- u -r- • 
dx dx 


In the same maimer, cot u 


-r cot U 
dx 


■ (sin- 'll + cos“ uYr 


. d . dll 

.) ~r cot u = — CSC- u 7- • 

^ dx dx 

Derivatives of sec u and esc u. Expressing sec u in terms of cos u, 


sec u = == (cos u)-^. 

cos u 



148 


Elementary Calculus 


Applying formula (7) of Section 35, 

^ sec u — — (cos u)~’^ 


d 

-T- COS 

dx 


u, 


sin u du 
cos^ u dx 


( 12 ) 


d ^ du 

-r- sec u = sec u tan u 3- « 
dx dx 


In the same manner, 

1 

CSC u = ) 

sin u 

d COS u du 

dx sin^ u dx 


(13) 


d ^ du 

-J-CSC u — — CSC u cot U - 7 - 
dx dx 


To illustrate the use of the formulas derived, we shall differentiate th 
function 


y = sin^ 2x cos 2x. 


Using differentiation formulas (5), (7), (8), and (9), 

^ = sin^ 2x cos 2x + cos 2x ^ sin^ 2x. 
dx dx dx ^ 


— — sin^ 2x~2x + 3 sin^ 2x cos^ 2x 2Xy 
dx dx 

= — 2 sin^ 2a: + 6 sin^ 2a: cos^ 2a:, 

= 6 sin^ 2a: — 8 sin"^ 2a:. 


As a second illustration, let us differentiate 

tan^ X 

y = • 

tan X + sec x 


Applying formulas (6), (10) and (12), 

dy __ 2(tan x + sec x) tan x sec^ x — tan^ a:(sec^ x + sec x tan a:) 
dx (tan X + sec o:)^ 

dy _ tan x sec x (2 sec x — tan x) ^ 
dx ~ sec a: + tan x 
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GROUP A 

Differentiate each of the following functions. 
1. 2 / = 6 sin Sx. 


6 . 2/ = sin^ X cos* x. 

6. 2/ — sec 2x tan 2x. 

2x). 7. 2/ = cot* 4^x. 

8. 2 / = 4 sin^ \x + cos \x. 
Find the slopes of each of the following curves at the specified points. 


2. 2 / = 4 tan - • 

3 . 2 / = 3 cos (1 

4. 2/ = sin^ 3a;. 


9. 2 / = sm a; at X = ^ - 7r, tt. 

o o 

10. y — cos X at X = ^ , g TT, TT. 

11. y = tan 2x at x = ^ ^ ^ ' 


12. y = sec x at x =0, 


3’ 3 ' 


13 . y 


TT TT 3 


sin X + cos X at X = 0, | ^ ^ 


GROUP B 

Differentiate each of the following functions. 

14 . y = * tan< | + tafi^ ? . 18 . y = 

16 . y = (1 - sin 2xy. 19 . y = 

16 . y = (1 - 2tan»2i)’. 20 . y = 

17 . y = Vl — cos X. 21 . y = 


1 + sin X 
1 — sin X 
sin X 
X 

tan* 3x 


2x 

sec X — tart x 


sec X -f- tan x 

22 ., Derive the formula for the differentiation of y = cos w, where w is a function of x 
which can be differentiated, using the delta process. 

23 . If/(x) = sin X, f^nd f{x), f'\x), f"'(x) and/»v(x). 

24 . If/(x) = tan x, find/'(x), /"(x) and/'"(-*^)- 


Find ~ for each of the following equations. 
ax 


25 . 

sin X -b cos 2/ = 0. 

28 . 

26 . 

cos 2x + sec 3y = 0. 

29 . 

27 . 

tan (x + 2/) + {x — y) — 1. 

30 . 


— tan xy = 0. 

L - + cos - = 0, 
y X 

y 

= X sec - . 

X 


Find ^ and ^ for each of the following. 

31 . X = 4 cos 0, 2/ - 4 sin B. 

32 . X = a cos B, y = b sin B. 

33 . X = a sec B, y - b tan 6. 
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34 . Consider the function ?/ = 1 + sin 2x in the interval 0 ^ x ^ ir. Find those inter- 
vals in which the function is increasing and is decreasing and those intervals in 
which the curve is concave upward and is concave downward. 

36 . Consider the parametric equations of a projectile given in Section 42, where is 
constant and the angle d is variable. Find the range of the projectile and find 
the value of 0 giving the maximum range. 

61. Applications of Differentiation of Trigonometric Functions. 

Thus far in our study of the calculus, the problems have been restricted 
to those in which the functions involved were algebraic. We may now 
remove that restriction and solve problems in which the functions are trig- 
onometric. In fact, many of the problems already solved can be more 
expeditiously treated by the use of trigonometric functions. 

In the application of the differentiation of the trigonometric functions, 
it is essential to remember that the angle must be measured in radians. 
The same is to be said for the differentiation of the inverse trigonometric 
functions which is presented in a later section. Each such differentiation 
is based on the differentiation of sin u, which in turn, 
is despondent on the limit of the ratio of sin Au and 
Ai/, as the latter approaches zero, and this is not 
unity unless the angle is expressed in radian measure. 

A problem in which a minimum value is sought, 
is chosen as the first illustration of the use of trigo- 
nometric functions. If two corridors, one of which 
is 5 ft. wide, intersect at right angles and if a beam 
40 ft. long is to be carried horizontally around the 
corner, we wish to find the minimum width of the 
second corridor which will just allow the beam to pass, no allowance being 
made for its width. 

In Figure 50 any position of the beam AC is represented. Let EC — y 
and Z DAB = Z.EBC = 6. Then since AB — 5 sec 9 and BC = y esc 0, 

5 sec 0 -f ?/ CSC 0 = 40. 

Solving for y and differentiating with respect to 0, 

^ = -- - -- ( — sec 6 tan 0 4-8 cot 9 — sec 9 cot 9 ) . 
d9 CSC 9 

Placing the derivative equal to zero, reducing and solving, 
sec 9 tan- — 8 -f- sec ^ = 0 

sec^ 0 — 8 = 0, sec 0 = 2, ^ | • 

AB = 10 ft., y = 30 sin 0 = 15V3 ft. 



Fig. 56 


Hence, 
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If one side of a triangle is 6 ins. long, if a second side is increasing at 
the rate of 2 ins. per min. and if the included angle is incireasing at the rate 
of 0.8 radians per min., we wish to know how fast the third side is increas- 
ing. First, let us assume that the included angle is G0° at the instant the 
second side is 3 ins. long. Second, let us assume that the second side is 6 
ins. long at the instant the included angle is 60°. 

Let y represent the length of the second side, z that of the third side 
and d the measure of the included angle in radians. By the law of cosines, 

2^ = 7/^ + 36 — \2y cos 9. 


Differentiating with respect to the time t in minutes. 


dz 

dt 


/ ^ d?/ . ^ ^ do 

(y - a cos e) -^ + (jy sm e 


First, since z = sVb ins., for ?/ = 3 ins. and 6 = Z radians, 

O 


dz 

dt 


= 2.4 ins. per min. 


Second, since 2 = 6 ins., for ^ = 6 ins. 

~ = 1 -h 2.4 V3 = 4.16 ins. per min. 


Exercise 39 

GROUP A 

1 . Find the equations of the tangents to the curve y — sin 2x + cos xvitx = 0 and at 

X = tt/Ci. 

2. Find the etiuations of the tangents to the curve y = tan 2.r at .c = 0 and at x = tt/S. 
In the interval 0 < .r < tt, show for what values of x each of the following functions 

is increasing and is decreasing. 

3 . y = sin x. 6 , y — esc x. 

4. 7/ = cos 2x. B. y = sec 2x. 

7. Show that tan x is increasing and that cot x is decreasing for all values of x. 

Find the maximum and the minimum values of y m each of the following functions 
in the interval 0 < .c < 2tt 

8. 7 / = sin X + cos X. 10. y — sin x -f cos 2x. 

9. 7/ = sin X 2 cos x. 11 . y -■ 2 sin x + sin 2^:. 

12. Find the angle of intersection of the curves y = cos x and y — cos 2x between 

x — 7r/2 and a* = tt. 

13. Find the valui's of x in the interval x == 0 to a; = 27r for which the curve 

7/ = sin X — cos x is concave upward and is concave downward. 
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14 . Find the central angle when the area of a circular sector of given perimeter is 

maximum. 

15 . The angle 6 between the equal sides of an isosceles triangle is increasing at the rate 

of J radian per min. If the equal sides are 8 ins. long, how fast is the area chang- 
ing when 6 = 60°? 

GROUP B 

16 . Differentiate the function with respect to 0. 

cos^ 6 

17 . If 2/ = cos^ X — sm^ show that ^ = —4 cos 2x. 

d^y 

18 . If y = a cos kO -f b sin kd, show that 3— = —k^y. 

19 . Find the angle of intersection of the curves ?/ = 2 sin 2x and y = tan 2x at the com- 

mon point 0 < X < 7r/4. 

20 . If the side a and the opposite angle a of a triangle are given, prove that the maxi- 

mum triangle is isosceles. 

21 . Two corridors intersect at right angles, one 27 ft. wide and the other 8 ft. wide. 

Find the length of the longest beam which can be carried horizontally around the 
corner, neglecting the width of the beam. 

22 . Find the vertical angle of a conical vessel of minimum volume which will permit a 

sphere of radius a to be completely submerged if the vessel is filled with water. 

23 . At any time t a moving particle has the position given by the equations 

X = 2 — 4 cos ?/ = 3 -f 2 sin t. Find the positions and the velocities for ^ = 0 
and for t = 1:12. Show that at one time the velocity is maximum and at the 
other it is minimum. Draw the curve of the path. 

24 . The position of a particle in the x7/-plane is given by the equations a; = 2(0 — sin 0), 

2/ = 2(1 — cos 0). If the angle 0 is increasing at the rate of 2 radians per min., 
find the velocity and the acceleration of the particle when 0 = tt/S. 

25 . Approximate the value of sin 60° 10' and find the approximate relative error. 

26 . Find the approximate maximum relative error in the cosine of an angle if the angle 

is measured as tt/G with a possible maximum error of 0.01 radian. 

62. Simple Harmonic Motion. 

In the study of physics there are important applications of the motion 
of a particle which is vibrating in a straight lino. . This motion is typified 
by that of a particle supported by a vertical spiral spring and vibrating 
freely in a vertical line. Another illustration is furnished by the motion 
of any point on a guitar string which has been plucked and released. Other 
important examples are to be found in the motion of a particle transmit- 
ting a wave of sound, a wave of light or an electric impulse. In these il- 
lustrations there are forces acting which tend to bring the particle to rest 
after a period of time. In the discussion which follows, we shall neglect 
such forces, thus simplifying the problem and bringing it within the scope 
of our treatment. 
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Suppose that a particle P moves on a straight line and that its distance 
from a fixed point 0 of that line at any time t is denoted by the directed 
variable s. Also suppose that the particle starts motion at the point 0, 
then s = 0 when t — 0, Since the sine of an angle is a periodic function, 
we write 

5 = a sin bU 

and study the motion of the particle under such circumstances, where a 
and h are constants. We note the positions of the particle at each of the 
following instants of time : 

If t — n7r/26, 

n = 0, 2, 4, 6, • • • , s = 0 and it is at the point 0. 

But for 

n = 1, 5, 9, 13, • • • , s = a and it is at the point A, 

And for 

n = 3, 7, 11, 15, • • • , s = —a and it is at the point A\ 

See Figure 57. Consequently, we have written an expression for the dis- 
tance of a particle from a fixed point as a 
function of the time in which the particle 
vibrates between the points A and A', 
starting its motion at the mean position 0. 

If the constant a is positive, the particle 
starts motion to the right, but if a is negative, it starts to the left. The 
constant h we shall always assume positive. 

The absolute value of the constant a is called the amplitude of the 
motion. When t = 27r/6, the particle has completed one complete 
oscillation. This interval of time is called the period of the motion. 

Since the cosine of an angle is also a periodic function, we might choose 
to write 

s — a cos bt. 

An investigation will show that this function also expresses the distance of 
a particle from the point 0 at any time in which it vibrates between the 
points A and A', but in which it starts its motion at an extreme position, 
A or A', instead of at the mean position. 

Returning to the first equation, the derivative of s with respect to t 
gives the velocity of the particle at any time. 

V = ab cos bt. 
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The differentiation of v with respect to gives the acceleration of the par- 
ticle at any time, 

j = — ab^ sin hi. 

If we form the ratio of the acceleration j to the displacement s, 

j _ nh'^ sin bt _ ^2 

s a sin bt ’ 

we find that it is independent of the time and is equal to the constant 
In other words, the motion is one in which the acceleration is proportional 
to the displacement and opposite in sense. Such a motion is called simple 
harmonic motion. 

Let us analyze the motion of a particle for which it is given that 

s = 8 cos 3^. 

When < = 0, s = 8 and the motion starts at the point A in Figure 57. 
When t = 7r/6, s = 0 and the particle has reached the mc^an position 0. 
When t = 7r/3, s = —8 and it has reached the extn'me position A\ 

When t — Itt, it has returned to the extreme position A. 

The amplitude of the motion is 8 and the period is Itt. 

Since 

2 ; = — 24 sin 3^ and j = — 72 cos St, - = — 9. 

Hence, the motion is simple harmonic. 

It is not always possible to find the period and the amplitude of a 
simple harmonic motion by inspection. For example, in the function 

5 = 3 cos 4^ — 4 sin 4^, 

we proceed as follows: 

V = —12 sin 4t — 16 cos 4t. 
j — —48 cos 4t + 64 sin 4^. 

When ^ = 0, 5 = 3 and v = — 16, thus giving the initial position and the 
direction of motion at the instant of starting. To find the extreme posi- 
tions, we find the maximum and minimum values of 5. For i; = 0, 

tan 4t = -- J, sin 4t = cos 4t = — f , 

giving a positive value of j. From these values s = — 5, which is the min- 
imum value of 5 . But also for v = 0, 

tan 4t = “I, sin 4t = — cos 4t = |, 



Trigonometric Functions 


155 


giving a negative value of j. From these values s = 5, which is the max- 
imum value of .s. Hence, the amplitude is 5 and the fixed point is the mean 
position. Moreover, when 

t = s = V = —16. 


At the instant t = 7r/2, the particle passes the initial position moving in 
the same direction. Hence, 7 r /2 is the period of the motion. The motion 
is simple harmonic, since 


j 

s 


- 16 . 


Exercise 40 


GROUP A 


1 . Analyze the motion of a particle moving on a line such that its distance from a 

fixed point is s — 4 sm 2t. 

2 . As in Problem 1, anal>ze the motion given by s — —10 cos 3t. 

3 . A parti(4e moves with simple harmonic motion having a period of 8 secs, and an 

amplitude of 5 ft. If it starts at the mean position moving to the left, find the 
equation and the velocity at the second passing of the mean position. 

4 . A particle moves with simple liarmonic motion having a period of 4 secs, and an 

amplitude of 6 ft. If it starts motion at the left extreme, find the equation and 
the acceleration at the right extreme. 

6. Given s = — 12 sin It. Find the velocity and acceleration when t = tt/S, 7r/2, 27r/3, 
and 27r secs. 


6. Analyze the motion of a particle whose position is given by s = 5 + 3 sin 


Show that the displacement from the mean is proportional to the acceleration. 

7 . A particle starts at its mean position and has a period of Stt secs. Find the equation 

if s = 2 at the end of 27r/3 secs. 

8. A particle starts at its right hand extreme and has a period of 3x secs. If s = 3 

when V — 2, find the equation and its velocity as it passes its mean position. 


GROUP B 

9. Show that the function s = 2 — 4 sin^ 2t gives the simple harmonic motion of a 
particle. Find its period and amplitude. 

10 . Show that the function s = 4 — 8 cos- 3/, gives the simple harmonic motion of a 

particle. Find its period and amplitude. 

11 . Show that the function s = 4 sin | — 3 cos gives the simple harmonic motion 

of a particle. Find its velocity and acceleration at the mean position. 

12 . A particle moves with simple harmonic motion with an amplitude of 3 ft. If its 

velocity is 5 ft. per sec. when at a distance of 2 ft. from its mean position, find its 
period. 



156 


Elementary Calculus 


13 . A particle moves with simple harmonic motion with a period of 4 secs. If it has a 

velocity of 27r ft. per sec. when it is at a distance of 3 ft. from its mean position, 
find its amplitude. 

14 . A particle moves with simple harmonic motion with an amplitude of 4 ft. If its 

velocity is 4 ft per sec. when it is halfway from its mean to its extreme position, 
find the period of the motion. 

16 . Find the volume generated by the rotation of a parabolic segment, base b and alti- 
tude a, about its base. 

16 . Find the volume cut from a right circular cylinder, radius of base r and altitude a, 
by a plane through the diameter of the base and tangent to the upper base. 


63. Graphs of Inverse Trigonometric Functions. 

The statement, u is the sine of the angle is written 

u = sin y. 

The inverse statement, y is the angle whose sine is w, is written 

y = arcsin u. 

The symbol arcsin u is called the inverse sine function of u. It is repre- 
sented by the angle y, where it is to be understood that y is measured in 
radians. Moreover, the function is defined for limited values of u, that 
is, for 

-1 ^ t/ g 1. 


There are six elementary inverse trigonometric functions, 

arcsin u, arccos u, arctan u, arccot u, arcsec u, arcese u, 

where each is defined by means of the corresponding trigonometric func- 
tion. Each inverse function is a multi-valued function, that is, for every 
value of within its limits, there are many values of the angle y. 

Principal Values. For most purposes of the calculus where inverse 
functions are used, it is advisable, and often neces.^ary, tolimit the range of 
such functions. A principal value of a function is one which lies within a 
range of values which is selected for each function. If the principal values 
only, are used, we shall have under consideration a single-valued function. 
The principal values of 


arcsin u. arctan u and arcese u arc — Z ^ u < ~ 

2 - ~ 2 


and of 


arccos u, arccot u and arcsec arc 0 ^ ^ tt. 
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Graph of y = a arcsin bx. In drawing the graph of the function 

y = 2 arcsin 

we observe that x is limited to values from x = — J to x = 

If X = 0, y = * * * , •— 47r, “27r, 0, 27r, 47r, • • • . 

If X = — i, ?y ~ ‘ ) — Stt, — tt, Stt, Ttt, • • • . 

If X = ^, 2/ = ' * • , —Ttt, — Stt, tt, Stt, • * • , 

The curve is drawn in Figure 58 from y = —iw to y = iw. That part of 
the curve corresponding to the principal values of the function, from 
y — tt to 2 / = TT, is more heavily drawn than are the other parts. 



Fig. 58 Fig. 59 


Graph of y = a arctan bx. In drawing the graph of the function 

2 / = 3 arctan 2x, 

it is observed that the values of the variable 2x are unlimited. If 

X = 0, y = ••• j —Gtt, — 37r, 0, StTj Gtt, • • • . 

As X increases or decreases without limit from zero, the corresponding 
values of y locate the positions of the horizontal asymptotes. Thus, if 

X = 00, 2/ = ... , - "tt, -fx, |x, |x, • . . . 

Three branches of the curve are drawn in Figure 59 in which the central 
branch corresponds to the principal values of the function. 
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Exercise 41 

Solve for X in each of the following equations and reduce to the simplest form. 

1. y — 2 arccos ^x. 3. y = w — arcsin x. 

2. 2/ = 1 arcsin lx. 4. y = 2 arccos (x — 1) — x. 

Draw the graphs of each of the following functions. 

X 

b. y — arcsin ~ 8. y — \ arcsin 2.r. 

X 

6. y = 2 arccos x. 9. y = ‘S arccos [ 

2i 

7* y = arctan 2x. 10. y = S arcsec 2x. 

GROUP B 

Draw the graph of each of the following functions. 

11. y — I arcsin (2x — 3). 13. y -f- 7r/2 = arcsin (2.r + 1). 

12. y — i arccos (2x — 1). 14. ?/ = x/2 — arcsin (x -f 2). 

In each of the following solve for x and differentiate implicitly. Solve for dy/dx 
and express the result as a function of x. 

16. y = arcsin 2x. 18. y 2 = ar(\sec x. 

16. y — 2 arccos 3x. 19. y — x — arcese 2x. 

T 

17. y = arctan ^ 20* y — x/2 — arccot 3x. 

Verify each of the following identities. 

21. arctan J — arc,tan = arctan J. 

22. arcsin + arcsin I| == x/2. 

1 _ p2 

23. cos (2 arctan x) = :: — • 

1 x2 

24. 2 arctan 2 + arctan | = x. 

26. sin (2 arccos x) = 2xVl — x^. 


64. Formulas for Differentiation of Inverse Trigonometric Functions. 

The formulas for the differentiation of the six inverse trigonometric 
functions are as follows, where u denotes any function of x which can be 
differentiated : 


( 14 ) 

( 15 ) 

( 16 ) 
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(17) 

d ^ -1 du 

dx 1 + dx 

(18) 

d 1 du 

dx uVu^ - 1 dx 

(19) 

d -1 du 

arcese u = , . 

dx uVu^ - 1 dx 


In each of these formulas the inverse function is understood to be 
restricted to principal values. 


66. Derivation of Inverse Trigonometric Differentiation Formulas. 

To derive the formula for the differentiation of arcsin let 

y = arcsin iiy 

where u is any fum^tion of x which can be differentiated. Then 

u = sin y. 


Differentiating this equation with respect to x. 


du 

dx 


dy 
' dx^ 


dy __ 1 du 

dx cos y dx 

cos ?/ = ±Vl - Rui^y = ±\/l - 

dy __ dbl dll 

dx Vl — 

If the angle arcsin u is restricted to the first and fourth quadrant angles, 
that is, 

TT . . . TT 

~ 2 — ^ — 2 ^ 


whence, 
But since 


the principal values of the function are retained. A reference to Figure 
58, Section 63, will show that the slope of the limited portion of the curve 
corresponding to the principal valu(\s of the function is everywhere pos- 
itive. Consequently, the negative sign in the derivative is discarded and 
we write 


d . +\ du 

-T- arcsin u = — ~ > 

dx VI — do; 


( 14 ) 
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which is understood to be the derivative of the function for principal 
values of the function only. 

To derive the formula for the differentiation of arccos w, let 

y — arccos u. 

u = cos y 

dy _ —1 du _ 
dx sin y dx Vl — dx 

If the angle arccos u is restricted to the principal values, the slope of the 
part of the cui*ve under consideration is everywhere negative. Conse- 
quently, the positive sign is discarded and we write 

(15) -7- arccos u = — , — • 

^ dx VI — dx 

To derive the formula for the differentiation of arctan u, let 

y = arctan u, 

u — tan y 

dy _ 1 du _ 1 du 

dx sec^ y dx i + u^ dx 

which is formula (16). 

The derivatives of arccot ii, arcsec u and arccsc u are obtained in a 
like manner, obtaining formulas (17), (18) and (19), respectively. These 
derivations are left as an exercise. 


Then 

and 


Then 

and 


Exercise 42 

GROUP A 

Differentiate each of the following functions. 

1, y = 2 arcsin 3x. Z, y — arcsin fVx. 

2. 2/ = arccos \x. 1, y = arcsin Vx + 1. 


3, y — arctan 


I — X ^ 
2 


4 . 2 / = X arctan x. 

5. 2/ = arcsin x^. 


B, y = arcsec (a;2 + 1). 

9. y = x arccot ~ + . 


• 10 . y — x arccsc a; + — 1. 

11 . Find the principal maximum and minimum values of the function 


2 / = X — 4 arctan J 
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12 . One side of a right triangle is increasing at the rate of 2 ins. per sec., while the second 
side remains 8 ft. long. At what rates are the hypotenuse and the angle opposite 
the second side changing when the first side is 6 ft. long? 


GROUP B 


Differentiate each of the following functions. 


13. y 

14. y 

15. y 

16. y 

17. y 

18. y 

19. y 

20. y 

21. y 

22 . y 


9 arcsin - — x V9 — x^. 


. X , V4 — x^ 

arcsin ^ H • 

2 X 


x arcsin x 

X 


VbT 


+ Vl - x\ 

: — arcsin ~ • 
! 4 


(x^ -f 1) arctan x — x. 
X arctan x^. 

. X 

a arcsin ~ • 
a 

1 X 

- arctan ~ • 
a a 

arctan - • 

X 


Vx^ — + a arcsin - • 

X 


Derive the formula for the derivative of each of the following functions, assuming 
that w is a function of x which can be differentiated. 

23. arccot u. 24. arcsec u. 25. arccsc u. 


26. 


28. 


Find ~ from y = arcsin (xy). 
ax 


27. Find from y 
ax 


29. Find ~ and ^ from x = arctan - 
dx dx^ 


arctan ’ 


y 


30. 


Find ™ and ^ from x 
dx dx^ 


Find “ and ^ from tan 6 = 
dx dx^ 


x 

X + 1 


arctan (xy). 


31. Find the principal maximum and minimum values of the function i/ = (x — 1) ~ 

4 arctan (x — l)/2. Find the coordinates of the inflection point of the curve 
and give the values of x for which the curve is concave upward and downward. 

32. The altitude of a right circular cone is 3 ft. If the radius of the base increases at 

the rate of 2 ms. per sec., find the rate of change of the vertical angle of the cone. 

33. A pole 15 ft. long is resting against a vertical wall. If the foot of the pole is pulled 

away from the wall at the rate of 2 ft. per sec., how fast is the angle with the 
ground decreasing when the foot is 12 ft. from the wall? 

34. A searchlight is 10 miles from a straight railroad track. If a train travelling along 

the track at the rate of 60 mi. per hr. is followed by the light, how fast is the light 
rotating when the train is 20 miles down the track from the point nearest the light? 

35. Find the force exerted on a vertical water gate which has the shape of a parabolic 

segment, base b and altitude a, where the base is c feet below the surface of the 
water, the vertex of the parabola being below the base. 
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66. Angular Velocity and Acceleration. 

If a wheel roiatx^s on its axis, a spoke of the wheel generates an angle 
which is dependent on th(' time of rotation. Denoting such an angle by 
dj it is a function of the time, 

e = /(O. 

The rate of change of d with respect to the time is called the angxdar 
velocity and shall be represented by co. Hence, 


do 

dt 


f(t). 


The rate of change of the angular velocity with respect to the time is 
called the angular acceleration and shall be represented by a. Hence, 


do) 


d ^-0 

de 


= /"(O. 


If d is measured in radians and t in seconds, the angular velocity is in 
radians per second and the acceleration is in radians per sf'cond per second. 
Angular velocity dividend by 2^ radians gives the number of i*evolutions of 
the wheel per second, if co is constant. 

As a {X)int P{x^y) on the rim of a wheel of radius a d(\scribes an arc of 
length s, the radius sweeps over an angle d at the center. From Section 56, 

s = ad. 


Differentiating with respect to t, 

(Is do 

-n ~ or v = aco. 

dt dt ^ 

where v is the velocity of the point P along the circle. Thus for circular 
motion, the linear velocity is proportional to the angular velocity, th(‘ 
proportionality constant being the radius. 

Suppose that a wheel of radius 2 ft. makes 3 revolutions per second 
and that we wish to find the horizontal and vertical components of the 
velocity of a point on the rim 1 ft. above the level of the center. 

Taking the origin at the center of the wheel and the a:-axis horizontal, 

X = 2 cos Oj y = 2 sin 6. 

Differentiating with respect to tj 

Vx = — 2aj sin ^ = — 127r sin 6 
Vy — 2a; cos 9 — 1 27r cos 9, 
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since co = Gtt. For y — d — t/G or 6 — Gw/G, Hence, for the first, 


Vx = — GtT, Vy = GVS TT, 

which is verified by |^^1 = 127r. For the second value of the angle, 

Vx = —Gtt, Vy = — 6V3 TT. 


In the same problem, 

jx — —72x2 cos By jy = —72x2 sin 6, 

|jl = 72x2 and tan 0 = ^ = tan B, 

Jx 


From the last statement, the linear acceleration of the point on the rim 
is directed toward the center of the wheel. The angular acceleration is 
zero, since the angular velocity is constant. 

Again in the same problem, let us ask what constant acceleration 
would bring the wheel from rest to its present angular velocity in 30 
seconds? 


Since 




and 


CO = + C. 


But CO = 0 when t = 0, hence C = 0 and co = at. 

Wlien t = 30 secs., a = x/5 rads, per sec. 2 


To consider a problem of a more general nature, vsuppose that a point 
P(x,y) describes a locus in the a:i/-plane and that, under certain conditions, 
it is required to find the angular velocity of the line determined by P and 
a fixed point 0. 

Let the fixed point 0 be the origin, then 

y y 

tan 0 ^ = arctan - • 

X X 

Differentiating with respect to 


XV y — yvx . 

a;2 4- 2/2 


CO 
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Exercise 43 


GROUP A 

1 . A point on the rim of a wheel of radius 5 ft. has the vertical component of its velocity 

50 ft. per min. when it is 4 ft. above the level of the center. Find the angular 
velocity. 

2 . A point on the rim of a wheel of radius 10 ft. has the horizontal component of its 

velocity 100 ft. per min. when it is 6 ft. above the level of the center. Find the 
number of revolutions of the wheel per min. 

3. The angular velocity of a point on the rim of a wheel is 6^ ft. per second. Find the 

angle passed over by a radius in the first two seconds and in the first four seconds. 

4 . The angular acceleration of a point on the rim of a wheel is 12^ ft. per sec. per sec. 

If the wheel starts rotation from rest, find the angle passed over by a radius 
from t = 1 sec. to ^ = 3 secs. 

6 . The position of a moving point at any time is given by x = 5 cos 2f, y — Ty sin 21. 
Show that the point moves on a circle and find the angular velocity of a radius. 

6. The position of a moving point at any time is given by x = 4 cos 3^, ?/ = 4 sin 3/. 

Find the angular velocity of a radius and the angle passed over during the first 
three seconds. 

7 . Find the angular velocity of the line through the origin and P{x,y) at the point 

(2,1) when x and y each increase at the rate of 4 ins. per sec. 

8. A point moves on a circle of radius 3 ft. so that its distance along the arc from a 

fixed point on the circle is given by 6* = 9^^. Find the angular velocity at the 
end of 2 secs, and find the angular acceleration at any time. 

GROUP B 

9 . The position of a moving point at any time is given by a; = 3 cos ty y — 2 sin t. 

Find the equation of the path and linear velocity and position when t = 0 and 
when t — x/4. 

10 . One side of a right triangle is 6 ft. long and the adjacent angle is increasing at the 

rate of 3 radians per min. Find the rate of increase of the other side when it is 
2 ft. long. 

11 . A lighthouse at A is due east 6 mi. from a point B at sea. A ship moving north 

from B is followed by a beam of light from A. If the ship is moving 12 mi. per 
hr., how fast is the beam of light rotating when the ship is 8 mi. north of B? 

12. A point is moving on the line Sx = 27 in such a way that x = Find the 

angular velocity of the line joining the point to the origin when t = f. 

13 . A point moves on the line -f 2?/ = 8 with a linear velocity of 6 ft. per sec. Find 

the angular velocity of the line joining the point to the origin as it passes through 
the point (2,3). 

14 . Find the angular velocity of the line A(a,0) P(x,?/) if x and y each increase at the 

rate of 6 units per sec. as the point P reaches the position B{3a,a). 

16 . A point P moves on the curve x^ — — 16 so that the ?/-component of its velocity 

is 5 ins. per sec. Find the velocity at the point A (5,3). Find the rate of change 
of the angle which OP makes with the x-axis as P reaches the position at A. 

16 . A point moves on the curve y = 4 cos (2x — 3) so that the x-component of the 

velocity is 2 ins. per sec. Find the coordinates of two points, one at which the 

velocity is maximum and one, at which it is minimum. 
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67. The Cycloid. 

A cycloid is a curve traced by a point on the circumference of a circle 
as it rolls along a straight line. 

To derive the parametric equations of the cycloid, let a circle of radius 
a roll on the x-axis. Also let the point 
P(x,y) which describes the locus be 
that point on the circumference 
which is ,the point of contact when 
the circle is tangent to the a:-axis at 
the origin. If the circle rolls from 
left to right, the radius CP in Figure 
60 has turned through the angle with 
the vertical, 

Fig. 60 

d = ZNCP, 

since the time P occupied the position at the origin. The arc NP is equal 
in length to the line segment OA, because we assume that there is no 
slipping as the circle rolls. From the figure 

X = OA - PQ, 1/ = AC - QC, 

ON = ad, PQ = a sin 6 , QC = a cos 6 . 

Hence, x = a(d — sin d)y y = a(l — cos d). 

The X- and the ^/-components of the velocity of a point on the rim of a 
rolling wheel are dependent on the angular rotation of the wheel. Thus 

Vx = — cos d), Vy = aw sin d 

and V = awV2 — 2 cos 0 = 2 aw sin 2 ' 

From the components of the acceleration, assuming w constant, 

jx = aw^ sin d, jy = aw^ cos d, 
we have j — ow^. 

Exercise 44 

GROUP A 

1 . A wheel of radius 2 ft. rolls on the level ground making 10 revolutions per sec. 
Find the linear velocity of a point on the rim when the radius through the point 
makes 60° with the vertical. 
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2 . Find the slope of the cycloid for 0 - 60° and for Q ~ jtt. 

3 . Find the components of the velocity of a point describing a cycloid when it reaches 

the highest point and the lowest point. 

4 . Find the position of a point moving on a cycloid when the x-component of the 

velocity is maximum. 

6 . Find the position of a point moving on a cycloid when the y-component of the 
velocity is a maximum. 

6 . Show that the .r-component of the velocity of a point moving on a cycloid is pro- 

portional to the ordinate of the point. 

Q 

7 . Prove that the slope of the cycloid at any point is cot ^ • 

8. Find the linear velocity of a point moving on a cycloid when it reaches a position 

whose ordinate is half the radius of the rolling circle. 

GROUP B 

9. Find the rectangular equation of the cycloid. 

10 . If the equations of a cycloid arc x — 3(2/ — sin 2/), y = 3(1 — cos 2/), find the 

positions and velocaties of a iiomt on tlie generating circle when t = 7r/4 and 
t — 7r/2. 

11 . If a circle with the radius of 6 ins. rolls on the x-axis so that the angular velocity of 

a radius CP is 3 radians per sec., find, in terms of the parameter/, the equations 
of the cycloid traced by the point P starting at the origin. 

12 . Using the same conditions as given in Problem 11, find the equations of the cycloid 

traced by the point P starting so that 0 = 7r/2 when / = 0. 

13 . The parametric eipiations of a curve, called a trochoid, traced by a point P{x,y) on 

the radius, or the radius produ(‘ed, of a circle of radius a are x = ad — b sin 6, 
y — a — b cos 0, where b = CP, Find the components of the velocity and the 
velocity of the point P. 

14 . Find the components of the acceleration and the acceleration of the point P moving 

on the trochoid given in Problem 13, where the angular velocity of CP is constant. 


68. Integration. 

It was stated in Chapter IV that an indefinite integral of a function 
is a function whose derivative is the given function. It was also 
pointed out that while differentiation is a direct process, integration is 
indirect and is performed by reversing the result of a differentiation. 

With these statements in mind, thci formulas for the integration of cer- 
tain trigonometric functions and special algebraic functions can be written 
immediately from the differentiation formulas derived in Sections 60 and 
65 of this chapter. They are as follows: 

(4) Tsin u du = —cos u + C. 


( 5 ) 


y'cos u du = sin u + C. 
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( 6 ) 

(7) 

( 8 ) 

(9) 

( 10 ) 
( 11 ) 
( 12 ) 


J' sec^ u du = tan u + C. 

J' csc^ u du = —cot u + C. 
/(an u sec udu = sec u + C. 

J cot u CSC udu = —CSC u + C. 

/ du 

- arcsin n + C. 

/ - arc tan u + C. 

r du ' , ^ 

J i/Vu^TTi 


In these formulas it is understood that u is a function of some variable 
thus making du its differential. 

The following integrations are carried out as illustrations of the 
formulas : 


J sin %x dx J sin 6x(6 dx) = — \ cos 6x + C, 


since u = ^x and du = 6 dx. 


J* (cos^ 2x — sin^ 2x) dx — \J cos 4x (4 dx) = I sin ix + C, 


since cos^ 2x — sin^ 2x = cos 4x, u = 4x and du = 4 dx, 

J' tan^ 3x dx = sec^ 3a:(3 dx) — J* dx = tan x — x + C, 

since 1 + tan^ 3x = sec^ 3x. 


since — 2x^, u = V2 x snid'du— V2 dx. 

The limits of a definite integral of a trigonometric function are expressed 
in radians. The geometric interpretation of such an integral is the area 
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under the curve which represents the function. For example, the area 
under the curve 

X 

y = cos ^ 


from — 7r/3, to tt/S, is found as follows: 



cos ^ dx = 2 

X 

1 cos ^ 

dx 

„ . X7/3 ri / i\-| 

= 2 sm = 2 - — { — X ) 

l-nr/Z 

2 

J-W 3 2 

2 

2J-X/3 [2 \ 2/J 


In finding the definite integral of a function which gives rise to an 
inverse trigonometric function, the principal values of that function are 
used in every instance. For example, 


X l/6 
• 1/6 


dx 


- 1/6 Vl — 9 x 2 




Sdx 1 . „ 7/6 

" . = ^ aresm 3 a: 

1/6 VI — 9a:^ ^ J-i/6 


1 r -1 • / 1\1 1 fjr / ir\ 

- - l^arcsin ^ - aresm 2 /J“ 3 [e ~ V cj. 


TT 

9 * 


Exercise 46 

GROUP A 

Perform each of the following indicated integrations. 


•/“ 

•/ 

f 

/. 


sin 3x dx. 
cos Ax dx. 


X 

sec 2 2 dx. 


sec 2x tan 2x dx. 
2 dx 


+ Ax^ 


6 , 

7 . 

8. 
9. 

10 . 


J csc^ i 

J* A sin X 


x dx. 


■/ 

'■ iVf- 

X 


cos X dx. 
cot^ X dx. 


dx 

dx 


\/x2 - 1 


11 . Find the area under the first arch of the curve y = sin x. 

12 . Find the area under one arch of the curve y = cos x. 


GROUP B 

Perform each of the following indicated integrations. 


13. 

^y^sin 3x cos 3a; dx. 

J 

c ^ 

f tan*gdx. 

14 . 

J* ^cos2 1 — sin* dx. 

“■ J 

r dx 

f VI - 
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21 . 


22 . 


23. 


24. 


25. 

26. 


27. 


29. 


30. 



• 

sin^ X dx. 

19. 

t 

j* 2x cot 2x dx. 


» 

cos® X dx. 

20. 

r dx 

I i + x^' 

Evaluate 

P3V4 X 

1 sec® Q dx. 

J-3ir/4 



Evaluate 

/*2ir/3 X X 

1 sec 2 f 2 




Draw the curve y = sin 4a; and find the area under one arch. 
Draw the curve y = cos ^ and find the area under one arch. 


Draw the curve yiz^ 1) = 2 and find the area under it from x = — ltoa; = l. 
Draw the curve ?/^(l — x^) = 1 and find the area under the upper branch between 
the lines 2x I — 0 and 2a; — 1 =0. 

A particle moves so that the a;- and 7/-components of its velocity at any time are 
given by — —2 sin t and Vy — 2 cos If the particle has the position (2,0) 
when t = 0, find the parametric equations and the Cartesian equation of its 
path. Find the linear and angular velocity and the linear acceleration at any 
time. 

A particle moves so that the x- and ^/-components of its velocity at any time are 
given by Vj, — 2 sin t and = 3 cos L If the particle has the position (0,4) 
when t = 0, find the parametric equations and the Cartesian equation of its path. 
Find the linear velocity and acceleration at any time. 

A particle moves on a circle in such a way that its angular velocity at any time is 

given by CO = cos ^ • Find the angle passed over by the radius from < = 0 to 

t = 27r. 

A particle moves on a line in simple harmonic motion so that its velocity at any 
time is given by v = 4 cos 2t. If s = 2 when ^ = 0, find the amplitude and the 
period. Find the position and the acceleration when t = 7r/4. 


GROUP C 

31. Find a maximum and a minimum value of — — • 

1 -f- tan X 

32. A picture 5 ft. high hangs vertically on the wall so that its lower edge is 4 ft. above 

the level of an observer’s eye. How far from the wall should the observer stand 
in order that the picture subtend the greatest angle at his eye? 

33. A searchlight 3 miles from a straight level road is following a motor car travelling 

along the road at the rate of 40 miles per hr. Find how fast the light is rotating 
as the car passes the point nearest the light and how fast it is rotating 1.5 mins, 
later. 

34. Two line segments AB and BC intersect at an angle of 60°. If AR = 10 ins., and 

if a point P is moving from B toward C at the rate of 10 ins. per min., find how fast 
the line AP is rotating and find how long after P leaves the point B the line AP 
is rotating most rapidly. 
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35. A point P moves on the upper branch of the curve = 4a; so that x is decreasing 

at the rate of 2 ins. per sec. Find how fast the line through A (2,0) and P is 
rotating at the point (9,6). 

36. If a; — 3^2 — 6/ 4- 1, 2/ = 2^+5 are the equations of the path of a moving particle, 

where t is time, find when the velocity is least and show that the particle is at the 
vertex of the parabolic path at that time. 

37. Find the volume of the solid generated by revolving the area bounded by y = sin 

the a;-axis and 4a; == tt about the line y = 1. 

38. Differentiate y — sin a;, where x is expressed in degrees. 

39. Differentiate sin x with respect to x + + 1. 

(Pii 

40 . If y = a sin X + 6 cos x, prove that 2/ ^ 

41 . If y = arcsin^ x, prove that (I — x^) ^ ^ 

42 . If X = a(6 — sin B), y — a(l — cos0), find • 



CHAPTER VIII 

EXPONENTIAL AND LOGARITHMIC FUNCTIONS 


69. Exponential Functions. 

The quantity a” defines a real number for all rational values of n, if 
a is a positive constant. In order that the laws governing the use of expo- 
nents as presented in algebra be available, they are stated as follows; 


The equation 


a” = 1, if n == 0. 


^nlm _ Vo", m 9^ 0, 

y = 


where a is any constant, defines a function of x which is called an exponen- 
tial fundion. If it is assumed that a is always positive and real, then the 
function is positive and real for all real values of x. Moreover, the function 
is one-valued and continuous for all those values of x. 

Consider the exi)onential equation 

y = 2 ^ 

As x becomes large without limit, y becomes 
large without limit. For a; = 0, y = 1 . For 
negative values of a:, we may study the 
function 




for the corresponding positive values of x. 

As X becomes large without limit in this 

function, y approaches zero. Hence, the x-axis is an asymptote of the curve. 
The curve is drawn in Figure 61. 
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Considerable care should be exercised when exponential functions are 
plotted where limiting values arc to be found. Such functions may not 
only possess discontinuities, but the behavior may be quite different from 
that of any function yet encountered. 

Consider the exponential equation 

y = 

The function is studied for positive values of x as follows: As x becomes 
large without limit, the exponent approaches zero and y approaches unity. 

As X approaches zero, the expo- 
nent becomes large without limit 
so that y increases without 
limit. For negative values of x, 
the function 

1 

y - 21/^ 

is studied for positive values 
of x as follows: As x becomes 
Fiq. 62 large without limit, the expo- 

nent approaches zero and y ap- 
proaches unity. As x approaches zero, the exponent and the denominator 
become infinite and, consequently, y approaches zero. In conclusion, the 
function is positive for all values of x, the curve is asymptotic to the 
line y — 1 and to the ^-axis on the right and the curve terminates at the 
origin from the left. The curve is drawn in Figure 62. 

Exercise 46 

Draw each of the following curves 

1 . 2 / = 3 *. 

2 . 2 / = 2 -*. 

3 . y = ay. 

4^. y == 21 -*. 

6. 2/ = 

70. Logarithmic Functions. 

The logarithm of a number N is the exponent p of a constant 6, called 
the base of the logarithm, required to give the number N, Thus, 

logb N = p. 


6. 2/ = 2-Ux. 

7. 2/ = 

o - I 

9. 2/ = ^2-^. 

10. y = 2sin 2:. 
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From the definition, this equation is equivalent to the one in exponential 
form, 

= N. 

Ix)garithms, being exponents, obey the same laws of combination as do 
exponents. These laws may be written as follows: 

log, AT = 0, 

log, {MN) = log, M + log, N, 

Iog6 = log, M - log, N, 

log, {NY = k log, N, 
where fc is a real number. 

Common and Natural Logarithms. While any positive number h, ex- 
cept 0 and 1, may be used as the base of a system of logarithms, in practice 
there arc but two numbers used. For the first system, 6=10, which gives 
cpmmon logarithms of numbers. These are used in numerical computa- 
tion, multiplication, division, extracting roots, etc. For the second system, 
the base is chosen as a number represented by e which arises in the dif- 
ferentiation given in Section 72. If the number e is used as a base, the 
system of logarithms is known as the natural logarithms. 

In writing the logarithm of a number it is customary to omit the base 
for both common and natural logarithms. Thus, 

if 6 = 10, log = p is equivalent to 10^ = A', 

and if 6 = e. In A = p is equivalent to = A. 

The logarithm of a number to any other base must express that base. For 
example, 

log 2 8 = 3, since 2^ = 8. 

The equation 

y = logb X 

defines a function of x which is called a logarithmic function. This function 
is one-valued and continuous for all positive values of there being no 
logarithms of zero and negative numbers. 

Consider the logarithmic equation 

y = loga X. 



174 Elementary Calculus 

For values of x less than Ij y is negative and decreases without limit as x 
approaches zero. For x = Ij y = 0, For values of x greater than 1, y is 
positive and increases indefinitely as x increases. The curve is drawn in 
Figure 63. 

Change of Base. It is often desirable to 
change the base in a logarithmic equation from 
one constant to another. This may arise when 
a table of logarithms is being used which is 
expressed in terms of a base which is different 
from that used in an equation. Suppose that 
we have the equation 

y = log6 x 

and that we wish to express the function in 
terms of a base a. From the definition of a 
logarithm, 

= X. 

Taking the logarithm of both sides of the eciuation to the desired base, 

y loga b = loga X. 

TT I loga X 

Hence, ^ ^ 



Exercise 47 


GROUP A 

Solve for a: in each of the following equations. 

6 . log. 27 = 3. 

6. log. G) = 4. 

7. log6 .r = 3 log6 2+2 log6 3. 

8. 2 log « = 3 log 2 — log 3. 


1 . log4 X = ]. 

2 . log9 X — — I 

3 . logs (i) = .r. 

4 . log27 9 = X. 


Draw each of the following curves. 

9 . ?/ = log 2 X. 

10 . y = log 2 ‘Sx. 


11 . y = log {x - 1). 

12 . y = 1 - log X. 


GROUP B 

13 . Show that logb b* = x. 

14 . Show that 

1 

loga b * 


16 . Prove that logb a = 
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Solve for x in each of the following equations. 

16. y = 102^. 

17. y = tan 2*. 

18. y = log tan 2x. 

19. y ~ cos 2“*. 

24. 2 log x = log 2 + log 8 — 4 log 3 + 2. 

26. 2 log 4 a; = 3 — 2 logi 2—2 log4 5. 

Draw each of the following curves. 

26. y = X log X. 

27. y — log sin x. 

28. y — log cos X, 


20. y = 2*'+i. 

21. y — log sin x. 

22. y = arctan 2^. 

23. y = 2 ^~iog 2 1 /. 


29. y = log tan x. 

30. = X. 


71. The Limit e. 

In tho dorivation of the derivative of a logarithm we shall need to find 
the limit of an expression having the form 


The rigorous proof that this limit (‘xists is beyond the scope of our treat- 
ment, For our purpos(*s, howtwer, it is essential to show that the Iwiit 
exists and to find a rough approximation to its valium For simplicity, we 
shall confine our treatnuait to the case in which z becomes infinite through 
positive integral values only. 

If 2 is a positive integer, the expression can be expanded by the binomial 
theorem as follows: 




II i . z{z - 

+ — 2T 


1) 1 z{z 

_j 


J){z^ 

3 ! 




+ 


-XiO-DO-K-!) 

= 1 + 1 + 2^"! + ^ + T! + tl 



+ ( Terms in ^ > 4 ’ 4 ’ * * * ^ * 

\ 2 2^ zj 

From this 

+ D ^ ^ ^ ^ ^ + T! + + ■ ■ ■ + 

where e represents all terms containing I/ 2 , 1 / 2 ^, * * • . 
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It can be shown that the limit of e is zero as z becomes infinite, and that 

From this scries an approximation to the value of the limit may be obtained 
by computing the sum of the series. By the use of a table of reciprocals, 
the sum of the first ten terms yields a value of e correct to four decimal 
places. The value of e to seven decimal places is 

^ = 2.7182818 • • • . 

As indicated, this number is represented by the letter e. This designation 
is as generally and (consistently used, as is the Greek letter tt for the number 
3.14159 • • * . The importance of the number e in the theory of logarithms 
is discussed in Section 73. 

72. Exponential and Logarithmic Differentiation Formulas. 

The formulas for the differentiation of the exponential and logarithmic 
functions are as follows, where u is any function of x which can be differ- 


du 

dx' 


entiated; 


(20) 

|^log6U = bog«,e 

(21) 

d , Idu 

-J~ ]n u = - -r- ' 

dx u dx 

(22) 

d „ „ , du 

dx dx 

(23) 

y gu = gu . 
dx dx 


73. Derivation of Exponential and Logarithmic Differentiation Formulas. 

To derive the formula for the differentiation of a logarithmic function. 


let 


y = logb u, 


where u is any function of x which can be differentiated and b is any posi- 
tive real number greater than 1. Let x be given the increment Ax and let 
the corresponding increments of y and u be Ay and Aw, respectively. Then 

y + Ay = log6 (w + Aw) 
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and Ai/ = log^ {u + Au) — log^ u = logb + —J • 

Dividing both sides of the equation by Ax and supplying Au in both numer- 
ator and denominator of the second member, 


Ax 


Au Jl_ 
Ax Au 


logb 



Even yet, the limit of both sides of the equation cannot be taken. How- 
ever, if u is also supplied in both numerator and denominator of the second 
member, 


Ay 

Ax 


Au 1 u 
Ax u All 


lo«. (l + 


and if the factor u/Au is written as an exponent, the limit can be evaluated. 
Then 


Ax 


p i log. (l + 

Ax u \ u / 




Taking the limit as Ax approaches zero, and using the fact that Au ap- 
proaches zero. 


dy 

dx 


lim ^ • lim log6 ( 1 

At — K) Ax U Ax — >0 \ 




The logarithm is a continuous function, which permits us to write 


lim 

Ax — >0 



1 , 

u ) 


= log6 


lim Tl + 

Ax->0 \ 


Ai^y/Au 

u ) 


log6 e. 


The latter equality is made possible from Section 71, where it was shown 
that 


lim 

z — ►<» 





lim , 

Au— >0 \ 'W 


= e. 


Hence, we have 

( 20 ) 


dy 1 , du 
dx u ^ dx 


In formula (20) it is observed that the differentiation of a logarithmic 
function to the base b contains the constant factor 


log6 6, 
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where e is the number obtained as the limit of a sum in Section 71. This 
constant factor may be avoided by building a system of logarithms having a 
base e, since 

loge e — In e = 1. 

This is the sole justification for the use of the base e in the natural, or the 
Naperian system of logarithms. 

For the most part, we are not (*oncerned with numerical calculations in 
the calculus. However, when we are, tables of natural logarithms are 
available. In addition, by the use of the relation 

In iV = = 2.30259 log N, 

log e 0.43429 

natural logarithms of numbers may be readily converted to the common 
logarithms, and vi(;e versa. 

To find the formula for the differentiation of the function 

^ = In 

the base b is replaced by e in formula (20). Since In e = 1, 

To find the derivative of the exponential function, let 

y = a", 

where a is any positive real number and u is a function of x which can be 
differentiated. Taking the natural logarithm of both sides of the equa- 
tion, 

\ny — u In a. 


Differentiating with respect to Xj 

y dx 


— In a 


du 

dx ‘ 


( 22 ) 


dy ^ , d u 
^ = a^ in a • 
dx dx 


To find the derivative of the particular exponential function 

y = 

Since In e = 1, 
dx dx 


lei a — e in formula (22). 
(23) 
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The applications of the formulas derived are illustrated by the differen- 
tiation of the following functions: 


If 

y =log(x'* - 4), 

d\j 2x , 

If 

y == \n sin ax, 

dy cos ax 

:= a . = a cot ax. 

dx sm ax 

If 

fix) = 

fix) = —2 In 6 sin 2x 

If 

fix) = 


fZ/'/y.A — ^ />arctan ifx 

7 w - 1 ^ 52^.2 « 


Exercise 48 


GROUP A 


Differentiate each of the following functions 


1. 2/ = log2 (.c2 + 1). 

2 . ?/ = In (0^2 -|_ 4^ 2). 

3. 2/ = 

4. 7/ = 

- 1 , x — 2 

6 . 

6. y — sin 3x. 

7 . y — 

8. y = log (2 - x). 


9 . y = 

10. y = X arctan a; — In Vl -}- 

11. 7/ = ln — — T— -• 

14- sni X 

12 . 7/ = In x{x“ ~ 1). 

In X 

13. 

14. y = *. 

16. 7/ = log tan 2 X. 

16. y = 3cos' *. 


17. Find the equation of the tangent to the curve ?/ = e* at x = 1. 

18. Find the equation of the tangent to the curve 7/ = In x at x = c. 


GROUP B 

Find the equations of the tangents to each of the following curves. 

19. 7/ = In X at X = 1. 20. y = having slope 3. 

21. 7/ = In X parallel to the line x — 4" 4 = 0. 

22. y — X In x perpendicular to the line x 4- 37/ = 0. 

23. 7/ = 2* at X = 3. 24. 7/ = log x at x = 10. 

25. Differentiate t/ = x* with respect to x by first taking the logarithm of both sides of 
the equation. 
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26. Derive the formula for the differentiation oi y - with respect to x, where u and 
V are functions of x which can be differentiated. 


(ill 

Find ^ for each of the following equations. 

27. y = In 2 2x, 

28. 7/ = 3arctan2*^ 

29. y = 

30. y - log2 ox, 

31. 7/ = In In X. 

32. ?/ = In cos'-* e®. 

33 X — e'~0j y — e2d+l. 

34. X ~ log z y = 


36. 

36. 


37. 


y — In^ (xe^). 
y — In In sin ax. 
1 

V — 1 ' 

In ax 


no 1 V X “T J- — 1 . 

38. y = In 

39. = In x/y. 

40. xy — In {x y). 

41. = axy. 

42. 0:2 4 - 2/2 = 2 


74. Tracing Curves of Exponential Functions. 

The graphs of the simpler exponential functions which are drawn in 
Figures G1 and 02 have no maximum and minimum points nor inflection 
points. If this section we wish to consider those functions whose graphs 
possess such points. 

Consider the function 

f{x) — 

The first derivative and the second derivative are 

f'{x) = x2(3 ~ x) e“*, 

and 

/"(x) = x{x- — Gx + 6) e~^. 

If /'(x) = 0, X = 0 and x = 3. 

If/"(x) = 0,x = 0, 

X = 3 — V3 and x = 3 + . 

The second derivative test shows 
that B{3f27e~^) is a maximum 
point. The points 0, A and C 
having abscissas 0, 3 — Vs and 
3 + V3, respectively, are inflec- 
tion points. The curve is concave downward in the intervals to the left 
of the origin and between A and C. It is concave upward in the intervals 
between 0 and A and to the right of C. The curve is drawn in Figure 64. 
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GROUP A 

Find the coordinates of any maximum, minimum and inflection points and draw 
each of the following curves. Give the intervals over which each curve is concave up- 
ward and downward. 

1, y = xe^. Z. y — X sin x. 

(>x 

2 . ?/ = xe~^^. 4 . y ~ 

5. Show that the function y — In x is an increasing function for all positive values of 

X and that the curve is everywhere concave downward 

6. Show that the function- y = is an increasing function for all values of x and that 

the curve is concave ujiward everywhere. 

7 . Find d^y/dx^ for y = c"®. 

8 . Find d^y/dx^ for y = In x. 

GROUP B 

Draw each of the following curves. 

9. y = 11. y = x^e~^. 

10. y = 12. y = 

13 . Find d^y/dx^* for y = 2®. 

14 . Find dhjldx"^ for y == log?, ax, 

16 . Find approximately the value of In 2 01 from In 2. 

16 . Find approximately the value of from 

17 . Find the equation of the tangent to the curve y = In sin x at x - tt/G. 

18 . Show that the curve y = In sm 2.c is everywhere concave downward. 

19 . Draw the curve y = In cos 2x. 

20 . Write the equation of the tangent to the curve y = In tan x at the inflection point 

0 < x < 7r/2. 

76. Integration. 

By reversing the formulas for the differentiation of exponential and log- 
arithmic functions, the formulas for the integration of those functions can 
be obtained. Thus 

(13) = In u + C. 

(14) fa'‘ du = + C. 

(15) Je'‘ du = e'‘ + C. 

In each case, t/ is a function of a variable and du is the differential of that 
function. 
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If in formula (13) u = x, du = dx and 

r = In a; + C. 

J X 


This is the exceptional case, where n = —1, of forrnula (1) as presented 
in Section 29 for the integration 



1 

n + 1 


^n-fl Q 


The following intc^grations are carried out in illustration of the applica- 
tions of the formulas: 


dx 


- \n(x - 4) + C. 


/.-4 

= In + 1 + C. 


2 _ O 12 

= In (x2 - 2x + 3) ^ = In 


X 

fi-dx-lf 2»(2*) - jl^2» + c. 

r xe-^ dx = ~ r (;^\2x dx) = J e'^1 = 

Jo ^ Jo Z Jo z 


To find the an^a bounded by the coordinate axes, the line x — 4 = 0 
and the curve 

y = 21 

we proceed as follows: Tlie element of area is 

dS = y Ax = 2^ Ax. 


Summing the elements, taking the limit of the sum and applying the funda- 
mental theorem. 


.S - 



2^ f 
In 2_o 


16 - 1 _ 15 
In 2 In 2’ 


To find the volume generated by the rotation of the area bounded by 
the coordinate axes, the line x — 3 = 0 and the curve 


y = e 
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about the x-axis, we proceed as follows: The element of volume is 


dV = Ax = Ax. 

As before, 

F = X dx = - 1). 

Jo ^ 

Exercise 60 

GROUP A 


Carry out each of the following indicated integrations. 


■fi 

■/' 

■/ 

/ 




ii'- 


dx. 






2^+1 dx. 
d.^ 

X 4 " 2 * 


a. ' 0- 


•-1 





dx. C 

2-+1 dx. 


•/ 

, r X dx 

• J x-^ - 1 

•/ 


dx. 


9. The velocity of a particle moving on a line at any time is given by y = 2/t. If 
s — 2 when t ~ 1, find s when t = 4. 

10. The slope of a curve at any point is 2/x. If the curve passes through the point 

(2,3), find its equation. 

11 . Find the area under the curve ?/ = e® from x = 0 to x == 4. 

12. Find the area under the curve xy = 4 from x = 1 to x = 3. 


GROUP B 


Carry out each of the following indicated integrations. 


13, 

14. 
16 


■ /*■' 

■S' 

s 


x2®" dx. 


(x + l)c® 2 + 2 x fix. 
X 4- 3 


x 2 4- 6x 4- 1 


dx. 


17. / 

18. T— ^-‘"-^-dx. 

^14- sin X 


dx. 

e* sin e® dx. 


19. Find the area under the (Uirve y = c®^^ from x = —2 to x = 2. 

20. Find the area under the curve y = 4® from x = --4tox = 1. 

21. Find the area under the curve y = 2(c®^2 4“ e"®/^) from x = — 2 to x = 2. 

22 . Find the area between xy = 8 and x 4“ y = 6. 

23. The slope of a curve at any point is equal to three times the slope of the line from 

the point to the origin. If the curve passes throught the point (2,4), find its equa- 
tion. 

24. Find the volume generated by the rotation about the x-axis of the area bounded by 

xy = 1, the x-axis, x = 1 and x = 4. 
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25. Find the volume generated by the rotation about the a:-axis of the area bounded 

hy y — the x-axis, the y-nxm and x = 3. 

26. Find the volume generated by the rotation about the x-axis of the area bounded 

hy y = -f the x-axis, x = — 2 and x =■ 2. 

27. Find the volume generated by the rotation about the line y + 1 = 0 of the area 

bounded by x?y = 4, the x-axis, x = 2 and x = 4. 

Differentiate each of the following functions. 


28. 


In 


e2x _ 1 


31. 




‘V 


29. logt 32. 

Vx + 4 - 2 

30. a arctana a* 33. 


76. Law of Natural Growth. 


An important application of exponential functions occurs in problems 
where the rate of change of a quantity with respect to a variable is propor- 
tional to the quantity itself. If y represent the (juantity and the deriva- 
tive wdth respect to its rate of change, the mathematical statement of 
the law is 



where k is the proportionality factor. This type of rate of change gives 
rise to the equation known as the law of natural growth. This equation is 
obtained as follows: 


Integrating, 


dy = ky dx, 


or 


dy 

y 


= k dx. 


In ^ + C. 

From the definition of a natural logarithm, 

y =z _ qC 

Replacing the constant by A for convenience, 


y = Ae^. 


This law obtained its name from the fact that, for example, the natural 
growth of bacteria in a culture follows the type of change this equation ex- 
presses. Suppose that the population of a culture of 1000 increases to 
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50,000 in 10 hours. Wc find its population at the end of 20 hours as fol- 
lows: 




dt 

= kN, 

InN = kt + C 



N 

11 


If < = 

0, 






N 

= A = 

■■ 1000 and N = 1000 e*‘, 

If i = 

10, 






50,000 = 

: 1000 = (50)‘/>®. 

Hence 

, if t 

= 20, 






N = 

1000 (50)2 = 2,500,000. 


Other variations in which the law of natural growth apply are that the 
rate of change of air pressure with respect to the distance from the surface 
of the earth is proportional to the pressure at each distance from the sur- 
face, that the rate of change of the difference of the temperature of a body 
and a cooling flow of a medium is proportional to that difference and that 
the rate of change of an amount of money put at interest and compounded 
continuously is proportional to the principal. 

In illustration of the latter variation, suppose that $100 is placed at in- 
terest compounded continuously at the rate of 4 per cent. Let us find the 
number of years required to make the principal $500. Since 


If ^ = 0, 

If P = 500, 


^ = 0-04 
dt 




In P = 0.04^ + (7, P = 

p = A = 100, P = 100 

^ 5 0.04^ = In 5. 


Hence, t = 40.2 yrs., 

using a table of natural logarithms. 


Exercise 61 


GROUP A 

1 . The rate of change of y with respect to x is always equal to 10 times y. Ify — 20 

when = 0, find the equation connecting x and y, 

2. The rate of change of y with respect to x is proportional to y. If y = 6 when 

X = 0 and y — 12 when x = 3, find the equation connecting x and y. 
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3 . The rate of change of y with respect to t is always proportional to y. If ?/ = 4 

when t — 2 and y ~ 9 when ^ = 4, find the equation connecting y and t. 

4 . The sum of $200 is put at interest at the rate of per cent per year. If the interest 

is compounded continuously, find the amount in 20 years. 

5 . The population of a locality is 20,000 and is increasing at a rate proportional to the 

population at the time. Find the population fifty years later, if the population 
is 50,000 twenty-five years later. 

6. There are 1000 bacteria in a culture and 5 hrs. later there are 5000. Find the 

number of hours after which there will be 10,000 bacteria. 

7 . A soluble substance in solution is being decomposed at a rate proportional to the 

amount present. If 50 lbs. is rediujcd to 20 lbs. in 15 hrs., after how long a 

time will there be 10 lbs. remaining? 

8* In a chemical reaction the rate of change of concentration is proportional to the 
concentration at any time. If the concentration is 0.02 when i = 0 and is 0.01 
when t = find the concentration when ^ = 10. 


GROUP B 


d. 


10 . 


11 . 


12 . 


13 . 


14 . 


Resistance is applied to a rotating wheel so that the angular acceleration is propor- 
tional to the angular velocity. If the wheel is making 100 revolutions per sec. 
in the beginning, and in 1 min. it is reduced to 50 revolutions per sec., find the 
time necessary to reduce it to 10 revolutions per sec. 

The population of a city changes at a rate proportional to itself. If it is now 50,000 
and 25 years ago it was 20,000, find the population 15 years hence. 

A parti(;le moves on a curve in such a way that the rate of change of the ordinate 
with respect to the abscissa is proportional to the ordinate. Find the equation 
of the curve, if the slope of the curve is —3/2 at the point (2,3). 

The rate of change of the slope of a curve at every point is equal to twice the slope 
of the curve. If the slope is 3 at (0,3), find the equation of the curve. 


Assume the compound interest law A — P 



, where A is the amount, P the 


principal, r the annual interest rate, t the number of years and n the number 
of compoundings per year. Derive the natural growth law from it, if the inter- 
est is compounded continuously. 

An electric current decreases in intensity 20 per cent in 20 minutes. After how 
long will it have one-hundredth part of its original intensity? 


Verify each of the following integrations. 
16 . If = 2/ + 2, Ax - 1/ - 2 = 0. 

16 . If xy = 2/2 + 3, Ax2 - = 3. 

ax 


dy 


17 . If = V?/ + 2, X = Ae 




GROUP C 

18 . Differentiate y = *. 

19 . Show that the curve ?/ = 3x -f sin x — cos x has no maximum or minimum points 

and find the coordinates of one inflection point. 
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20. Draw the curve y = cos^ 2rc, from x = —tt to x — tt. 

21. Find the approximate difference between y — \n x and ^ = In (a; + for large 

values of x. 

22. Find the approximate difference between a* and for large negative values of x. 

23. The inclination of a pendulum to the vertical is given by 0 = ae~^^ cos {nt H- 6), 

when the resistance of the air is taken into account. Show that the greatest 
inclinations occur at equal intervals of time ir/n. 

24. Find the minimum value oi y — ae”® + fee"”®. 

26. Find the coordinates of the minimum point and the inflection point and draw the 
curve y \n x ^ x. 

26. Show that the maximum rectangle with one side on the x-axis which can be inscribed 
under the curve y = has two of its vertices at the points of inflection. 



CHAPTER IX 

INTEGRATION 


77. Standard Formulas for Integration. 

This chapter is devoted, primarily, to the technique of integration. 
As a first step in acquiring facility in integrating various expressions, called 
integrands y familiarity with the formulas which have been used in previous 
chapters is essential. For purposes of reference these formulas arc collected 
in this section, some of which are changed slightly. These changes are 
discussed in the sections which follow. In addition, other formulas are 
given which are necessary for the purposes of this text. 


(1) 

fx^ dx == — ~-7 + (7, where n — 1. 

J n + 1 

(2) 

Jaudu - a JudUj where a is a constant. 

(3) 

J {u v) dx — J*u dx + J'v dXj 

1 where u and v are 
[functions of x. 

(4) 

^sin u du — — cos u + C. 


(5) 

^ cos udu — sin w + C. 


(6) 

^sec^ u du = tan u C, 


(7) 

J* csc^ u du = ~ cot u + C. 


(8) 

J'tan u sec u du = sec u + C. 


(9) 

^cot u CSC u du = — CSC u + C, 


(10) 

Jva^- + 


(11) 

~ -arctan- + C. 

J a a 
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( 12 ) 

(13) 

(14) 

(15) 

(16) 

(17) 

(18) 

(19) 

( 20 ) 
( 21 ) 


/ 

/ a^du = 7-^ a“ + C. 
In a 


1 U . ^ 

*du 


du = + C. 


u"' du = 


n + 1 

tan u du = In sec u + C. 


t^n+i (j^ where n — 1. 


/ 

/ 

/ 

^ cot 16 du = In sin u + C. 

^scc 7i du = In (sec u + tan u) + C. 
J* CSC u du = In (esc u — cot u) + C. 
u dv = uv — J* V du. 


78. Integral of u” du 

The integral of a function to any exponent except ~1, is given by for- 
mula 


(16) 




du 


n + 1 


u"+‘ + C. 


The single case in which n = — 1 is an application of formula 


(13) 


/^ = lnu + C. 


In the application of these formulas, it is most important to know that 
u represents any function of a variable and that du represents its differential. 
In the integrations carried out in previous sections u represented, for the 
most part, a single variable. In this section the functions which u repre- 
sent are varied; they may be algebraic, trigonometric or exponential. 
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The first task in an integration is to separate the integrand into two 
parts, that which is represented by u and that which is represented by du. 
Having chosen the function ?/, the remaining part of the integrand must 
differ from its differential du at most by a constant. As a corollary of 
formula 


(2) 


J* au du = a J u dUy 


a constant may be introduced in the integrand, provided that its reciprocal 
is placed before the integration sign. 

The following illustrate the applications of formulas (13) and (16): 


/ 


{x — 1) dx 
— 2a: + 3 


1 p {2x - 2) dx 
2j Va:^ - 2x + 3 


Vx^ - 2x + 3 + C, 


where it = a:^ — 2a: + 3, du = (2a: — 2) dx and n 
{x — 1) dx 


f, 


where n = — 1 . 


where u = — x^y du = —30:^ dx and n == 


/ 


^n 2a: dx 
Vl + cos 2a: 


= — (1 + cos 2x)~^^'^{— sin 2x){2 dx) 


= — 1 -j“ cos 2a: "1~ (7, 

where w = 1 + cos 2a:, di/ = —2 sin 2a: dx and n = — |. 

C dx = ^ r sin^ 3a: cos 3a: 3 dx = 1 sin^ 3x + C, 

J sec 3x 3 J 9 ^ 

where u — sin 3x, du = 3 cos 3x dx and n = 2. 

' 1 + cos 3x 


/s 


dx 


If 


3 + 3 cos 3x , 1 1 /o t ON,/-. 

SJ+ISTW * - 3 >» (3* + 3i) + C, 


3x + sin 3x 3, 
where u — 3x + sin 3x, du = 3(1 + cos 3x) dx and n = ~1. 


/ 


In^ (3x + 1) 

3x + T" 


dx 


= J J ln» (3a: + 1) 


=7^1nM3a: + l) + C, 


3x + 1 12 
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where m = In (3a: + 1), du = 


3 dx 
Zx + 1 


and rt = 3. 




— dx = In (e* + e~*) + C, 


e® + e" 

where u — e”®, du = (e® — e”®) dx and n = — 1. 

r TT " ~ f (^ ~ In a) dx = ^ + C 

J (1 — a^y In a J ^ ^ ^ ^ In a (1 — a^) 

where u — 1 — da — — In a dx and n = — 2. 

If the integrand assumes the form of a rational fraction whose numera- 
tor is of the same or higher degree than that of the denominator ^ the indicated 
division should be performed and the result integrated term by term. For 
example, 


/ 


•j.3 ^2 _ 4^ ^ 3 

X — 1 


dx 


“/(■ 


x^ + 2x — 2 + 




dx 


= -g + x^ — 2x + In (x — 1) + C. 


The integrals which are given in the exercises following any particular 
section of this chapter, are not necessarily to be evaluated by the formulas 
and methods considered in that particular section. As more and varied 
integrands are set for evaluation and as new methods are presented, the 
wider becomes the choice of a method of attack. While many integrals 
can be evaluated in but one way, others can be done by various methods. 
Thus, the more miscellaneous is the group of integrands, the more it 
becomes an exercise in the recognition of types. 


Exercise 62 

GROUP A 

Evaluate each of the following integrals. 

+ 1)2 




• dx. 


■ 

x2(x2 + 2)’ dx. 

o 

4 . ^ x ^ + 2 dx. 


/; 


Vx* +2 

/ 3dx 
(1 + 2x)' 
a; + 1 


dx. 


/ 

/: 


dx. 


Vx2 + 2x 
a; + 1 
+ 4 


dx. 
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J 

f 4x3 

J 

Sx* "^x’ + 4 dx. 

J 

f dx. 


r 

a;2 + 1 

CO 

r 2 dx 
' Vl - X2 

j 

r Vx(l — x2) dx. 

J 

C x2 dx 
' (3 + 4x3)3 

16. j 

f* sin X cos X dx. 

.J 

r cos 2 2x sin 2x dx. 

18. j 

r cos X . 

. dx. 

sin2 X 

19. I 

f* sin ax 
cos® ax 


20 

21 

22 

23 

24 . 

25 . 

26 . 

27 . 

28 . 
29 . 
30 


/ 

/ 

/ 

/ 


tan 2 X sec^ x dx. 
sin'^ ^x cos 3 j: dx. 
sec 3 2x tan 2x dx. 


cot hx csc2 hx dx. 
+ cos 2r 


r 1 

J {2x + sin 2xy^ 

/ _ sec 2 ax 

1 

f 
■/ 
h 


+ tan ax 

sec 2 6a; 

(1 + tan 6a;) 2 

ex(i _ gx)2 
pX 


dx. 
dx. 
dx. 




dx. 


■ dx. 


GROUP B 

Evaluate each of the following integrals. 


A -h 3 ^ 

31 . 1 V 

J X - 1 

40 . 

33- /'* 3." 

41 . 

33. 

42 . 

34- ^*(2x3 - 1)2 


3». 

44 . 

36 . y' (x3 +2)(x3 + 1) dx. 

46 . 

r 3 dx _ 

J 1 + 4x3 

46 . 

3». /i 

47 . 

39 . J* (2x3/3 +1)2/3 vT dx. 

48 . 


/ 


dx 


a;2 -j- 4a; + 4 

X dx 


4:X* -f 4a;2 1 

^ X 

■ dx. 


f 

f- 


1 + 7a;2 


8a;2 

dx. 


1 — Vx' 


dx. 


sec^ ax dx. 
sin (3 -- x) 


sec 3 (3 — x) 

(lx. 


dx. 




dx. 
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49. 

y^sin^ X dx. 

66. 

^ X sin^ x^ cos X* 

60. 

c 

sin x^ dx. 

66. 


61. 

t. 

/ - e ^ 

67. 

J Vl + In X 

62. 

«. 

P -i- sin X , 

1 , dx. 

/ V — cosx 

68. 

X 2** dz. 

63. 

r — cos ax 
j — sin ax 

69. 


64. 

c. 


60. 

^ sin® 2x dx. 


79. Inverse Trigonometric Functions. 

Formulas (10) and (11) for the integration of functions giving rise to 
the arcsine and the arctangent of a function, as given in Section 77, have 
slightly different forms than those obtained by the reversal of the corre- 
sponding differentiation formulas. To obtain these more general forms we 
proceed as follows: 


( 10 ) 


( 11 ) 


/ 


du 




/ du 



= arcsin - -h C. 
a 


= -arctan 
a 



The two following integrations illustrate the use of these formulas. 


./ 

!■ 


dx 


Vl + I2x 

dx 


+ 6a: + 4 


-y. 


2 dx 


Vl6 - {2x - 3) 

Z dx 1 


1 . 2a: 

= o aresm — 


3 + (3a: + 1)^ ” 3V3 


arctan 


4 

3a: + 1 
V3 


- +C. 

+ C. 


The two following integrations illustrate the combinations of formulas 
(11) and (13) and of formulas (10) and (16). 


/: 


o: -f- 3 


a:^ — 4a: + 8 


dx 


-If: 


2a: - 4 
a:^ — 4x + 8 


dx + 5 


/ 


dx 


4 + (x - 2) 

X — 2 


= I In (x* — 4x + 8) + I arctan ^ “ + C. 
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• 2a: + 3 1 P ~Sx dx 3 r 2 dx 

V5 - 4x=‘ “ “ 4 j Vs - 4x2 2 J V5 - 4x2 

^ Q 2x 

= - 2 ~ I arcsin + ^• 


Exercise 63 

GROUP A 

Evaluate each of the following integrals. 

1 

./ Vl6 - 9x2 




V3 - 2x2 
dx 

5x2 + 3 ‘ 
dx 

x2 + 2x + 2 * 

‘ dx 

V4 - (x - 1)2 


’■ Svs^<' 

*■ /JV"'- 


GROUP B 

Evaluate each of the following integrals. 

r a; + 8 




4x + 7 


: - x2 - 2 

X - 1 


19. r -^-j= 

^ V3 + 2x — X' 

2»- /ST^*- 


x2 + X + 1 
r*x2 + X + 4 
x2 + X + 1 * 


9. f~j^dx. 
J a/ 4 - x2 

1ft r__£+i_ 

J x2 +4x + 8‘ 

11. y* e‘»2(ix. 

12. ^ xe“®2 (ix. 

13. r -dx. 

J 1 + COS X 


J (x 2 + 4 x+^“" 

16. r , I 4 ^4,0 

^ x2 + 4x + 2 
16. /^(l + 3 sin^ x)2 cos x dx, 


J V4^“"- 

26. fedx. 

^ cos X 

27. y 

^ sin X 

28. ^gsin ax ^Qg ctx dx. 

29. ^ acos » sin X dx. 

30. r^JL£21^dx. 

J cotx 

31. /'cot 3 4x CSC 4x dx. 


e2x _|_ + 5 


32. I tan* ax sec ax dx. 
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80. Integrals of Trigonometric Functions. 

The formulas (4) — (9), Section 77, are the inverses of the correspond- 
ing differentiation formulas. The formulas (17) — (20) cannot be directly 
identified with the derivatives of known functions. However, such forms 
can be changed so that they may be recognized as derivatives of known 
functions. These four formulas are obtained as follows: 

(17) /tan udu = — f — du = — \n cos w = In sec i/ + C. 

J J cos u 

(18) r cot udu — du = In sin 1 / + C. 

J J sin u 

/inN J /*sec2 u + ^ec u tan u , . . , , v , ^ 

(19) I sec u du = I T-T du = In (sec u + tan u) + C. 

J J sec + tan u ' 

C J! C ~ CSC U cot U ^ X V , 

(20) • I CSC u du = I : au = In (esc u — cot u) + C. 

^ J J CSC u — cot u 

Integrals of Sines and Cosines. An integrand which assumes the form 

sin^ ti cos^ Uy 


where m and n are positive integers, is treated under two cases : 

Case 1, if one exponent is odd, the integrand is transformed by the 
elementary relation 

sin^ u + cos^ u = 1, 


In illustration, 

J*cos^ ax dx (1 — sin^ ax) a cos ax 


dx 




sin ax 


0 


+ c. 


J' sin^ ax cos^ ax dx = ~ ^ ~ ~ ® 

+ C. 




sin^ ax cos^ ax dx = 


or 


-ij 

(cos^ ax — 

cos^ ax 

cos^ ax 

5a 

3a 

sin^ ax 

sin® ax 

4a 

6a 

cos® ax 

cos'* ax 

6a 

4a 


+ C, 
+ C. 
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Case 2, if one exponent is even and the other is also even, or zero, the 
integrand is transformed by one of the multiple angle relations 


2 sin^ 2 ^ = 1 — cos 2uy 
2 eos^ w = 1 + cos 2Uy 
sin 2u = 2 sin u cos u. 


In illustration, 

J* cos^ ax dx = " (I + cos 2ax) dx = ^ + 

=1^ 


sin 2ax 


+ C. 




sin^ ax cos^ ax dx 


4 / sin^ 2ax dx = ^ J (I 
sin 4a.T 


4a 

cos 4ax) dx 


X 

8 


32a 


+ C. 


Integrals of Tangents and Secants. An integrand which assumes the 
form 


tan"” u sec” 22 , 

where m and n are positive integers may be transformed by the elementary 
relation 


tan^ a + 1 = sec^ u. 

In illustration, 

^tan'* ax dx ~ J* tan^ ax (sec^ ax — 1) dx 

— J* (sec^ ax — 1) dx. 
+ X + C. 


tan^ ax 
3a 

tan^ ax tan ax 


3a 


J* tan^ ax sec^ ax dx = J* (tan^ ax sec^ ax + tan"^ ax sec^ ax) dx 
tan^ ax , tan*^ ax 


3a 


+ 


5a 


+ C. 


The treatment of an integrand which assumes the form 

cot"” U CSC” Uy 

is similar to that of tangents and secants except that one uses the relation 

cot^ u + 1 = csc^ u. 

In the integration of trigonometric functions the formulas of trigonom- 
etry should be used freely. More often than not, some change in the 
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function is necessary before an integration formula can be applied, as the 
above illustrations show. It frequently occurs that different trigonomet- 
ric changes yield different forms of the result. Such forms usually can be 
shown to be equivalent by including in the constant of integration certain 
numerical values. Thus, 

r x ^ 2 r dx = 2 fcot 2x dx 
J Sin X cos X J sin 2x J 

= In sin 2x + C, 


= J (cot X — tan x) dx 
= In sin a; — Jn sec x + C. 


Transforming the latter result, 

1 . I , sin a: . / . , sin 2x 

In sin a: — In sec a* = In = In (sin x cos x) = In — — 

sec X 2 

= In sin 2x — In 2. 

Hence, when the constant term —In 2 is combined with the constant C, 
the results are the same. / 


Exercise 64 

GKOUP A 

Evaluate each of the following integrals. 

1 . ^ X dx. 


cos 3 2x sin 2x dx. 


2. J' c<)s3 2. 

3. J' sin^ 2.1 

1. 3a: 

5. J* sin^ X 


nf. 


sin^ X dx. 


12. I cos'* 2x dx. 


2x dx. 


sec 3a: tan 3a: dx. 


sin 3 X cos^ x dx. 


6. ^ cot'* X dx. 

r/ . a: a:\2 

7. J (^sin 2 - cos 2 ^ 

e. Ato ^ X cos^ X dx. 

/ X X , 

sin2 - (jos^ 2 dx. 


13. f \ 

14. /v 

“•/v 
«■/; 
- fi 


V 1 4- cos 2x dx. 

Vl — cos |x dx. 
dx 

V cos 3a: -f 1 

dx 

Vl — cos 4a; 

‘ dx 


19. I cos^ X sin^ x dx. 


10. I sin*^ ix dx. 


5. / cc 


20. I sin^ 3a: dx. 
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GROUP B 



Evaluate each of the following integrals. 


21. 

J sin^ X 

31. 

X cos^ X dx. 

22. 

j* taii^ 2x dx. 

32. 

1 

J * sin Sx cos 2x dx. 

23. 

j* cot^ X dx. 

33. 

« 

j * sin dx. 

24. 


34. 

j* e sin 2x dx. 

25. 

X dx. 

36. 

ft 

j * ■^2 

26. 

tan^ .r dx. 

36. 

t 

j* (3c2- + 2x^^) dx. 

27. 

j* tan^ X sec^ x dx. 

37. 

ft. 

1 2*'^ X dx. 

28. 


38. 

j dx. 

29. 

t 

j* siii^ X cos^ X dx. 

39. 

ft. 


30. 

t. 

j* sW ax dx. 

40. 

ft. 

j ^.arctan x — 2 * 


81. Integration by Substitution. 

Many integrands can be integrated by the introduction of a new vari- 
able of integration. If the original variable is x, the substitution of a new 
variable 2: is brought about by assuming a relation 

X - f(z). 

It is highly important to remember that not only is x replaced by the func- 
tion of z, but also, that dx is obtained from that function and substituted. 
When the new function and its differential 

dx = f'(z) dz 

are substituted in an expression and the integration carried out with respect 
to z, the reverse substitution gives the result in terms of the original vari- 
able X. This process is called integration by substitution. 

No genei^al directions can be given as to the nature of a substitution. 
Its purpose is to bring the integrand into a form which will permit the 
application of one of the formulas of integration. Frecjnently, substitution 
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of a new vari?ible is used to remove radicals in the integrand. Skill in the 
use of substitutions comes with practice only. 

In general, substitutions may be considered of two types, algebraic and 
trigonometric. 

Algebraic Substitutions. The substitution which is to be made in any 
particular integrand is to be determined by inspection. Consider the fol- 
lowing integrations in which the substitutions are made for the purpose of 
eliminating the radicals. 


f 


\/ X + 1 






: dX 


= 2r-^i4:-i 




where x ^ and dx = 2z dz. Integrating and making the reverse sub- 
stitution, we have 

In + 2z + 2) + C = In {x + 2v^ + 2) + C. 


I 


VSx + 1 
3a; + 3 



/; 


z~ dz 
z^ + 2 



+ 2j 


dZj 


where 2 *^ = 3a: + 1 and dx = Iz dz. Integrating and making the reverse 
substitution, we have 

-2 — arctan + C = |V3a: -f- 1 — arctan + C. 


In the following integrand there is no radical and yet it cannot*be inte- 
grated by any of the standard formulas. However, the substitution used 
brings it to a form readily integrablc, since the denominator is reduced to 
a monomial. 




where x = z — 2 and dx = dz. Carrying out the integration and the 
reverse substitution, 

z — 4: In z — 4:Z-^ + C = x ~ 4 In (x + 2) + C, , 

x ~i z 


in which the constant of integration includes the 2 omitted in the result. 

Trigonometric Substitutions. If a change of variable of integration 
includes a trigonometric function, the substitution is known as a trig- 
onometric substitution. Such substitutions have been found useful 
when the integrand contains certain special forms. The forms and their 
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substitutions are as follows: 

For use jc = a sin 6. 

For use x = a tan 6. 

For x^ — a} use x = a sec 6, 

In justification of the use of these substitutions for the removal of 

radicals, we write the following expressions: 

Va^ — — sin‘^ 6) = a cos 6. 

= Va“(l + tan^ 6) = a sec 6. 

Vx^ — = Va“(sec“ 0 — 1) = a tan d. 


However, these substitutions are fn^qucntly used for the transformation 
of an integrand when there is no radical involved. Moreover, these com- 
binations by no means exhaust the possibilities of trigonometric substitu- 
tions. 

The following three integrations will serve to illustrate the use of trig- 
onometric substitutions. 

J Va^ — x^ dx = a-J cos“ ^ ^ ^ 2 S 


ar 


(20 + sin 20) + C 


= - (a' arcsin ~ + xVa- — x-) + C. 

d 

The change of variable is effected by letting x == a sin 0. Hence, 


%IC fl ^ ^ 

0 = arcsin - and sin 26 = 2 sin 0 cos 0. From Figure 65, (^os 0 = — ^ - . 


r dx _ rtan^ ^ HO — 2 C ^ 0 — \) 

J (x^ + J sec 0 J sec 0 

~ ^ ^ ~ cc)s 0) do 

= 2^* (tan 0 sec 0 — sin 0) dO 


do 


= 2(sec 0 + cos 0) + C, 
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in which a; = 2 tan 0. By means of Figure 66, the reverse substitution 
is made, giving 


Va:^ + 4 + 


Vx* + 4 


+ C 


+ 8 

Vx‘^ + 4 


+ C. 





To evaluate the following integral, we let 

X = 6 sin^ 0 . 


f = 1 r = I r csc^ 0d0 = - 5 cot 0 + c. 

J xV6x - x^ 3J sm'* 61 3j 3 ' 

stitution, b 
1 V 6 — X 


Making the reverse substitution, by means of Figure 67, we have 

V i]x — x‘' 


3 3x 

y 


+ c. 


Exercise 66 

GROUP A 

Evaluate each of the following integrals. 


2 . 

3 . 

4 . 
6. 
6 . 

7 . 

8. 
9. 

10 . 


Vx + 1 dx. 
dx 

xVx” — 4 
dx 


+ 1 
X 


dx. 


1. ^ xVx + i dx. 

f 
f 
/ 

S + 1 

/ dx 

V4 - X' 

dx 

( 4 - 

/: 

S 

f 


“/ 

/ 


da: 


12 

13 , 


Va: + 3 ’ 

a:-f -2 

- 7 ^ dx. 


/ 
“•/ 
“•/ 


(X + D’ 
dx 


dx. 


x 


3 + 


da:. 


16 . 


J 


a:^ + 4 


4 - 4 
dx 


3 . 2 ) 3/2 
dx. 

dx. 




‘ + 4 
dx 


- dx. 


xy/x^ — 

X‘ 


19 . 


(x2 + 4) 

'* J (X2 - 9)3/2 

dx 


dx. 


Vx^ + 4 




:2Va2 — x2 
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GROUP B 

Evaluate each of the following integrals. 


21. 

J y/x dx. 

29. 

22. 


30. 

23. 


31. 

24. 

r 

) (i;2 + 9)^/2 

32. 

25. 

f 

33. 

26. 


34. 

27. 

j x^{x^ - 8)W3 dx 

35. 

28. 

r dx 

) xWfJ + 

36. 


29. J VVx -1 dx. 

30. r 


- 4 )» 
fix 

x(x -f- 6) 

^ dx 

— 9 * 


{Ox -f 4)2 


. f— ^ 

J (1 + 4 j 


GROUP C: 

Derive formulas for the evaluation of each of the following integrals. 

37 . + f’. 

r du 


7 . J =\.iu + Vu^+~a^+C. 

8- + C. 

J r __ _ _ \^2au — 7/2 ^ 

•/ u\/2au — au 

J C _ _ V2a?/, + w2 _j_ ^ 

J u^2au au 


_ _ ^2a?/, + _j_ ^ 

u^2au au 

_ V — 2au ^ 
u\/u^ — 2ai4 aii 


82. Integration by Parts. 

The formula for the differential of the product of two functions is 

d(uv) = u dv + V du. 

Integrating both sides of the equation, 


udv I V du. 
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Solving for one of the integrals, we have an important formula of Integra- 
tion, 


( 21 ) 


fudv = uv-fvd„. 


Integration by means of this formula is called integration by parts. 
The application of this formula succeeds in many cases when the methods 
presented in previous sections fail. The success of the application of the 
method of integration by parts usually depends on the ability to choose u 

and dv so that the integral, J* v du, can be evaluated. 

The following evaluations illustrate the application of integration by 
parts. 




-!• 


sin X dx 


X cos X dx = X Hinx 

— X sin X + cos X + Cf 

u = Xy dv = cos X dXy 

du = dXy V = sin x. 

In this same problem, it may be pointed out, that had we let 

u = cos Xy dv ^ X dXy 

then 


where 
and hence. 


du — — sin X dXy v = 


and 


^ X cos X dx ^ ^ cos X + ~J^x^ sin X dx, 
in which the latter integrand is more difficult to evaluate than is the given 

J* xh^’^ dx = ^ xe^^ dx 

= - en + Cy 

u = x^f dv == dx 
du = 2x dxj V = Je®*. 


one. 

where 

and 
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Sometimes the method of integration by parts should be applied two 
or more times before an integrand is obtained which can be evaluated, as 
illustrated by the following: 

J* sin X dx = —■ x^ cos x + 2 J*x cos x dx 

— — x^ cos X + 2(x sin x + cos x) + C. 

J * sin X dx = — cos x cos x dx, 

where 

u = c"', dv = sin x dx. 

Upon a second application, 


J * sin X dx = — cos x + ^\n x — J * sin x dx^ 


where 


u = c*, dv = cos X dx. 

Transposing the integral in the second member, we have 

sin x dx = (sin x — cos x) + C. 

Certain integrands, such as 

In Xy arc tan Xy arcsin x, etc., 

cannot be integrated directly. But since they are differentiable, integra- 
tion by parts serves to evaluate them. For the first, 

^In X dx — x\n X — ^ dx x In x — x + C. 


Exercise 56 


GROUP A 

Evaluate each of the following integrals. 


1. 

«. 

dx. 

4. 

t 

j* arctan x dx. 

2. 

t. 

j* X In z dx. 

6. 

j* dx. 

3. 

j* X sin X dx. 

6. 

t. 

j* x^ sin 2x dx. 
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7. J* hi xdx. 

13. 

X arctan* x dx. 

8. J* X sin* 3x dx. 

14. 

1 

j* sin X In cos x dx. 

9. J* X arctan x dx. 

16. 

j* cos X dx. 

10. X a resin x dx. 

16. 

j* x^ y/i — x^ dx. 

11. 

17. 

j* xh~*’^ dx. 

12. J* X arctan x* dx. 

18. 

t 

j* x^ aresm x dx. 


' GROUP B 

Evaluate each of the following integrals. 


19. 

•j 

/ X In X 

28. 

f a + 

20. 

f 

29. 

fl7,dx. 

21. 

/ Vx 

30. 

1 arctan ~ dx. 

/ a; 

22. 

« 

j* (jt.m * se (>2 X dx. 

31. 

t. 

/^arctan 

/ 

23. 

I dv. 

/ 

32. 

f In (1 — Vx) dx. 

1 

24. 

t 

dx 

33. 

f sin 3x dx. 

26. 

1 

f y^^dx. 

34. 

t 

fso.c^xdx. 

26. 

J 

36. 

«, 

fc.c^xdx. 

27. 

1 

J 

36. 

t. 



83. Integrals of Rational Fractions. 

The quotient of two polynomials is called a rational fraction. While 
the integration of special cases of rational fractions has been found possible 
by the methods of previous sections, these methods do not apply for all 
cases. 

Regardless of later considerations, the first step in the integration of a 
rational fraction is to 'perform the indicated division until the numerator is 
of lower degree than the denominator. 
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Partial Fractions. The partial fractions of a rational fraction are those 
fractions whose sum is the original fraction and whose denominators are 
the real factors of the denominator of the original fraction. The separa- 
tion of a fraction into its partial fractions is a problem of algebra which is 
considered under three headings: The denominator can be factored into 
real linear factors, no one of which is repeated. The denominator can be 
factored into real linear factors, at least one of which is repeated. And 
the denominator has at least orie quadratic factor. 

Distinct Linear-Factors. A fraction whose numerator is of lower degree 
than the denominator and whose denominator can be factored into several 
distinct linear factors can be separated into the same number of partial 
fractions. For example, for the fraction 

— 3.r + 5 _ — S.r + 5 ^ 

— 2x2 — 5x + 6 + 2)(x — 3) * 

we assume that 

x2 - 3x + 5 ^ A B C 

— 2x2 _5 ^_l_g X — I x + 2 X — 3^ 

in which A, B and C are constants to be determined. Clearing of fractions, 
x2 - 3x + 5 = A(x + 2)(x - 3) + B{x - l)(x - 3) + C(x ~ l)(x + 2). 

Since we have avssumed that the original fraction is equivalent to the sum 
of the partial fractions, the latter equation must hold for all values of x. 
Consequently, we may choose the most convenient values of x which will 
enable us to find the values of the unknown constants. Choosing those 
values of x which will make each factor zero in turn. 


11 

to 

11 

1 

11 

1 

11 

11 

2C = ]. 


Using these results, 
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Repeated Linear Factors. If the denominator of a rational fraction 
contains a repeated linear factor, the first method of separation into partial 
fractions fails, since there would be several partial fractions having the 
same denominator which could be combined into a single one. The fol- 
lowing problem illustrates the method of procedure. 

For the given fraction, we assume the constants Ay C and D, 

+ 1 ^ ^ A C _ D ^ 

x{x +1)'^ X X + 1 (x + 1)2 (x + 1)^ 

Clearing of fractions, 

x2 + 1 = ^(x + 1)^ + Bx(x + 1)2 + Cx(x + 1) + Dx. 

As in the first method, 

X = 0, A = 1. X = —1, D = —2. 


This exhausts the possibilities of choosing those values of x for which a 
factor is zero. To determine the two remaining constants, we may use the 
method of equating the coefficients of like powers of x, or we may choose 
two convenient values of x other than those already used. Sometimes it 
is advantageous to combine the two methods to obtain suitable equations 
in terms of the unknown constants. Let us equate the coefficients of x^ 
and those of x. Since the coefficient of each is zero in the left-hand mem- 
ber of the equation, these arc the more convenient coefficients. Thus, 

A -f- 5 = 0, B = —A = — 1, 

3A + ^ + C + Z> = 0, C = 0. 

Using these results. 


" X2 + 1 
x(x + 1)^ ^ 




dx 

w+w 

1 


= In X — In(x + 1) + + c 


Quadratic Factors. Corresponding to every quadratic factor of the 
denominator of a rational fraction, we assume a linear numerator for the 
partial fraction. Such a quadratic factor is assumed not to have real 
linear factors, otherwise the separation into partial fractions is one of the 
two preceding cases. 
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For illustration, we choose a rational fraction whose denominator has a 
nonrepeated quadratic factor and assume the constants A, B and (7, 

- 2:r + 1 ^ A Bx + C ^ 

— 2x‘^ + 2x — 1 X — I x‘^ X +.1 


Clearing of fractions, 

3x2 __ 2x + 1 = A(x^ — X + 1) + Bx{x — 1) + C{x — 1). 
Letting x = 1, x = 0 and equating coefficients of x^, we find ‘ 


A - 2, C = 1, 5 = 1. 


Using these results, 
3x2 _ 2x + 1 


/: 


— 2x^ + 2x 


j ^ f dx , I p 2x — 1 ,, 


§J ' “ 2)Vx^ - X + i + arctan^^^- + C. 


A rational fraction whose denominator has a quadratic factor repeated 
is treated as follows: 

2x' + x’*^ + 4x2 + 1 _ A Bx + C Dx + E 

x(x2 +1)2 X x2 + 1 (x2 + 1)2' 

2 X 4 + X ^ + 4 X 2 + 1 = ^(^2 ^ 1)2 + 5 ^ 2(^2 + 1 ) + 

Cx(x2 + 1) + 5x2 + Ex, 


The constants are found by equating coefficients of constant term, x^, x^, 
X, and x2 in the given order, giving 

A = 1, 5=1, C = 1, 5=-l, 5 = 1. 


Hence, 

2x4 q_ ^3 _|_ 4^2 _|_ 1 


/ 


dx = 


x(x2 + 1)2 

/ dx ^ X dx ^ f dx ^ f* 

= In X + I In (x2 + 1) + arctan x — 


X dx 

(x2 + 1)2 
1 1 
2 x2 + 1 


/ 


dx 


(x^ + 1)^ 


5 arctan x — k 


2x^+1 


+ C 


= In (xVx^ + 1) + ^ arctan x — 
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where the last integral was evaluated by means of trigonometric substitu- 
bion. 


Exercise 67 

:iROUP A 

Evaluate each of the following integrals. 

X + 4 


dx. 


— 2x 
x+S 

-[- X — 6 


■/ 

^ I 

3 r ^ -3 ....... 

J 3x2 _ 2x - 1 

/ 

7 fi 


dx. 


dx. 


4x 

x2 -f X -f- 4 
(x + 3)("x2-4) 

x2 + 6x — 1 


dx. 


dx. 


(5x«^ + x2 - X 


dx. 


•A 

/ 

“/ 

■/: 

2x(\/x — 1) 


10 . 


12 . 


13. 


2x - 5 

X(X - 1)2^^’ 

dx 

-f x^’ 
dx 

x"* — x2 
x2 -f X + 4 
x^ 4- X 
x2 -j- 2 
x'^ — 4x + 5 

Vx 4- 1 


dx. 


dx. 


GROUP B 

Evaluate each of the following integrals. 

16. 


fj'j* 

x2 4- 2x 4- 10 - 


X 4- 1 


Vs 4- 2x — x2 
cos X 


dx. 


/ 

/ X 4- 1 

— =-=r-- dx. 
Vs — 2x — x2 

J 

J 1 — COS X 

■f; 


dx. 


19. 

20 . 

21 


sin X 4- sin2 x 
sec2 X 
tan^ X 4" 4 tan x 


dx. 


r 5x2 
J X3 - 


— X 4- 4 


x2 4-2x 
x2 4- 2x — 4 


dx. 


24 


26 


26. 


27. 


r2 Vl — X 


(x - l)2(x - 2>'' 

/ x2 4- x2 - 3x - 2 
(x2 4- 2) (X - 1)2 

. f - 

/ 


dx. 


x(x2 — 2x 4" 2)2 

X In X J 
(1 4- X2)2 

X In X , 

(1 4-x2)3^^* 

COS2 X , 

I - rfX. 

COS X 4" 1 
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GROUP C 

Derive formulas for the evaluation of the following integrals. 

29. f In ^- 7 -^ + Cj where \u\ > \a \ . 

J 2a u a 

30. r — - - = ~ In + C, where |w| < \a ] . 

J 2a a u ' ' ' 

/ du \ u 

— / T arcsec ~ + C, where lw| > lal . 

uVm“ “ 1111 


84. Definite Integrals. 

In Chapter VI the definite integral is shown to be independent of the 
constant of integration. Thus 


i: 


f(x) dx = F{x) 


= Fib) - F(a), 


where ^ Fix) = fix). Hence, a definite integral is a function of its limits. 

In addition, it wa.s assumed that the function fix) is continuous and single- 
valued in the interval from x = a to x = b and that the function is inte- 
grable. 

Change of Limits. When a definite integral is evaluated by a change of 
the variable of integration, the limits of the integral should also be changed 
to correspond with the ^ange of variable. This change of limits obviates the 
necessity of making A reverse substitution of variable. For example, 

.2VX^ J-,/4 J-,/4 

= In (\/2 + 1) - In (V2 - 1) = In (3 + 2V2). 


Also, 


p Vx 
J4 Vx + 1 


dx 



dz = — 2z -j~ 2 In 



= 3 — In 


16 

9 ■ 
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GROUP A 

Evaluate each of the following definite integrals. 



^3/4 ^ 


r® dx 

1 . 

/ xVx^ 4 - 1 dx. 

13. 

Jo V9 — X 




/'I 

2 . 

1 Vx -f- 1 dx. 

14. 

1 arcsin x dx. 


J-3/4 


J-\/2 


r* dx 


dc 

3. 

J-i 

16. 

jj (*2 + 1 )W 2 



1 R 

r® dx 


J-2^“+4 


i 1 

> 

5. 

X Vx~+ 1 d r. 

17. 

j In X dx. 


/*2 


/•I 

6 . 

/ (4 ~ x2)3/2(/.c. 

18. 

/ arctan x dx. 


Jo 


Jo 


nir/2 



7. 

1 sin 2 X cos X dx. 

kJ 0 

19. 

1 X sin X dx. 




fWS 

8 . 

1 ^ dx. 

20 . 

1 cos 2x sin 4x dx. 


Jl/2 


Jo 

9. 

J.V4 

21. 

< 

1 X sin- X d V. 

Jo 


pi 


r4 

10. 

1 dx 

%J 0 

22. 

1 

> 


p^ dx 


C2 

11. 

J, ‘ / 

23. 

/ V2x — X- dx. 


(/x 


Cl/2 ,lx 

1 9 


24. 


x<a. 

J 2 2*2 - 5x +3 

tJ~i/2 ^7 4" 4x — 4x- 


GROUP B 

26 . Find the area bounded hy xy — 12 and x + 1 / = 8. 

26 . Find the area of a circle of radius a by integration. 

27 . Find the area of the ellipse hV -f- o^y‘^ = 

28 . Find the area of the loop of the curve if = x\2 — x). 

29 . Find the area bounded by yix"^ +4) =8, the x-axis, x + 2 = 0 and x — 2 = 0. 

30 . Find the area under the curve y^(4 — x^) =4 from x = --2 to x = 2. 

31 . Find the area under the curve y = arcsin x from x = 0 to x = J. 

32 . Find the area under the curve y ~ arctan x from x = 0 to x = 1. 

33. Find the area in the first quadrant bounded by y = cos x, y = sin 2x and the 

y-axis. 

34 . Find the area under the curve y’^{x^ -}- 4) = 4 and above the x-axis between 

X = — 2 and x = 2. 
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35. Find the volume generated by rotating the area under one arch of y — sin x about 

the x-axis. 

36. Find the volume generated by rotating the area under one arch ofy = cos 2x about 

the x-axis. 

37. Find the volume generated by rotating the area under the curve y{x'^ x) =1 

from X = 1 to X — 2 about the x-axis. 

38. Find the volume generated by rotating the area in the first quadrant bounded by 

y = cos Xy y — sin 2x and the y-axis about the x-axis. 

39. Find the volume generated by rotating the area under one arch of the cycloid 

X — a{d — sin 0), 7/ — a(l — cos 0) about the x-axis. 

40. Draw the curve ?y(x2 -f 4) = 4x, find the coordinates of the maximum, min- 

imum and inflection points, find the slope at the origin and find the area in the first 
quadrant bounded by the curve, the x-axis, the maximum ordinate and the or- 
dinate of the inflection point. 

GROUP C 

Differentiate each of the following functions. 

41. garctan 43, gin sin 3x, 

42. In (In tan x). 44. 

Draw each of the following curves. 

46. y = 3 In I • 47. y = e'+O'*). 

46. y = x’e“*. 48. y — 

49. A ladder 80 ft. long rests against the vertical wall of a house. A fence of greatest 
height is to be built 10 ft. from the house. Find the height of the fence so that 
the ladder just clears it. 

60. Draw the curve 7/ = x^ — 4 arctan x from x = 0 to x = Vb. Find the coordi- 

nates of the minimum point and find the area from that ordinate between 
the curve and the x-axis to x = V3. 

61. Find the volume generated by rotating the area bounded hy y ~ e*, the x-axis, 

X = — 2 and the 7/-axis about the line 7/ -j- 1 = 0. 

gX 

62. Find the area in the first quadrant under y = between x = 1 and 

X = 2. 

63. The slope of a curve at any point is y/x^. If the curve passes through the point 

(l,e), find its equation. 

64. Find the volume generated by rotating the area bounded by 7/ = arctan x, the 

x-axis and the line x = 1 about the 7/-axis. 

66. A particle is moved along the x-axis by the action of a force numerically equal 
to x/V25 — x^ where x is measured in inches. Find the work done by the force 
in moving the particle from the origin to x = 4 ins. 

86. Improper Integrals. 

By the fundamental theorem of integral calculus 

% =n 

fix) dx = lim Y. fi^i) 

a Ar— >0 t=l 
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where 


Xi = a, Xn = h — Ax and (b — a) jn = Ax. 

Thus we have the geometric interpretation of the definite integral as the 
limit of the sum of the elements of area where that area is hounded by the 
curve y = f(x)y X = a, X = b and the or-axis. This limit exists provided 
that /(a;) is a continuous single-valued function in the interval 

a ^ X ^ bj 

and that the function is integrable. On the other hand, this limit may or 
may not exist if f{x) possesses a discontinuity at any point in that in- 
terval. 

If the curve y = f(x) has a horizontal asymptote, the area is not 
bounded in the ordinary sense. Such a curve is drawn in Figure 68. 

If f{x) is infinite for any value of x in the interval, including the end 
points, the curve y = f(x) has a vertical asymptote and, again, the area 
is not bounded in the ordinary sense. Such a curve is drawn in Fig- 
ure 69. 

A definite integral whose integrand becomes infinite for one or more 
values of the variable of integration in the interval of that integration or 
which has an infinite limit is called an improper integral. The evaluation 
of an improper integral requirc's special attention. 

Infinite Limits. An improper integral whose upper or lower limit is 
infinite, must be evaluated by the limit process. Whether or not this limit 
exists, depends on the nature of the integrand. 

If the upper limit is infinite, 

f f(x) dx = lim f f(x) dx. 

Ja b—>oo Ja 

And if the lower limit is infinite, 

r /(x) dx = lim C f(x) dx. 

t/ — 00 a — CO ^/a 

The area in the first quadrant between the curve xy = 1 and the x-axis 
to the right of x = 2 is infinite. This is known from the evaluation 

r — = lim In xl = lim (In 6 — In 2) = oo . 

t /2 ^ b — ><xi J2 b — ^00 

The limit does not exist, and the integral has no meaning. 
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The area in the first quadrant between the curve x^y = 1 and the x-axis 
to the right of x = 2 is represented in Figure G8. This area can be found 
by the evaluation 



since the limit does exist and the integral does have meaning. 



Infinite Discontinuities of the Integrand. An improper integral whose 
integrand is discontinuous in the interval of integration, must be evaluated 
by the limit process. 

If the integrand is infinite at the lower limit, 


f f(x) dx = lim f f(x) dx. 

Q h — >0 nJ O'j-h 

If the integrand is infinite at the upper limit, 

j f*b nb—h 

f(x) dx = lim / f(x) dx. 

a h — >0 t/a 

And if the integrand is infinite at x = c, where a < c <h, 

f f(x) dx = lim f f(x) dx + lim f f(x) dx. 

%Jo hi — >0 t/a Aa — >0 d c-\-h2 


To find the area in the first quadrant between the curve xy^ = 1, the 
x-axis , the ^/-axis and x = 4, we note that the y-axis is an asymptote. 
Hence, the following integrand is discontinuous at the first end point of 
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the interval of integration. 

'’•* dx 


The evaluation 


lim 

a — >0 


X 




= lim 

CL — >0 


“14 

2(Vx) = lim (4 — 2Va) = 4, 

Ja a — >0 


shows that the integral has meaning, since the limit exists. 

For the area in the first quadrant between the curve xhj = the x-axis, 
the y-axis and x = 2, we observe that the following integrand is discontinu- 
ous at X = 0. The curve is drawn in Figure 68. The evaluation 



shows that the integral has no meaning, since the limit docs not exist. 

For the area between the curve y(x — 2)^ = 1, the x-axis, x == 1 and 
X = 3, it is highly important to know that the curve is discontinuous for 



X = 2. The curve is drawn in Figure 69. Were the integral evaluated 
without observing the discontinuity, the result would he wrong^ thus 


dx _ / 1 _ 

Ji (x - 2y \x - 2jji 


(1 + 1 ) = - 2 . 


In fact, the integral has no meaning, 
by the following evaluation: 

dx 


That the limit does not exist is shown 


lim 

hi^ 


r 


. , + lim 

(x — 2Y ht-^ 


X 


dx 


lim 

Ai— ^ 

lim 

Ai-40 
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Exercise 59 


GROUP A 


Evaluate each of the following integrals, if possible. 



dx 


J 

fj x* ’ 

Mo 


re rfa; 


J 

i 




r “ 

J 

I xe®^ dx. 

“• i 


0 

/•2 

4. 1 

[ xe“*’ dx. 

12. / 

J 

0 

J-2 

6. 1 

n dx 

13. P 

J 

L (* - 2)* ‘ 

Jo 


rs dx 


J 

2 Vx — 2 

j-3 

7. j 

r .1,*. 

16. r 

J 

1 x2 + 4 

Jo 


dx 


^■J 

L ‘ 


GROUP B 



Evaluate each of the following integrals, if possible. 


r*” 

rz 

J 

1 sin X dx. 

Jo 


0 

Pit 


18. J 

I COS 2x dx. 

Jo 


f7r/2 


19. J 

tan X dx. 

n 

Jo 



T" 

20. i 

f sec^ X dx. 

'q 

Ji 

*J 

21. 1 


26. P 

J 

0 e* - 1 

Jo 


+ 4 

dx 


dx. 


xVx2 — 1 

X 


— 4 
dx 


dx. 


V4 — x2 
dx 

dx 


Vl 4- 

X 

In X dx. 


dx. 


(x2 - 

1 

(3 - 5x)w» 
dx 

x(l + x^) 


(fx^ 


xVx + 1 
4 

x2 ~ 3x + 2 


dx. 


GROUP C 

Investigate the area under each of the following curves between the given limits and 
find that area if it exists. 

27. In the first quadrant under xy’^ = 1 from x ~ 0 to x = 1 and from x = 4 

to X = 00 . 

28. In the first quadrant under xhj = 1 from x = 0 to x = 4 and from x = 4 

to X = 00 . 

29. In the first quadrant under x^y = 1 from x = 0 to x = 2 and from x = 2 

to X = 00 . 
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30. The area under = 1 from a;=— ltorr = l. 

31. The area under x'*?/® = 1 from x=-~ltox~l. 

32. The area between the curve y(x^ + 4) = 8 and its asymptote. 

33. The area in the first quadrant between the curve t/Hl — x^) == 1 and its 

asymptote. 

34. The area in the first quadrant under 2/^(4 — x) = x^ from x = 0 to x = 4. 

36. The area between the x-axis and the curve 2 /(x — 4)^ = 8 from x = 1 to 

X = 4. 

36. The area under the curve y^{x — l)^ = Sx^ from x = 0 to x = 3. 

37. The area between the curve y(x^ — 5x + 6) =6 and the x-axis from x = 0 

to X = 4. 

38. The area between the curve i/ = In x and the x-axis fromx = 0tox = l, 

it being given that lim [x In x] = 0. 

X — >0 

39. Investigate the volume generated by rotating the area in the first quadrant under 

the curve y = e"® about the x-axis, and find that volume if it exists. 

40. Investigate the volume generated by rotating the area between the curve y = In x 

and the x-axis from x = 0 to x = 1 about the x-axis, and find that volume if it 

exists. 

86. Table of Integrals. 

It is unnecessary at this stage in the development of the integral calculus 
to go farther into the theory and methods required to evaluate integrals 
which are more complex than those already given. Some of the integrals 
which ordinarily arise in practice and which can be evaluated in terms of 
elementary functions have been collected in the form of a table appended to 
this text. This table is a very brief one. A more complete one is to be 
found in Short Table of Integrals by B. O. Peirce. 

In the table appended, only those integrals appear which are not imme- 
diately reducible to a standard form. Those which are immediately reduci- 
ble to a standard form appear in the first section of this chapter. 

If an integral to be evaluated has the form of one given in the table, 
the result can be written immediately. In other cases a transformation 
may be required to bring the integrand into the form of that of the table. 

It is to be observed that some of the formulas of the table express an 
integral in terms of a simpler one. Such formulas are called reduction 
formulas, which with many others are derived in more advanced calculus 
texts. It frequently happens that a reduction formula must be applied 
several times before the final integral can be evaluated. 

To use a table of integrals intelligently, one must possess some ability 
in the technique of integration. The purpose of such tables is the saving 
of time and labor and not to obviate the necessity of knowing how to in- 
tegrate. 
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To illustrate the uses to which the table may be put, the two following 
evaluations are made: 

J 1 — dx = 3 ^sin^ 6 cos“ 6 dd, 

in which the substitution x — sin*^ 6 is used. Applying the reduction for- 
mula 43 once and formula 41 twice, we have 


Jxvr^ 


eos f) 

x‘^1^ dx — — (15 sin® ^ — 3 sin'^ 0 — 4 sin^ 6 — 8), 
oo 


VI - 
35 


(I5x^ - 3x*i^ - 4a;2/3 _ g) + C. 


/ 


sin 2x 


VTT 


dx 


sm X 


= 2 ^sin xVl — sin x dx, 

= 2 r -4:==.-. dz, 

J Vl +z ^ 


Vl + z 

in which the substitution sin x — 2 is used. Applying the formula 7, 

sin 2x , ^ y , 

dx = 1(2 — 2) vi + 2 = |(sin x — 2) Vl + sin x + C. 


/ 


Vl + sin X 


Exercise 60 

Evaluate each of the following imegrals by using the table of integrals, 
sin V.r d.T = 2 (sin \/x — Vx cos Vx) -f t7. 


Vl + sin 2x dx. 


■S 
■f 
14 

C dx 

■ J e^+ I 

•/; 

/ 

f 


^ f/x = Vl — 4- arcsin x C. 

-f X 


jdx 

ex 4- V* 


== arctan e* 4- C. 


dx 


Vx 4- 3 - Vx + 2 

dx 


Vx2 4-‘l 
dx 


- 4- xVx^ + 1)+ In (X 4- Vx2 4- i) 4- c. 


Ve^ 4- 1 
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^ dx = i(l + In xyi^ + c. 


Vi + c* 

' dx 


;= t(Vl +x-2)Vl + Vl +a: + C. 


12. / Vx2 + 2x + 2 dx. 




“■/ 


Sin 2a; 

dx. 

V 1 4" sin^ a: 


16. I \n X dx - ^ {5 \n X - 1) + C. 


I /arcsir 

J Vt- 


17. /. 


arcsin x dx = ^[.3a: — a:* — 3 (1 — x^yf^ arcsin x] + C. 


18. I (1 + x) cos Vx dx. 


19. I sin 2x ^ dx. 


20. I dx. 


’ dx 
{x^ + 4)2 


23. J' Va'!^ + x‘'« dx. 

26. f.VB^-dx. 

J 2 - X 

26. fm X In (1 + sin x) dx. 


28. J sin^ 2x dx. 

29. cos^ 3x dx. 

30. cos^ 2x sin2 2^ dx. 

31. J* sin^ 3x cos2 3x dx. 

32. f--~dx. 

J COS2 X 

33. r^^dx. 

J sin2 2x 
tan^ 6x dx. 

36. r sec^ 8x dx. 


5. J ' sec 

'• f- 

J 


X — tan X 


9—4 sin^ X 


— a^e” 
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APPLICATIONS OF DIFFERENTIATION AND INTEGRATION 
87. Differential of Arc. 

In Figure 70 let s represent the length of an arc of the curve 

V = S{^) 

from an initial point A of the curve to P{x^y). Then arc AP — s and 5 is a 

function of x. For convenience, it is assumed 
that s increases as x increases. An increment of 
X produces corresponding increments of y and s 
and locates a point P'{x + Ax, y + A?/) on the 
curve so that the length of the arc PP' = As. 
Let the length of the chord PP' = PP'. Then 
from the figure 

PP' = 

and ~ = Jl + • 

Fig. 70 Ax \ ' \Ax/ 



Multiplying the numerator and the denominator of the first member of the 
equation by As, 

As PP' L , / /\y\^ 

^-aF = + 


Hence, 



PP' 

in which we have assumed that lim — — = 1, as is shown later in this 

As 


section. 
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From the definition of a differential of a function^ 



Upon dividing the expression for PP', given above, by instead of by 
Ax, it can be shown, similarly, that 



which will be found useful upon occasions. 

The latter two forms for the differential of arc can be written in the 


equivalent form 


ds = Vdx^ + 


using that Chapter III. 

In case the equation of the curve is expressed parametrically, so that 
X and y are expressed as functions of the parameter t, the expression for 
PP', given above, may be divided by At, This yields the following value 
for the differential of arc: 



The positive sign used preceding the radical in each of the above differ- 
entials is a result of the assumption that s increases with x, with y and with 
t. Otherwise, the sign might be taken as negative. 

Limit of the Ratio of Arc and Chord. It was assumed above that the 
limit of the ratio of the arc and the chord joining two near points of a curve 
approached unity as one of those points approached 
the other as a limit. A formal proof of this statement 
can be given as follows: 

In Figure 71a tangent is drawn to the given curve 
at the point P on the curve. At the second near point 
P' of the curve a perpendicular is erected to the chord 
PP' intersecting the tangent at the point Q. Let the 
angle QPP' = 6. From the figure it is obvious that if P and P' are suffi- 
ciently near points, 

Chord PP' < Arc PP' < PQ + P'Q 

^ ArePP' ^ PQ P'Q 
^ ^ Chord PP' ^ PP' PP' * 



Fig. 71 


and 
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Also from the figure, 


PQ 

pp> 


= sec d 


and 


P'Q 

ppr 


= tan dj 


whence 


^ Arc PP' 
^ Chord PP' 


< sec 6 + tan 6. 


As d approaches zero, the right-hand member of the inequality approaches ^ 
unity. Hence, as P' approaches P as a limiting position, the ratio of the 
arc and the chord approaches unity. 


88. Curvature. 

A curve which changes its direction rapidly is often spoken of as a sharp 
curve as compared with one which changes its direction more slowly over 
an arc of equal length. Such statements express qualitative aspects of a 

curve. It is our task to find a quantitative 
expression for the sharpness or flatness of a 
curve. 

In Figure 72 let Ad represent the angle by 
which the tangent to the curve at the point P 
has changed its direction as the point of tan- 
gency P moves along the curve to a near 
point P\ The measure of this angle depends, 
not only on the sharpness of the curve, but also 
on the arc length PP' = As, 

The ratio of the change in the direction of 
the tangent and the change of arc length is defined as the average curvature 
of the curve over the arc As. Hence, letting K denote curvature, 

Average ^ ^ ' 



The limit of this ratio as the point P' approaches P as a limiting position 
is defined as the curvature of the curve at the point P. Hence, 


a: = lim 

As — >0 


AQ 

As 


ds' 


Thus, the curvature of a curve at any given point is the rate of change of its in- 
clination per unit of its arc length. 

The definition given for curvature is independent of any coordinate 
system. The change in direction of a tangent may be measured with ref- 
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ercnce to any fixed line of the plane. Those properties of a curve which 
are independent of a coordinate system are known as the intrinsic proper- 
ties of the curve. 

To deriv(i the analytic expression for curvature, a coordinate system 
must be chosen. Assuming such a vsystem, the equation of the curve is 
expressed in Cartesian coordinates and the direction of the tangent is taken 
as the slope angle. As a result, the curvature of a curve at any point can 
be evaluated by means of the coordinates of that point. 

In Figure 72, s is measured from the fixed point A on the curve 

y = /(a-) 


to the point P(x,y). The slope of the tangent at P is 

tan 0 = “ and 6 = arctan 3 - • 
ax ax 


Hence, 


do dx^ 



From Section 87, 


Since, 


we have, 



do 

do _ dx 
ds ds 
dx 



According to this definition, the curvature of a curve y = f{x) at any 
point Pi{xi,y]) has the same sign as that of f"{xi). Hence, K is positive 
or negative according as the curve is concave upward or concave down- 
ward at the point Pi. Ordinarily, it is customary to consider curvature as 
essentially positive. However, as we shall see, there are occasions when 
we shall desire to retain the sign. 

The curvature of a curve y = /(x) vanishes at any point of the curve at 
which /"(x) = 0. Thus, the curvature is zero at an inflection point of the 


curve. 
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Radius, Center and Circle of Curvature. The reciprocal of the curva- 
ture of a curve at a point is called the radius of curvature of the curve at that 
point. Denoting the radius of curvature by p, by definition 

1 

The curvature of a circle is a constant and is equal to the reciprocal of 
its radius. Thus, if 

^ 

d 

and the radius of curvature of a circle is its radius. By means of this re- 
sult, the analytic definition of curvature, when applied to a circle, conforms 
with the qualitative statement at the beginning of this section : the larger 
the radius of a circle, the smaller the curvature and the more nearly the 

circle coincides with its tangent at a 
point. 

Let a length equal to the radius of 
curvature of a curve at a point P, for 
which the second derivative does not 
vanish, be laid off on the normal to 
the tangent to the curve at P toward 
the concave side of the curve. The 
extremity R of this line segment is 
known as the center of curvaturefor the 
point P. The circle whose center is R 
and whose radius is the reciprocal of 
the curvature at P, is called the circle 
of curvature at the point P. If the given curve is a circle, the center of 
curvature is the center of the circle and the circle of curvature is the 
circle itself. It can be shown by more advanced methods that the circle 
of curvature of a curve, other than a circle, represents the curve near 
the point P more nearly than does any other circle. 

The coordinates of the center of the curvature of a curve y = f{x) at 
a given point P of the curve are derived by means of Figure 73. Let the 
coordinates of R be {h,k) and choose the positive value of the radius of 
curvature p, since the curve is concave upward at the point P. Were the 
curve concave downward at the point, p would be taken negative. Then, 
since f{x) = tan 6 and ds = Vl + [f'(x)Y dx = sec B dx^ cos 6 = dx/ds 
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and ain 0 = dy/ds. Hence, 

. . f'M . 1 

From the figure, 

h = OT — QP = X — p sin dj 
k = TP + QR = y + p cos d. 

In these equations we substitute 

(1 + 

P = 7777-1 * 


assuming that/"(^) 9^ 0. Substituting the values for sin 6 and cos 6, 
obtained above, we have the coordinates 


h = 

k = 


X — 

y + 


/"U). 

1 + [f'(x)V 
f"(x) 


The curvature, the radius of curvature and the coordinates of the center 
of curvature of the parabola y = Sit the point (\/2,2) are found as fol- 
lows: 

f'{x) = 2x, f'{V2) = 2V2. 

fix) = 2. Hence, K = ~ and P = f * 

h= V2- 9V2 = -8V2, 


Exercise 61 


GROUP A 

Find the curvature of each of the following curves. 

1. 2/2 = 8a; at (|,3). 4. -i- x = 2 at (-2,2). 

2 . 3y = at (2,S). 6 . y = (2o,a). 

3 . y = - 3a: + 1 at (1,-1). 
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Find the radius of curvature of each of the following curves. 

6. 2/2 =: 4 _ ^ at (0,2). 9. 16x2 + = 288 at (3,4). 

7. 2/ = 3 -f a; - x2 - x3 at (0,3). 10. = x2 -f 36 at (8,5). 

8. 272/2 = 4x3. 

Find the coordinates of the center of curvature at any point of each of the following 
curves. 

11. x2 = 4y. 12. 2x2/ = 


GROUP B 

Find the curvature of each of the following curves. 

13. 2/ = at (1,1/e). 16. x2/3 + 2/2/3 = a2/3. 

14, 2/ = In sec X. n. X = t t-f y = t — Vii t ~ 

16. Vx = Vtt. 18. X = sin Oy y ~ cos 20 at 0 = 7r/2. 

Find the radius of curvature of each of the following curves. 

19. y = arcsin V2x — x2 at x = 1. 

20. X — a cos 0, 2/ = 6 sin 0 at 0 = 7r/4. 

21. y — X sin x at x — 7r/2. 

22. X = y = 2l^e^ at ^ = 1. 

23. X = e^ cos ty y = sin t at t — 7r/2. 

Find the coordinates of the center of curvature at any point of each of the following 
curves. 

24. y — cos X at X = TT. 

26. X — t — t'^y y — t lit t = —1. 

26, X = sin 20, y = cos2 0. 

27. Find the coordinates of the point on the curve y = e^ at which the curvature is max- 

imum. 

28. Find the coordinates of the point on the curve x — a{6 ~ sin 0), ?/ = u(l — cos 0) 

at which the radius of curvature is maximum. 

29. Find the coordinates of the point on the curve y^ — 4ax at which the curvature is 

maximum. 

30. Find the coordinates of the point on the curve xy — at which the curvature is 

maximum. 

GROUP C 

Find the radius of curvature for each of the following curves. 

31. X — a cos 0 + 00 sin 0, 2/ == u sin 0 — 00 cos 0. 

32. y = a arccos — V2ax — x^ at x = a/2. 

33. y = X sin ^ at x == 2/7r. 

sin X ^ 

34 7/ “ % — TT. 

^ X 

36. X == 2 cos 0, 2/ = sin2 0. 

36. X = a cos2 ty y = a sin® t. 

37. X = 2 sin^ 0, 2/ = 2 cos^ 0 at 0 = 7r/4. 
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38. Find the value of t for which the radius of curvature oi x — 2 cos^ t, y ~ 2 sin^ I is 

maximum. 

39. Find the coordinates of the center of curvature at any point of the curve y- = 2ax, 

eliminate x and y from these equations and thus find the equation of the locus of 
the center of curvature. This curve is called the evolule of the curve. 

40. A point moves along the arc of the curve i/ = a*^ at the rate of 4 ins. per sec. Ap- 

proximate the change in direction of motion during the second after it has passed 
the point (1,1). 

89, Length of an Arc of a Curve. 

The integral caleulus enables iis to compute the length of an arc of a 
plane curve. do so is frequently called, to rectify tlu^ curve. 

Let s represent the length of the continuous single-valued curve y = /(r) 
from the point A (a, a') to the point 
B(bjh') as in Figure 74. Tf the interval 
AB — b — a divided into n equal in- 
crements A.r, and if the ordinates of the 
cAirve are drawn at eacdi of the division 
points, the arc AB is dividend into n 
unequal increments A.s. The problem 
of expressing the length of any incre- 
ment of arc, Ast, presents much the 
same problem as that of finding the 
length of the arc AB. However, it is 
possible to find an approximation dst 
for this increment by the use of 'a theorem known as the Mean Value 
Theorem which is presented in a later chapter. Sincci the results of this 
theorem are not yet available, a different method of approach to the prob- 
lem is presented. 

In Section 87 it is shown that the differential of an arc length is 

* “ -v /' + (%y 



dy 

Since, in general, ^ is a function of x, 


ds — g{x) dx. 

Making use of the indefinite integral, 

S = Jg{x) dx = G{x) + C. 
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Hence, the length of the arc AB is expressed by the definite integral 

s = J'’ g{x) dx = G{b) - G{a), 
or 

* + (^) 

Similarly, if y is to be the variable of integration, the second form of the 
differential of are length from Section 87 is used, giving 

Again, if the equations of the curve are given in parametric form, where 
X and y are functions of t and where /i corresponds to the point A and ^ 2 , 
to jB, 

* =X + (^) 

To find the circumference of a circle of radius a, we may proceed as 
follows: 




-r 


, C" . x-f 

s = 4a I - = 4a aresm - = 2a7r. 

Jo V ajo 

Or, more simply, we may use the parametric equations of the circle, 
X — a cos By y — a sin 6. 


GROUP A 


X ir/2 

do = 2a7r. 


^ 6 + cos- B do 


Exercise 62 


Find the length of the arc of each of the following curves. 

1 . = 4x — x^. 

2 , = Sx from the vertex to j: = 2. 
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3. 7/ = In sin x from x = tv/2 to rc = fir. 

4. 2/ — in sec x from x — 0 to x — ir/4. 

6, X = a cos^ 6, y = a sin^ 6 from 0 = 0 to 0 = 7r/2. 

6. One arch oi x = a{d — sin 0), 7/ = a(l — cos d), 

7. -f- ?//3 = a2/3. 

8. Zy‘^ = x\l — x) over the loop. 

9. y — \n X from x = 1 to x = 2. 

10. y — from x = 0 to x = 1. 

GROUP B 

Find the length of the arc of each of the following curves. 

11. ?/ = In (1 — x2) from x = 0 to x = J. 

12. X = cos 6 0 sin 6, y — sin 6 — 0 cos 0 from 0 = 0 to ^ = tt. 

13. 8?/ = x2 — 8 In X from x = 1 to x = 2. 

14. y = 5x'’ from x = 0 to x = 1. 

16. y = -f from x == 0 to x = a. 

g* — 1 

16. V = In from x = 1 to x = 2. 

+ 1 

17. X == sin 20, y = cos 20 from 0 = 0 to 0 = ir/2. 

In each of the following problems a particle moves on a curve whose parametric 
ecpiations are given. Find the distance covered by the particle as specified. 

18. X = At — 2t'\ y = — 2t +2 during the first two seconds. 

19. X = 1 — 2 sin 2/, ?/ = 2 + 2 cos 2t in traversing the entire curve. 

20. X — 2t — sin 2^, y = cos 2t in traversing one arch of the curve. 

90. Area of a Sixrface of Revolution. 

If a plane curve is rotated about a line in its plane, a surface of revolu- 
tion is generated. The area of such a surface can be computed by integra- 
tion. 

In Figure 75, let the arc AB of the curve y = J{x) be rotated about the 
x-axis and generate a surface 
whose area is S, The interval 
A'B' on the x-axis is divided 
into n equal parts of length Ax. 

Planes erected perpendicular to 
the x-axis at each of these 
points of division divide the sur- 
face into n narrow bands each 
of which is an increment AS of 
the surface S, Each band is 
generated by the rotation of 
an increment As of the arc of 
the curve. Consider one such 
increment of arc, Asi = PiPi+i 



Fig. 75 
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and the generated increment of area AS,. An approximation to AS, is 
,,[ >. + (V^+A»,) J 

which is the surface area of the frustum of the cone generated by the revolu- 
tion of the chord PiPi+i about the x-axis. Since the length of the incre- 
ment of the arc differs from the length of the chord by an infinitesimal of 
higher order than As^, we write 

2n(y, ds, + -I* ds,y 

as an approximation to AaS\. Here again, if we neglect the infinitesimal 
dSij the element of surface area is 

dSt — 27r?/i ds^y 

since the sum of all such elements is an arbitrarily close approximation to 
the surface area. The limit of the sum as n becomes infinite is the surface 
area. Thus, 

i =n 

S = lim 53 dsx 

n — t =1 

and by the fundamental theorem 



The limits of the definite integral, being indicated by C, express that the 
integral is to be evaluated for limits giving the area of the surface from 
plane ^4 A'A" to plane One of the three forms given for the differen- 

tial of the arc length is chosen from those given in the previous section, 
dependent on the choice of the variable of integration. 

In the above derivation the curve y = fix) from A to B was rotated 
about the a:-axis. Consequently, any point P on the curve generates a 
circle whose center is on the x-axis and whose radius is y. Hence, using 
X as the variable of integration, the element of surface area is 

dS = 2Tryi dSt = 2x^/1 Vl + [/'(xi)]^ dx 

and 
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To find the area of the surface generated by the rotation of the arc 
Pi(l,2) P2(4,4) of the parabola — 4a: about the line y — 2 = 0, we 
proceed as follows: 



As shown in Figure 7G, a circle of revolution has the radius {y — 2) with 
its center on the line y — 2 = 0. Hence, an element of the surface area is 

dS = 27r(?/t — 2) ds^, 

and 

S = lim E 2t(2/. - 2)J\ + ^ Ay. 

Az /— >0 t =1 ^ ^ 


dx 

Since -j- 
dy 


y 

2 


y is chosen as the variable of integration. Therefore, 


S = {y - 2) Vt/^ + 4 dy, 

S = l [(»/ + - Sy^lF +4 - 12 In (y + 


and 


-S = 


5 ttF 4\/5 — V2 + 3 In 


1 + V2 l 

2 + V5_ ‘ 


Exercise 63 


GROUP A 

Find the area of each of the following surfaces of revolution. 

1. A sphere of radius a. 

2. A zone cut from a sphere of radius a by two parallel planes a distance of h 

apart. 
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3 . One arch of ?/ = sin x rotated about the a;-axis. 

4 . The portion of ?/ = In x in the fourth quadrant rotated about the i/-axis. 

5 . The portion of above the a:-axis rotated about the x-axis. 

6. The torus generated by rotating a circle of radius a about a line in its plane 

6 units from the center, b > a. 

7 . The surface generated by rotating a circle about a tangent. 

8 . The curve 4?/ = from x = 0 to x = 2 rotated about the x-axis. 

GROUP B 

Find the area of each of the following surfaces of revolution. 

9. The curve y — from x — —a to x = a about the x-axis. 

10 . The curve 2/ = ^ 4~ from x = —k to x ~ k about the tangent at 

the lowest point. 

11 . The upper half of the curve x = 5 cos^ d^y ~ 5 sin ^ 0 rotated about the x-axis. 

12 . The curve ?/^ = ax between y = 0 and y ~ a rotated about the y-axis. 

13 . One arch of the cycloid x = a{0 — sin 6)^ y = a(l — cos 6) rotated about 

the x-axis. 

14 . One arch of the cycloid rotated about the tangent at its highest point. 

16 . The curve x^ — i/2 = from x = a to x = 2a rotated about the x-axis. 

16 . The curve = x^ from x = 0 to x = 3 rotated about the x-axis. 


91. Mean Value of a Fimction. 


Let ^ = /(x) be a continuous function from x = a to x = 6. Divide 
the interval b — a into n equal parts of length Ax. If the ordinates of the 
curve are drawn at each of the points of division, 


where 


Vi = f(a) and yi = /(xO, 
x» = a + (f — 1) Ax. 


The sum of all such ordinates divided by the number of them, 

i =n i =n 

E 2/. E /(^.) 

i—l 1=1 j 

n n 

is the arithmetic mean of the ordinates drawn. If the numerator and 
denominator of this fraction is multiplied by Ax, and if the limit is taken 
as n becomes infinite, the arithmetic mean M of the ordinates is 

lim /(xt) Ax r /(x) dx 

n — >«) i asl %/ a ^ 

lim n Ax h — a 

n — 

since n Ax is equal to the constant h — a. 



Applications of Differentiation and Integration 233 


The expression written for M is called the mean value of the function 
with respect to its variable over the given range. 

To find the mean length of the ordinates of points on the first quadrant 
arc of the circle assuming the points equally spaced along 

the circle, we proceed as follows: 

The mean of n ordinates is 

t =n i —n 

Z y. L y. As 

t — 1 1=1 

n n As 


where As is supplied in numerator and denominator, since the ordinates 
are equally spaced along the arc of the circle. Also, since, 


A ^ 

n As = ^TT, 



and 
y ds 


ds = -dXy 

y 



Exercise 64 

GROUP A 

1 . Find the mean width of a semicircle, assuming that the widths are taken as verticals 

to the diameter and equally spaced along it. 

2. Find the mean width of the segment of y'^ = to x — 3, assuming that the widths 

are taken perpendicular to the a;-axis and equally spaced along it. 

3. Find the mean width of the segment of the parabola = ^x to a: = 4, assuming 

that the widths are taken perpendicular to the ?/-axis and equally spaced along it. 

4. Find the mean width of an arch of the curve y — sin assuming that the widths 

are taken parallel to the x-a\is and equally spaced along the vertical. 

6. Line segments are drawn from the point (2,0) to points which are equally spaced on 
the circle -f- ?/2 = 16. Find the mean of the squares of the lengths of the line 
segments. 

6. Find the mean width of the area between y — and x = t/^, assuming that the 

widths are taken vertically and equally spaced along the x-axis. 

7. Find the mean width of the loop of the curve y"^ — x2(3 — x), assuming that the 

widths are taken vertically and equally spaced along the x-axis. 

8. If rectangles are inscribed in the circle x^ -f- ?/^ = a^, prove that the mean area when 

the altitudes are equally spaced along the x-axis, is equal to the mean area when 
the bases are equally spaced along the j/-axis. 

GROUP B 

9. If rectangles are inscribed in the ellipse + a^y'^ == prove that the mean area 

is the same whether the altitudes are equally spaced along the x-axis or the bases 
are equally spaced along the i/-axis. 
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10 . Find the mean area of isosceles triangles inscribed in a circle of radius a, assuming 

that they have a common vertex and that the bases are equally spaced along the 
diameter through the vertex. 

11 . Find the mean area of the isosceles triangles in Problem 10, assuming that the bases 

are equally spaced along the arc of tlie circle. 

12 . Find the mean area of the sections of a right circular cone of altitude h and base a, 

assuming that the sections are perpendicular to the axis and equally spaced 
along it. 

13 . Find the mean volume of the cylinders inscribed in a sphere of radius a, assuming 

that tlie bases of the cylinders are eiiually spaced along a diameter of the sphere. 

14 . Find the mean velocity of a body falling freely from rest dining the time a .secs , 

assuming that the velocity is averaged with respect to time. 

16 . Find the mean velocity of a body falling freely from rest through the distance b ft., 
assuming that the velocity is averaged with respect to distance. 

16 . A particle has simple harmonic motion given by .s = a sin bl. Find the mean veloc- 

ity of the particle during the time of motion from the mean position to an extreme. 

17 . If 2/ ~ X In Xj find the mean value of y from a; = 1 to a; = 4, assuming equal dilTer- 

ences of x. 

18 . If the volume y of a gas varies inversely as the pressure 7a, find the average pressure 

as the gtus expands from a cu ft. to b cu. ft. 

19 . If the angular velocity of a rotating wheel is proportional to the cube of the time, 

find the average velocity from h to /-i, 

20 . Find the length of the curve y = In cos a: from a: = 0 to .r = tt/S. 


92. Double Integrals. 


The integral of an integral, or a definite iterated integral is represented 
by the symbol 


rb r rvz 1 

/ / f{^,y) <iy 

da L dux 


dx. 


We shall call this integral a double integral. 

In the double integral, as written, the inner integral belongs with the inner 
differential dy and the inner limits are either constants or functions of x 
alone. The outer integral belongs with the outer differential dx and the outer 
limits are constants. During the first intc^gration with respect to y, x is 
held fixed. The result is a function of x alone. If we let F(x) represent the 
evaluation of the inner integral, it is possible to evaluate the double integral 
as follows: 


n Vi f*b 

f{x,y) dy dx = f Fix) dx = EQ)) — Eia). 

da 

We shall have occasion, also, to evaluate a double integral by an in- 
tegration with respect to x first, followed by an integration with respect 
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to y. In this case, the inner limits are constants or functions of y and y 
is held fixed during the first integration. The result of this integration is 
a function of y which may be represented by G{y). The outer limits 
are constants. The evaluation of a double integral with this order of 
integration, may be represented as follows: 

r r = r ^^y^ ^y == 

%Jc %J x\ Uc 


The evaluation of the two following double integrals will illustrate the 
technique of double integration. 



2/^) dy = 


dx — 16. 


2 . 


93. Plane Area by Double Integration. 

The symbol for a double sum is 

j =n t —m 

Z Z x,y,. 

i=\ 

The double summation sign indicates that both variables x and y, enter into 
the quantity which is to he summed. The indicated sum, written out 
completely for m = 4 and n = 3 is 

(xi + Xo + Xa + X4)yj = Xo Xz Xi)yi 

j =1 

+ (-Ti + X'z + :r3 + Xi)y2 + {xi + :r2 + ^3 + ^4)2/3. 
The area between two curves 

y = Mx) and y = f 2 {x), or x = gi{y) and x - g 2 {y), 

as drawn in Figure 77, may be expressed as the limit of a double sum. 

As shown in the figure, it is assumed that the curves intersect at the 
points A(a',a") and B(b' ,h") and at no other points. Thus the horizontal 
line segment between P/{x/,yj) on curve (1) and P/'{x/',yj) on curve (2) 
has the length (x/' — x/) for all positions between A and B. 

First, the area between the two curves is divided into n horizontal strips, 
each of width Ay. Any element of area ASj differs from the area of the 
corresponding strip whose base is P/P/' by infinitesimals of higher order 
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than (x," — x/) Ayj, Then this jth strip is divided into m rectangles by 
vertical lines from P/ to P/' at equal intervals of Ax. The area of the 
tth rectangle in the ^th strip is an element of area^ 

dS = Axt Ayj. 



Holding yj and Ay j fixed, the position and width of the jth strip remains 
constant. The area of this strip is the sum of the m rectangles, or 

t =m 

X) Ax, A?/,. 

t=l 

The sum of the areas of the n strips is an approximation to the area between 
the two curves from y = a" to y = b" for any values of m and n. This 
approximation is the double sum 

j =n t —m . 

E X) Ax, Ay,. 

J c=l 

The area between the curves is the limit of this double sum as m and n 
become infinite. 

An extension of the Fundamental Theorem given in Section 50, Chapter 
VI, permits us to express the limit of a double sum by a double integral 
with appropriate limits. Thus, the area between the two curves is 

j =n i ph'* POiiy) 

S = lim JL Ax, Ay, = / I dx dy. 

t«l «/o" U giiy) 
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Similarly, the area may be expressed by the double integral 


S = 



dy dz. 


In writing the latter double integral for the area between the two curves, 
it should be noted that any vertical segment P/(xt,yt), must 

not intersect either of the curves between those two points. 

The choice between the two possible orders of integration may often 
be motivated by the desire to evaluate the simpler integrals. More often, 
however, the relative position of the two curves may require that a particu- 
lar order be chosen. A case in point is illustrated in finding the area 
between the two curves 

(1) 9?/ = x^ and (2) y — x^ — 2x. 



The two curves are drawn in Figure 78 from which it is clear that the inte- 
gration with respect to y must be performed first. The solution is carried 
out as follows: 



238 


Elementary Calculus 

Exercise 66 


GROUP A 

Find each of the following areas by double integration. 

1 . Bounded hy y = 2x and = x^. 

2 . Inside — 8y -f = 0 and outside = Ay. 

3 . Under one arch of the cycloid x = a{d — sin 0), y — a(l — cos 6), 

4 . Enclosed by the curve x = a cos* 0^ y = a sin* 9. 

6. Bounded by ?/ = sin x, ?/ = cos x and the ?/-axis. 

6. The loop of the curve = ^*(4 — x). 

7 . The area between y"^ = 2x and x^ = 16y. 

8. The loop of a^x"^ ~ y‘^{a -{-?/). 

GROUP B 

Find each of the following areas by double integration. 

9. Inside the curves x^ — 4ax + ?/^ = 0 and = 2ax. 

8a* 

10 . Bounded by x^ = Aay and y — * 

11 . Bounded by y = xe“*, the x-axis and the ordinates of the maximum point 

and the inflection point of the curve. 

12. Bounded by y = sin ax, y = cos ax and the x-axis for the first arches of the 

curves. 

13 . Bounded by y2(x2 -f a^) = a^x^ and its asymptote in the first quadrant to 

X = 2a. 

14 . Enclosed by the curve x = a cos 0, y = 6 sin* 0. 

16 . The two arejis in the first quadrant between the curves y^ = x* and 

X2 4- = 12. 

16 . Bounded by 27y2 = 16x* and y^ = 8(5 — x). 

17 . Bounded by a^y^ — x^y'^ — a^/)* and its asymptotes. 

18 . Find the length of the curve y = 1(1 + x^)*^^ from x = 0 to x = 3. 

19 . Find the area of the surface generated by rotating the part of the curve y = 

lying in the first quadrant about the x-axis. 

20 . If the angular velocity of a rotating wheel is proportional to the scpiare of the time, 

if it starts from rest and if in 2 minutes it has an angular velocity of 200 revolu- 
tions per minute, find the average angular velocity during the 2 minutes of 
rotation. 

94. Volume of Revolution by Double Integration. 

Consider the area bounded by the curves 

y = f\{x) and y = / 2 (x), 

as shown in Figure 79. We wish to find the volume which is generated by 
the rotation of this area about the a;-axis. 

The area between the two curves is divided into rectangular elements, 
each Ax by Ay, by drawing equally spaced lines parallel to the a:-axis and 
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parallel to the 2 /-axis. If the fth element in the jih strip is rotated about 
the a:-axis, an element of volume is obtained. As in previous instances, 
an approximation to the volume of this element is 

dK = 2Tryj AXj Ayj, 

The summation, 

i ~m 

(2Tr Ax.)y, Ay„ 

I =1 

holding thejth horizontal strip fixed, is the volume of a cylindrical element. 
The summation, 

3 

Y. (27ryj Aijj) Ax^, 

holding the fth vertical strip fix(»d, is the volume of a ring element. 



The double sum of the elements of volume dV is an arbitrarily close 
approximation to the requin'd volume. The volume is the limit of this 
sum. By the fundamental theorem, 


V = lim 


3 =n 

E, 

j =1 L 1 = 


m—->co 


F = lim L 

m — >00 1=1 

n — >«. 


m 1 pb" ^g 2 iy) 

I 2ir Ax, h/, At/, = 2t / / y dx dy, 

1 J Ja'* tJgiiy) 

3 =n “I pb' nMx) 

Y, 27rt/, Ay, Aj:, = 2ir I I y dy dx. 

j = 1 J «/a' Ufi (x) • 


We shall find the volume generated by rotating the area in the first 
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quadrant bounded by + 1, the 2 /-axis and y — 2 = 0 about the 

line ?/ + 1 = 0. 

The radius of revolution of any element of area, Ax by Ay, is (y,- + 1) 
as shown in Figure 80. Hence, the element of volume is 

dV = 27r(y; + 1) Ay, Ax^. 



If y,- and Ay,- are held fixed first, we find the volume as follows: 

V = 27rJ^ 

V = 2tJ^ (y + l)xj"^^dy = 27rJ^ (y + l)Vy - I dy. 

But if Xt and Ax^ are kept fixed first, it is found that the integral can be 
evaluated more readily. This is done as follows : 

7 = 27r r f (y + 1) dydx = TT f (y^ + 2y)] dx 
Jo Jo JU^+i 

J pl KO 

' (5 — 4x2 — x^) dx = Yf TT. 

0 Ao 
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Exercise 66 


GROUP A 

Find the volume of each of the following solids of revolution by double integration. 

1 . A circle of radius a rotated about a diameter. 

2 . The area bounded by 2 /^ == 4a: and x — A rotated about the x-axis. 

3 . The area between = 4x and x — 4 rotated about the i/-axis. 

4 . The area bounded by y^ — x^ and a: = 4 rotated about the a:*axis. 

6 . The area in the first (quadrant between y^ — 2x^ and its tangent at (2,4) ro- 
tated about the y-axis. 

6 . The area bounded by t/^ = 4aa:, y^ = 4a^ — 4ax and the a:-axis rotated about 

the 2 /-axis. 

7 . The area bounded by y^ = 4(2 — x) and the i/-axis rotated about the line 

a: = 2. 

8. The area enclosed by Vo* + Vi/ = Va and the coordinate axes rotated about 

the line x + « = 0 . 


GROUP B 

Find the volume of each of the following solids of revolution by double integration. 

9. The oval of the curve y^ = x(x — l)(x — 2) about the x-axis. 

10 . The area bounded by y^ = x(x — 2) (x — 3), the x-axis and x = 4 rotated 

about the x-axis. 

11 . The area in the first quadrant bounded by y = (a: + 1)^, x = 1 and y = 1 

rotated about the i/-axis. 

12 . The area of a circle of radius a rotated about a line in its plane b units from 

the center, where b > a. 

13 . The area of a circle of radius a rotated about a tangent. 

14 . The area under one arch oi y — sin 2x rotated about y + 1 = 0 . 

16 . The area bounded by y(x'^ +4) = 8 , the 2 /-axis and y - I rotated about the 
?/-axis. 

16 . The area of the ellipse h’^x’^ + = ^252 rotated about the x-axis. 

17 . The area of an ellipse rotated about the i/-axis. 

18 . The area bounded by bH"^ — ahj’^ — a^b^, y = b and the x-axis rotated about 

the i/-axis. 

19 . The area bounded by ?/ = In x, x = 2 and the x-axis rotated about the i/-axis. 

20 . The area bounded hy y = 2e2-', ?/ = e®, x = 1 and the y-Sixis rotated about 

2 / = 1 . 


GROUP C 

Solve each of the following problems by double integration. 

21 . Find the force exerted on a circular water gate of radius a vertically sub- 

merged with its upper edge tangent to the surface of the water. 

22 . Find the force exerted on a vertical parabolic water gate, base b and altitude 

a, submerged so that the surface of the water is tangent to vertex of the 
parabolic segment. 
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23 . Find the work necessary to pump a hemispherical bowl full of water 10 feet 

above the surfjice if the radius of the surface is 5 feet. 

24 . A parabolic bowl is formed by rotating a parabolic segment, base b and alti- 

tude a, about its axis. If such a bowl stands so that its vertex is tlui lowest 
point and is at a distance of c from the ground, find the work necessary to 
fill the bowl with water from the ground by a pipe in the bottom. 

25 . Find the mean value of the square of the distance of all points within a 

square of side 2a from the center of the square. 



CHAPTER XI 


INDETERMINATE FORMS 

96. Law of the Mean. 

Let the curve y = J{x) be drawn in the Figure 81, where fix) is a 
differentiable, continuous and single-valued function in the interval 
a ^ X ^ h. From the figure it is obvious 


that at some point Piixi,yi) of the curve 
between Q[a,/(a)] and R[b,fib)]^ the tangent 


(V 


to the curve is parallel to the secant QR, 



^Tr 

The slope of the secant QR is ' 



( 

1 

1 

1 

BR - AQ _ fib) - fia) 


1 

1 

1 

1 

1 

1 

AB h — a 


1 i 

1 

1 

1 

The slope of the tangent at Pi is f'ixi). 
Hence, it follows that 

0 

A 

B 

m -f(a) „ . 

b-a 





or, m -fia) = ih -a)rixi). 

This is known as the law of the mean or, the Mean Value Theorem which 
may be stated as follows: 

If a function fix) is continuous and single-valued in the interval a ^ 
X and if its first derivative exists in this interval, then there exists at 
least one value Xi of x such that 

/(b) = /(a) + (b - a)/'(xi), 


where a < Xi < h. 

Another useful form of the law of the mean is sometimes written by 
letting 

a = Xj b = X + Ax 

and by denoting a positive number less than unity 6. Thus, 

fix + Ax) = fix) + Ax fix + 6 Ax), 
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0 < 0 < 1. In this statement of the theorem, we have assumed that f(x) 
is continuous within the interval Ax. It is also assumed that 

f(x + Ax) - fix) 
hm 

Ax — vO 

exists. It may be observed that the existence of a derivative f'(x) for every 
value of X within an interval, guarantees the continuity of f{x) within that 
interval. 



The curve (1) drawn in Figure 82 has a discontinuity at a: = c. The 
derivative does not exist for a: = c. Consequently, there is no point be- 
tween X = a and x = 6 at which the tangent is parallel to the secant QR, 
Again, the curve (2) in Figure 82 has a cusp at x = c, /'(c) does not exist 
and there is no point on the curve between Q and R at which the tangent 
is parallel to QR, 

96. Rollers Theorem. 

A special case of the mean value theorem may be stated as follows: If 
a function /(x) is continuous and single valued in the interval a g x g 6, 
if its first derivative exists and if /(a) = f{b) = 0, there exists at least one 
value of X, as X = Xi, for which /'(xi) =0, where a < Xi < b. This theorem 
is known as Rollers theorem. 

Geometrically, this theorem states that the curve y — fix), under the 
conditions assumed, has at least one tangent parallel to the x-axis between 
the points (a,0) and (6,0). Consequently, such a curve has at least one 
critical point between the two given points. 
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Exercise 67 

1 . Find the coordinates of the point on the curve = 4x at which the tangent is par- 

allel to the chord /^(l,2),P-Xh4). 

2 . Find the equations of the secant through the points (1,0) and (2,6) of the curve 

y — — X and the tangent parallel to it. 

3. If the abscissas of points A and B on the curve y — In x are 1 and 3, respectively, 

find the coordinates of the point on the curve at which the tangent is parallel 
to AB. 

4 . If /(x) = veiify the statement /(4) = /(O) + ^/'(a) and find the value of Xi. 

6. If /(r) = investigate the existence of Xi such that /(2) = /(O) + 2 f{xi). 

6. Show that /(()) = /(I) =0 for the function f(x) = 4:X — x^. Illustrate the validity 

of Rolle’s theorem with this function. 

1 — X“ 

7. Given the function /(c) “ * Find the values of for which /(a;) =0. Show 

that Rollers theorem does or does not apply for this function in the interval be- 
tween the roots of f{x) — 0. 

Investigate the validity of the mean value theorem for each of the following functions 
in the specified intervals. 

S, y — from x = 0 to .c = 2. 

9. ?/ = In (x — 1) from x = 1 to x = 3. 

10 . xy — I from x = — 1 to .c = 1 . 

11 . y = from x = —1 to .c = 1, 

12 . y = cos X from x = 0 to :c = 7r/2. 

13 . y = tan x from x = 0 to .r = tt. 

14 . 7/ = — 1 from x = — 1 to x = 1. 


97. Indeterminate Forms.^^ 


X- — \ 

The expression — ~ ^ is defined for all values of x save for .r = 2 for 

X A 

which it has no nn^aning;. This is because the denominator is then zero. 
That the numerator is also zero for that value of x, neither helps nor hin- 
ders the fact that the expression has no meaning for x — 2. By the appli- 
cation of the general rules of operation with limits, it is impossible to 
evaluate the expression as x approaches 2, since both numerator and de- 
nominator approach zero. However, since 


X- — 


X — 


_4 

2 


x + 2, 


it becomes evident that the limit of the quotient is 

lim (x + 2) = 4. 

X — >2 
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Such functions as the one given above for x = 2, are generally said to 
have an “ indeterminate form^ Historically, this designation arose 
through a vagueness of understanding of the problem involved. Actually, 
a function of the type given may be undefined for certain values of the 
variable. Nevertheless, its limit may exist as the variable approaches 
those values. It is sometimes important to find the limits of various ex- 
pressions which assume the form illustrated, for certain values of the vari- 
able. 

Lot fix) and gix) be two functions each of which vanishes for x = a, 
or each of which becomes infinite for :r = a. Thus, 

/(a) = 0 and gia) = 0 , 
or, /(<^) = ^ and gia) = oo. 


Under such circumstances the quotient of the two functions has no meaning. 
We wish to investigate the limit of the quotient of two such functions as x 
approaches a for the first case only. The method of evaluation for the 
second case is the same. However, the proof for the latter is omitted. 

The first and the second quotients assume the so-called indetermi- 
nate forms 


m 

g{a) 


“ and 


f(a) ^ 
g{a) w 


respectively. 

Suppose that fix) and gix) have continuous derivatives at x — a and 
that/(/i) = gia) = 0, but that g'ia) ^ 0. Then, from Section 95, where 
h — X, we have 

fix) = fia) + ix - a)f'ixi) 

and gix) = gia) + ix - a)g'ix>2), 

where a < Xi < x and a < X2 < x. Since < 7 ' (a) ^ 0 and g\x) is contin- 
uous at a: = a, then g\x2) 9^ 0 it x is sufficiently near a. Therefore, for 
x near a, but different from a, gix) is diffi'rent from zero and may be used 
as the denominator in the quotient. Hence, 

fix) _ ix- a)f'ix,) _f'ixO_ 
gix) ix - a)g'ix‘2) g'ix2) 

As X approaches a, f'ix\) approaches fia) and •gf'(x 2 ) approaches g'ia). 
Therefore 

lim = lim = rM , 

X — HZ (j{^) X™ g'(x) g\a) 
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If the quotient of the two first derivatives also assumes one of the in- 
determinate forms, the samc^ procedure is followed, obtaining the second 
derivatives of the original functions. In fact, the process may be repeated 
as many times as necessary to obtain the quotient of two derivatives which 
is not indeterminate. In each case of the evaluation of a limit of a quo- 
tient, the numerator and denominator are differentiated separately and the 
limit of the quotient of those derivatives is taken. 

The following fractions, as x approaches zero, assume the form ^ : 
sin X tan x 

X X 


Differentiating numerators and denominators, and taking the limits. 


lim 

x-M) 


COS X 

1 


sec“ X . 
lim — - — = 1. 
1 


The limit of the first function was found geometrically in Section 58, which 
was necessary in order to diffen'iitiate the sin(\ Consequently, this evalu- 
ation does not constitute a real verification of the limit. 

There arc other indeterminate forms of which we shall consider but one, 

0 * 00 . 

Assume the product of two functions f(x) and g(x) and suppose that as x 
approaches a, one function approaches zero while the other function in- 
creases without limit. The produ(*t of the two functions takes the form 
0 • 00 . However, if we write 

/(,.) . = M, 

(jU) 

0 00 

the last quotient takes the form - or • C'onsequcntly, the limit of the 

quotient of the derivatives of numerator and denominator may be taken 
as before. 

The expression 

X In X, 

as X approaches zero, takes the form 0 * oo . Following the usual procedure, 
we have 

1 

lim = lim — = lim (— x) = 0. 

X — t X — >-|-0 X — >“}~0 

X^ 


X 
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Exercise 68 

JOvaliiate each of the following or show that the limits do not exist. 


1. lirn?-?!, 

x—>oe^ — 1 


2. hm 


rc — 9 

3. lim — j . 

+ 2 

4. lim i— 

X— >2 In (x 

6. lim — 

X — >0 1 — ( 


1 ) 


6. lim 


In X 


7. Urn i_Z ^ 

X— >7r/2 COS X 

8 . lim - — T-?- . 

X— >0 x^ 


9. lim (1 -f 

X— >0 


by taking the lirn (In ?/). 

X— >0 


10. lirri 


tan 2.r 


11 . 


X — K) In (1 -j- x) 

sin 2x — sin x 


lini 

X— >0 


12. lim 


tan 'Sx 
1 - 


X— >0 xc^ + — 1 

13. lim .r2 In x\ 

X- ->0 


14. lim 


16. lim 
16. 




x - 2 


x~>2 In a; — In 2 
X 


liin - - > n > 0. 

>ro 


17. lim (1 + 2x)i/^ 

X— >0 

by taking the lim (In y). 

X -->0 

18. lim r,-^ ^-1- 

X— >1 Ln^ ^ X — 1 J 
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INFINITE SERIES 

98. Infinite Series. 

This chapter is devoted to an elementary study of infinite series because 
it is desirable for the student to have some acquaintance with these forms 
and their applications. This study is limited in its scope for the reason 
that it is considered inadvisable at this stage to demand the rigor and the 
completeness to be found in a more advanced treatise. Those who pursue 
the study of mathematics beyond this course will desire a more exhaustive 
treatment of the subject. 

A finite series of n terms is defined by the express^n 

i =n 

Ui + '^^2 + + * • • + 'Wn = XI 'Wt, 

where n is a positive integer. Ordinarily, each series is formed by some 
definite law which may be givcm by means of the nth term. 

The following arithmetic and geometric series are examples of finite 
series where the nth term is written in each series. 

aSi = 3 + 5 + 7 + • • • + [3 + 2(n ~ 1)]. 
aS 2 = 3 + 6 + 12 + • . • + [3(2)-i]. 

If the number of terms in a series is unlimited, the series is known as 
an infinite series. Such a series is defined by the expression 

ni + n2 + na + * * • + + * • • . 

The general term of a scries is usually taken as the nth term. If the gen- 
eral term of a series is known, the law of formation of its terms is known. 
If, however, the first few terms of the series are known and if it is assumed 
that the law of formation for succeeding terms is the same as for the first 
ones, the general term may be formulated. The formulation of the general 
term for many scries presents difficulties. The first terms and the general 
terms are written for the following infinite series. 

1 I. 1 i.. 1 I ■■■ I 1 I 

l-2^3-4^5-6^ ^ 2n(2n - 1) ^ 
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99. Sum of an Infinite Series. 

The sum S of an infinite series is defined as the limit of the sum Sn of 
the first n terms as n increases without limit, provided that such a limit 
exists. Thus, 

t =n 

S = lirn Sn = lim Yi 

n- ><» n — >a> t =1 

The sum of the first n terms of the geometric series is 


aSh = a + ar + + ar^ 


a — ar^ 
1 — r 


Hence, 

aS = a + ar + + • • • + ar'^ ^ + 




is the sum of the infinite scries, provided that it exists. 
If r < 1, lim ar” = 0. 

n — >°o 

In this case the sum exists and its value is given by 


If r > 1, 




lim ar” = oo. 


In this case the sum does not exist. If r = 1, the series is a + a + a + * * , 
and the sum of the first n terms is aS = an. If a = 0, aS = 0. But if a 0, 
the sum of the infinite series is not defined. 


100. Convergence and Divergence. 

An infinite series is said to have a sum only in case the limit of the sum 
of the first n terms exists, as the number of terms is increased without limit. 
An infinite series which has a sum is called a convergent series. An infinite 
series which does not possess a sum is called a divergent series. 

The sum of the first n terms of the infinite geometric series 

1 _L 1 4. 4- J- j_ . . . j — L-. 4_ . . . 

i -r 3 -r 3., -r 33 1- -r -r 
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And since, S = lim Sn = ?, 

n — >oo 

the series is convergent. However, the sum of the first n terms of the in- 
finite arithmetic series 

1 + 3 + 5 + 7 + • • * + (2n - 1) + . . . 
is -Sfn = ^ [2a + d{n - 1)] = n\ 

And since, lim Sn = 

n — 

the series is divergent. 

Divergent series are of no importance in elementary applications. 
However, convergent series are useful in various computational problems. 
Consequently, in working with scries it is essential that the convergence 
or divergence be established. As we progress in the study of scries, it is 
found that is is often unnecessary, indeed often impossible, to find the sum 
of an infinite series. 

A necessary condition for the convergence of an infinite series is that the 
limit of the general term be zero, 

lim Un = 0. 

n— ►oo 

This condition is satisfied in every convergent series. However, this nec- 
essary condition is not also a sufficient condition for the convergence of a 
series. If the condition is not satisfied, that is, 

lim Un 9 ^ 0, 

n — >00 

the series is a divergent one. On the other hand, if the condition is sat- 
isfied, the series is not necessarily convergent and may be divergent. 

Each term of a series is a finite number and the sum of a finite number 
of such terms is also a finite number. Hence, the convergence or divergence 
of any given series is unaffected by adding or discarding a finite number of 
terms. 

Exercise 69 

GROUP A 

Assuming that the formation of succeeding terms in each of the following series is as 
suggested by the given terms, write the general term for each. 

1. l + i + 

2. 1 -f 3 + 5 -f 7 + 9 -h • • • . 

3. l-f34-4d-8-|-A+'‘*- 

4. ^ + i + i + tV d- • * • . 
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®' ^ + 1 + i + ^ + • • ■ • 

n 3^ 5^ ■ 

~U2 ■*■ 3 '4 ■ 

®‘ rrj 5 ^ ^-Ti ■* • 


Write the first four terms of eaeh of the following series for which the general tprins 
are as follows. 

2- .. , 2/i 


9. 


(n + 1) ! 
n 


11 . 


+ 1 


10- “2 . 1 
+ 1 


12 . 


Find the sum of each of the following series. 

13. 1 + 4 + 7 + 10 H 4- 28. 

14. 2 + 4 + 8 H- • • • + 64. 

16. 1 + ^ + 1 + • • • + + • • • • 

16. 1 + i + J + A + • • • . 


GROUP B 

Assuming that the formation of succeeding terms in each of the following series is as 
suggested by the given terms, write the general term for each . 

1 . 1 


17. 


18. 


1 + ?.+ 


J_ A. _L , 
10 ^ 17 ^ 26 ^ 


_1 J_ _1 _ 1 , 
V2 Vfi VlO Vl7 ^ 


19 Li? . ^ . 3:i . Ill . . 

33 ^ 43 ^ 53 ^ 63 ^ 




3! 


£ 

4! 


£ 

5! 


21. Derive the general expression for the sum of n terms of an arithmetic series whose 

first term is a and common difference is d. Find the expression for the last term. 

22. Derive the general expression for the sum of n terms of a geometric series whose 

first term is a and common ratio is r. Find the expression for the last term. 
Show that each of the following series is divergent. 

23. 1 -h2-f"3-l-4-l-5-f"***« 

24. 1 + 2 + 4 4- 8 + 16 H . 

25. 14“14'14"14‘14“*'’» 

26. 1 - 1 4- 1 - 1 4- • • • . 

27. Show that every infinite arithmetic series is divergent. 

28* Write the general term for the series 1 4-2 4-44-84-16-1- 32 4-***. Drop 
the first term of this series and write the general term. Drop the first two terms 
and write the general term. Continuing in this manner, show that the divergence 
of the series is unaffected by dropping a finite number of terms of the series. 
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101. Cauchy’s Ratio Test. 

One test of an infinite series for convergence, known as the ratio testy is 
due to A. L. Cauchy (ITSO-ISS?). Of all the tests, this is the most useful 
for infinite series which are commonly used. It is a test which is valid 
regardless of whether the terms of the series are all positive, or positive and 
negative. However, it fails to test certain series as we shall see. It makes 
use of the ratio of two successive terms of the series, hcmce its name. 
Assume the infinite series of positive terms, 

Ui U2 Vz ‘ + UkArX + * ' * , 

and let the ratio of the {n + l)st term and the /ith term be denoted by 

R{n) = 

As indicated, this ratio is a function of n. In a given series, we seek the 
evaluation of the limit of this function as n increases without limit. The 
following are the criteria: 

I. If lim R{n) < 1, the series converges. 

n — >«> 

II. If lim R{n) > 1, the series diverges. 

n— >00 

III. If lim R(n) = 1, the test fails. 

n-->oo 

In Case III, some other test must be applied to the series. In other 
words, a series for which the limit of the function R{n) is unity may be 
either convergent or divergent. 

Proof for Case I. 

Let lim R{n) = L < r < 1. 

n — >00 

Then the difference between R(n) and L must become and remain as small 
as we please? as n increases. Therefore, the ratio R{n) for sufficiently large 
values of n, becomes and remains less than r. Let k represent such a value 
of n. From this, we may write the ineeiualities : 

— - < r, or Uk+i < ruk. 

Uk 

< r, or Uk ^.2 < rukJ^i < r^Uk. 

Uk+l 

< r, or Uk+3 < rukx 2 < r^Uk. 

'V'k+2 
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Adding corresponding members of these inequalities, we have 


+ Uk~\.2 + + • • • 


< Ukr{l + ^ + ^^ + • * * ) = UkT 



where r < 1. This shows that the sum of the series, neglecting the first k 
terms, is less than the last expression written above. This is finite since it 
is the product of three finite numbers. Therefore, the given series is con- 
vergent, as we may neglect a finite number of terms without affecting the 
convergence. 

Proof for Case II. 

Let lim R{n) = L > 1. 


As n increases without limit, R{n) becomes and remains greater than 1 for 
sufficiently large values of n. Let k represent such a value of n. From 
this, we may write the inequalities 


y_k±i 

Uk 


> 1, 


or xik^-i > Uk. 


^ > 1, 


> 1 , 

Uk+2 


or Uk+i > Uk+i > Uk. 

or Uk+3 > Uk +2 > Uk. 


Adding corresponding members of these inequalities, we have 

Uk+l + ^^^+2 + Uk^^ + * • * > Wa: + 2/A: + Wfc + • * • = (u — k)Uk. 

This shows that the sum of the series, neglecting the first k terms, is greater 
than the last expression written above. But since 

lim {n — k)uk 

does not exist, the given series is divergent. 

Given the series 

i_ _i — 1 — I — L_ — i — 1_ . . . 

22 ^ 2 • 2^ ^ 3 • 2® ^ ^ n • 22” ^ 

To test the convergence of this series, we apply the ratio test as follows: 
Un.^ 1 _ n 22" _ n 

~u7 ~'in + 1) 22"+2 “ 4(n + i) * 
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Taking the limit, 

V n _l 

n™ 4(n + 1) ” 4’ 

Hence, the given series is convergent. 

Alternating Series. A series in which the terms are alternately positive 
and negative is called an allernating series, A series some of whose terms 
are negative is convergent if the series formed from the absolute values of 
the terms of the given series* is convergent. Such a series is called an ab- 
solutely convergent series. However, there are alternating series which are 
convergent when the scries of the absolute values of its terms is divergent. 
An example of such a series is 

which is convergent. The series which is formed from the absolute values 
of the terms of this series is shown in the next section to be a divergent 
series. 

A simple convergence test for an alternating series, 

Ui — U2 Uz — Ui * J 

where is positive, is as follows: If after a certain term, 

Un > Un^l and lim Un — 0, 
n — ><» 

the series is convergent. Using this test, the alternating series above is 
shown to be convergent. 


Exercise 70 


Determine whether each of the following series is convergent or divergent. In case 
the latio test fails, apply the necessary, though not sufficient, condition that the limit 
of the general term be zero. 


1, 1 _j_ ^ ^ , 


2 . 


3. 


4. 


^ +^ + ^ + 5 +■ 


1 + 4 + 9 + 16 + 


6. 1 + i + I + 1 + • • • . 

6. 1+I + I + I + '- -- 
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^ + A + .A + A + ■ ■ ■ ■ 

8 A_A + ±_A + ... 

^ ^ 2 ! ^ 3 ! ^ 4 ! ^ 

10. J + I + f J + • • • . 


32 


3“’ . 3^ 


11 . 3+^~|+^+|7 + « 

92 93 94 

12. 2 + 2 +J+4 +•• 


102. Integral Test. 

In this section the convergence or divergence of the series 
^ ^ 3 /' ^ ^ ^ ^ ^ 


is considered for various real values of p. This series is an important one 
for our purposes as it is used in the comparison test given in the section 
following. 

If the ratio test is applied to this series for any integral value of p, it 
fails since 

ir. - ir. [(JIT)]' - '■ 

We consider the four following cases; 

(1) If p < 0. (2) If p = 1. (3) If 0 < p < 1. (4) If p > 1. 

(1). If/» < 0, the limit of tlic general term is taken. Let \ p\ = q. 
Then 

lim — = lim 


and the series is divergent. 

( 2 ). the resulting series is known as the harmonic series, 


1 _i_ 1 4.. 1 4. 1 4_ 1 j + ^ + 


In order to study the convergence or divergence of this scries, let us 
draw the curve y — Xjx for positive values of x, as in Figure 83. The area 
under the curve from x — ltoa; = 6asfc becomes infinite, is expressed by 
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the limit of the definite integral, 



Hence this limit does not exist. Rectangles having bases each equal to 1 
are circumscribed to the area under the curve from x = 1 tox = bus shown 
in the figure. The area of each rectangle is equal to the corresponding 
t(U’m in the given sc^ries. That is, the area of the first rectangle is 1 , the 
second is the third is 3 , etc. The area of the first n rectangles is greater 
than the area under the curve from 
a; = l to a: = n + l. For example, if 
n = 4, 


25 


X 


dx 


or, J 2 > 2.083 > 1.609. 

Thus, 

!im Sn ^ lim I" — 1 = » 

n — >00 n — >oo[_t/l X J 



Hence, the given scrie.s is divergent. 

(3). IfO < p < 1, w(' (‘ompare the terms of the series with the area 
under a curve. 

In order to study the convergence or the divergence of this series, con- 
sider the function 

1 

^ x^ 


and draw the curve similar to the one drawn in Figure 83. The area under 
the curve from x = l to x = b as b becomes infinite, is expressed by the 
limit of the definite integral, 


lim 

b — >00 




But since p < 1 makes the exponent of b positive, this limit does not exist. 
As in the previous case, rectangles having bases each equal to 1 are circum- 
scribed to the area under the curve from x = 1 to a; = f>, as shown in the 
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figure. The area of each rectangle is equal to the corresponding term in 
the given series. The combined area of the first n rectangles is greater 
than the area under the curve from a;=ltoa; = n + l. Thus, 

lim Sn ^ lim / — = oo . 

n — >00 n — >uo[_t/l X 


Hence, the given series is divergent for any value of p in the interval 
0 < p < 1. 

(4). K > 1, the character of the series is changed. 

Consider the function 

1 


and draw the curve as in Figure 84. The area under the curve from x = I 

to X = b as h becomes infinite, is ex- 
pressed by the limit of the definite in- 
tegral. 



,. r r^dxi ,. r x^-^ T 

lim / — = hm 

b — >00 Lt/1 X J 6— >00 LI pji 


= lim 

b — >QO 


^ - 1 
1)P-1 


1 


p - 1 


1 p J 

Rectangles having bases each equal to 1 
are inscribed to the area under the 
curve from x = 0 to a: = 6 as shown 
in the figure. The area of each rec- 
tangle is equal to the corresponding term in the given series. That is, the 
area of the first rectangle is 1, the second is 1/2^, the third is 1/3^, etc. The 
area under the curve from x = 1 to a: = a is greater than the area of the 
(n — 1) inscribed rectangles, omitting the first. Thus, 


Sn 1 < 


r^dx 

Jl X^^' 


aS — 1 = lim (Sn — 1) ^ lim f f “1 = — 

n-^oo n->a, LJl X^J P - 1 


from which 


S ^ 


V - 1 


Hence the given series is convergent. 
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103. Comparison Test. 

The comparison test of a scries is one in which the terms of a given series 
are compared with those of series known to be convergent or divergent. 
Let the infinite series 

(C) Cl + C2 + C3 + • • • + Cn + • • • 

be one which is known to converge, let the infinite series 

{d) + ^^2 4“ ds + • • • + dn "b * * * 

be one which is known to diverge and k^t the infinite series of positive terms 

(y) yi + u<> + ?/3 + • * * + + • • * 

be one whose convergence or divergence is to be established. The series 
{u) is convergent if, after some term, (^ach of its terms is less than or at 
most equal to, the (jorresponding term of the sfu-ies (c), known to converge. 
Thus, if 

i-=n i —n % — n 

liin L c, = (7, L w, g X c, < C. 

n — >«> i — I 1=1 1=1 

Then, 

litn ^ M, g lim c, = C 

n — ><» ^=l n — ►<» 1=1 

and the series (?/) is convergent. 

Similarly, the series {u) is divergent if, after some term, each of its terms 
is greater than or at least equal to, the corresponding term of the series 
(d), known to diverge. Thus, 

t —n i =n i =n 

if lim Xi = '», Y, 'U, ^ T. d^ = <». 

n — >00 2=1 2=1 t=l 


t =n 

Then, lim Y, u^ = 

n — >00 2=1 

and the series (u) is divergent. 

Consider the series 


1 +p + ^ + 


+ ••• + 


1 


{2n - 1) 


^ + 


The ratio test fails, since 


lira 


(2n - 1)2 
(2/1 + 1)2 


n — >00 
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In application of the comparison test, we choose the series 

1 + J -2 + ^ + ^2 + • • • + + • • • , 

which is known to converge from (4), Section 102. Comparing the series, 
the first terms are equal. Thereafter, each term of tin? given series is less 
than the corresponding term of the latter. Hence, the given series con- 
verges. 

Consider the series 

hi 2 hTs hTi ^ In (n + 1) ' 

For comparison, we use the harmonic series (2), Section 102, which is 
known to diverge. Omitting the first term of the harmonic series, each of 
its terms is less than the corresponding term of the given series. Hence, 
the given series is divergent. 


Exercise 71 


Establish the convergence or the divergence of each of the following series by com- 
parison with either the p-series or other series known to converge or diverge. 

1 


2 . +. 

2 ^ 5 ^ 10 ^ 

3. 1 + ^ + -fg + • 
4- 1 + ^5 + ^ + • 


+ 2 ’>^2 +' 

+ + • ■ 
+ 1 


+ 2-;;^-Ti + ' 
■ + \ + • • • . 


6. J + I + I + I + • • • . 

6. i + I + I + J + • • • - 

7. ^ -j 

2 -2 22 -5 ^ 23. 10 

8 * 3 + 16 + 3^5 + 6 ^ + • ' 

9 


2 ^ • 17 


-f ■ 


2 2 2 2 
l-2^3-4^5-6^7-8^ 


10 . 1 


-L J L . . . 

3 ! ^ 5 ! 7 ! 


11. It was assumed in the last illustration above, that the logarithm of a number 
is less than that number. Prove that this is true. 
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104. Power Series. 

A scries which assumes the form 


ao + aix + a2X- + ci^x^ 4. . . . a^x'^ -f . . . 

in which x is a variables and in which the coefficients are constants, is known 
as a power scries. The remainder of the chapter is devoted to a study of 
such s(a'ies. 

A pow(‘r seri(\s may converge for all values of the variable x, or it may 
not conv(Tg(' for any valiu's of x, save = 0. However, it is usual for a 
power series to conv('rg(' for all values of x within some finite interval and 
to diverge for all othcTs outside that int(‘rval. 

Interval of Convergence. Tlu^ totality of values of the variable for 
which a giv(*n powi'r sc^ries conv(M'ges is calk'd tlu' interval of convergence of 
the seric's. In tlu' applications it is of fundamental importance to be abk' 
to find tlu' interval of convergence for a giv('n power seric^s. 

For most power series the ratio test may be used to find the interval of 
convergence. For exampk', given the series 

/y»3 /y*H 

1 +, + 1+1 + .. 


Taking the limit of tlu' absolute value of the ratio of the (n + l)st term 
and the nth term as n Ix'comes infinite, we have 


lim 


I n\\ 

= liin — r ^ — 

1 ^ n 

I {a + ]).r" 


lim — p — • 1 a: I = 
n + 1 ' ' 


Therefore, by the critc'ria given in Section 101: 

if I X I < 1, the series converges for — 1 < x < 1, 
if 1 X 1 > 1, th(' series divcn'ges for x < — 1 and x > 1, 
if I X I = 1 , the test fails. 


If X = 1, the series is the harmonic series which is known to be divergent. 
If X = — 1, the series is the alternating series given in Section 101, where it 
is said to be convergent. Hence, the given series has the interval of con- 
vergence, 

— 1 ^ X < 1. 

As shown in this illustration, the interval of convergence of a power 
series may be found by the application of the ratio test, but the behavior 
of the series at the end points of the interval must be tested by some other 
criteria. 
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Exercise 72 

Find the interval of convergenre for each of the following series, testing each of the 
end points. 

/y. /y«2 /y»3 

1. l+|+|+^ + ---. 

2. 1 + + 3x2 -I- 4i-3 ^ . 



, x^ 


+ y ■ 


, x^ 

2 i 

^ 3 ! 


5 1 ‘ H . 

2 ! ^ 4 ! C ! ^ 

6. 1 - 3X + 5x2 4- 7 j;3 -) . 

J 3 /y»4 

7. X - ^ + • • . . 

X 22x2 32x2 42x2 

®' 1 + 2 + "22“ + “22~ + • 

2- '+^+25 + Si + "-- 

^ ' ^2 ‘ ^3 ^ ^.4 ' 

,, 1 , 2(x -2) , 3(x -2)2 , 

“• 2 + + — 4 — + • • ■ • 

(X +2) , 2(x +2)2 , 3(x +2)2 , 

12 . — ^ + ^ 3 — - + •••. 

106. Maclaurin’s Series. 

A power series which is convergent for a < x < hj has a sum which is a 
function of x, valid for only those values of x in the interval of convergence. 
Consider the series obtained by the indicated division, 

1 ~ x 

Since, 

lim == I X 1 , 

n—>oo Un 

the interval of convergence of tlie series is — 1 < x < 1. The series is di- 
vergent at each of the end points. Also, the given function is not defined 
for X = 1 and the series does not represent the function for x = — 1, since 


I ^ 1 - 1 + 1 - 1 • • • 
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Similarly, the series does not represent the function for values of x < — 1 
or for values of x > 1. If, however, x has any value in the interval of con- 
vergence, the infinite power series is said to represent the function. 

This discussion suggests an important problem, that of expressing a 
given function as an infinite power series. This process is known as ex- 
panding a function in a power series. While it is by no means possible to 
expand all functions in a power series, it is now our task to represent cer- 
tain functions by such series within the interval of convergence. 

Let us assume that sin x can be expanded in a power series in x, in ra- 
dians, and write 


sin X — A + Bx Cx^ + Dx^ + Ex^ + Fx^ + • • • , 

in which A, C, • • • are constants to be determined. The successive de- 
rivatives with respect to x arc as follows: 

cos x = B + 2Cx + 3/)x2 + 4Ex^ + 5Fx^ + • • • 

-sin X = 2C + 6Z)x + ^2Ex^ + 20Fx^^ + • • • 

-cos X = GD + 24/^x + mFx^ + • • • 

sin X = 24i^ + 120Fx + * * • 

cos X = 1 20F 4* • . . 


in which it has be(m assumed that series may be differentiated term by 
term. Making the assumption that the original eciuality and those derivt^d 
from it, hold for x = 0, the values of the constants can be found. Since 
sin 0 = 0 and cos 0 = 1, we have 


^ = 0 , B = C = 0 , 6Z>=-1, E = 0, 


120F = 1, 


or 


B=\, 




II 



Replacing the constants in the original ecpiation by these values, we have 
the series 


sin X = x - 


7 ! 


+ 


This power series converges for all values of x. We say that it represents 
the function sin x for all values of x. 

Let/(x) be a function having derivatives of all orders, each of which 
can be evaluated for x = 0. Also, assume that/(x) can be represented by 
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a power series convergent within an interval containing x = 0. Then the 
series and the derivatives are written as follows: 


fix) = A + Bx+ Cx^+ Dx^ + Ex^ + Fx^ 
fix) = B + 2Cx + 3Z)x2 + AEx^ + 5Fx^ 


fix) = 
fix) = 

fi^:) = 


2C +(jf)x +12fe-+ 20Fx^ 
6D -\-2AEx + mFx'^ 
2AE + \20Fx 


+ ... 
+ ... 

+ ••• 
+ ••• 


If a; = 0, the values of the constants are 

A = m, B = fiO), C = . D = 

Substituting these values for the coefficients, 

fix) = /(O) + /'(O) X + x^ + 

This scries is called a Maclaur 2 n\s scries. 

Expanding a function in a Maclaurin’s series is also known as develop- 
ing a function /(o’) in powcTs of .r in the neighborhood of zero. A function 
cannot be developed by the Maclaurin expansion unlf'ss the function and 
its derivative's exist for x = 0. In case it can be ('xpanded, the series rep- 
resents the function for all values of x in the' interval of conv('rgen(*e. How- 
ever, as we shall see in the applications, a Maclaurin’s series is most useful 
in finding values of fix) for values of x near zero. 

To expand the function in a Maclaurin^s series, we proceed as follows: 

Let fix) = c-^, then /(O) = 1. 

Also, f'{x) = /'(O) = 1, 

r(x) r(0)‘= 1, 


Hence, 


/y»2 /y»3 /y«4 /v*5 

e^ = l+x + ^ + 3-,+4i + ^,+ 


which is a series convergent for all values of x. 

Sometimes the Maclaurin expansion of a function can be simplified by 
a transformation of the variable. For example, the expansion of the func- 



Infinite Series 


265 


tion sin may be obtained by letting = z. Then, 
sin = sm 2 = 2 — ^ + • * • , 

as developed above. Making the reverse substitution, 
sina:^ = x^--,+^, + .... 

Exercise 73 

GROUP A 

Verify each of the following important series expansions and their intervals of con- 
vergence. 


1. = + + 

^3 ^6 yl 

2. s.„a: = x-^ + ^-^ + . 


3. cos X = 1 


x'^ 


2 ! "^4 ! 6 ! 


-7*2 -7*3 ^4 

4. In (X + 1) = X - + I - ?- + • 

6. arctan x = x — • 

o 0 7 


All values of x. 

All values of x. 
All values of x. 

• ♦ . — 1 < X ^ 1. 

• . -1 ^ X < 1. 


Expand each of the following functions into a Maclaurin’s series, obtaining the first 
four rionvanishing terms. 


6. arcsin x. 

7. In (a + x). 


8. sin 




9. Vl + x< 


10. cos ax. 

11 . Ue^+e--). 

12. a^ 

13. In (1 + sin x). 


GROUP B 

Expand each of the following functions into a Maclaurin’s series, obtaining the first 
four non vanishing terms. 


14. 

In cos X. 

21. 

In (x + Vl 4- x2) 

16. 

COS^ X. 

22. 

1 



\/4 ~ X 

16. 

(gx e-x)2^ 

23. 

X arctan x. 

17. 

sin (^ - x) • 

24. 

gtan x^ 

18. 

>^(1 - X)2. 

25. 

COS X^. 

19. 

sec X. 

26. 


20. 

gsln 

27. 

1 

Vl - X* 
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106. Computation by a Maclaurin Expansion. 

One of the most important elementary applications of the expansion of 
a function into a series is the computation of various values of the function. 

To compute sin 2° to five decimal places, we use the expansion of sin x, 
where 


a: = 2° = radians. 


= 0.034907 - 0.000007 == 0.03490 


This series converges rapidly, so that in the computation two terms are 
sufficient. It is obvious, without computing, that the third term is too 
small to affect the sixth decimal place. 

To compute sin 62° to five decimal places, the series for sin x converges 
too slowly to be practical, where 

X = 62° = ^ radians. 

Consequently, the series for sin (x + w/S) is used, where 

X = 2^ — ^ radians. 



Replacing x by its value, 

sin 62° = ^^(1.73205 + 0.03491 - 0.00105 - 0.00001) = 0.88295. 

Maximum Error. In an alternating series, the absolute value of the 
maximum error committed by stopping with any particular term of the 
series is less than, or equal to, the absolute value of the term succeeding 
the last term used in the computation. This is assumed without proof. 

In the sin x series, if we use 

sin x = Xj 
I error | g — . 
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While if we use 


^3 

sin X = a: — ^ > 
o I 


error | g 




If a maximum error of 0.0005 is allowed in the computation of the sine 
of an angle, we can find the limits within which the first term only, may 
be used. 

~ = 0.0005, = 0.003 

X = 0.1442 radians = 8° 15', approximately. 


With the same allowable error, we find the limits within which the first two 
terms may be used. 

1^0 ^ == ® 

X = 0.5G97 radian = 32° 39', approximately. 


Differentiation and Integration of Series. If a function is represented 
by a power series, the derivative of the function is represented by the series 
obtained by the term by term differentiation of the given series. The 
series obtainc^d is valid for thovse values of the variable within the interval 
of convergence. Similarly, and under the same conditions, the integration 
of a function is represented by the series obtained by the term by term in- 
tegration of the given series. 

Consider the function 


While /'(x) can be obtained readily by the usual methods, the j f{x) dx 

cannot be obtained by such methods. In the solutions of the two problems 
which follow, use is made of the differentiation and the integration of series. 
To find the slopes of the given curve at the points x = 0 and x = 1, we 


fix) = 

m = 


1 — — ^ — — + 
3 ! ^ 5 ! 7 ! ^ 


2 , 4 , 6 , , 


use 
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At x = 0, /'(O) = 0, and the curve has a horizontal tangent. 

Atx = 1, /'(I) = -0.33333 + 0.03333 - 0.00119 = -0.30119. 

The absolute value of the error, using the first neglected term, is 

I error | g ~ = 0.00002. 

sin X 

The area under the curve y = - ~ from a: = 0 to x = 1 may be found 
as follows : 



= 1 - 0.05556 + 0.00167 = 0.9461, 


in which the absolute value of the error is less than 0.00003. 


GROUP A 


Exercise 74 


1 . Compute the value of e to four decimal places. 

2 . Compute the value of cos 2° to four decimal places. 

3 . Compute the value of sin 3° to four decimal places. 

4 . Compute ^ to four decimal places. 

6 . Compute In (1.2) to four decimal places. 

6. Compute Ve to four decimal places. 


GROUP B 

7 . Expand In Maclaurin’s scries. 

8 . Using the expansion in Problem 7, find In 2 to four decimal places. 

9. From the expansion of aresm x and arcsin 2 = tt/G, compute the value of w to three 

decimal places. 

10 . Expand V9 -f x and compute V 9.02 to five decimal places. 

11 . Compute sin 32° to five decimal places. 

12. Compute cos 62° to five decimal places. 

13 . Show that cot x cannot be expanded in a power series in x. 

14 . From the expansion of arctan x and arctan ^ -b 2 arctan J = tt/I, compute the 

value of TT to four decimal places. 

16 . Compute In sec 46° to four decimal places. 

16 . Within what interval can sin x be replaced by x, if the allowable error is 0.0001? 

17 . Within what interval can cos x be replaced by 1 — Jx*, if the allowable error is 

0 . 0001 ? 
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18. Expand a Maclaurin’s series. 

19. Using the series obtained in Problem 18, evaluate 

places. 


j r'os 
0 


e dx to four decimal 


by means of series. 


20. Evaluate lim ^ 

X — K) 

iircsiii X 

21. Evaluate lim — ‘ by means of series. 

X — K ) ^ 


22. Evaluate 


J r»o 5 
0 


Vi — dxio four decimal places. 


23. Evaluate lim ^ by means of series. 

a;->0 

24. Evaluate lim - - by means of series. 

a :-- >0 


25. Find the area under tiie (Uirvo y — c from x — 0 to x = 1, to four decimal places. 


107. Taylor’s Series. 

It is often desirable to expand a function into a power series of a bino- 
mial {x — a) instead of a power series in x for reasons which are given in 
the next section. In expanding a function in a series of (x — a), the con- 
stant a is some given number or is chosen at ph^asure. The procedure is 
analogous to that of the Maclaurin expansion. 

Let /(x) be a function whose successive derivatives exist, each of which 
can be evaluated for x = a. Also, let 

f{x) =-' A + B{x — a) + C(x — ay + D(x — a)^ + • • • . 

By differentiation, 

fix) = 5 + 2C(x - a) + SDix - a)^ + . . • 
f'ix) = 2C + 6/)(x - a) + • . • 

f"ix) = 6i) + • • • 


By letting x = a, the values of the constants are determined, 

A=f{a), B=f\a), 2) = . 

a 

Substituting values, 


fix) = /(a) + ria)ix - a) + (x - a)^ + + ' ' • 


This series is known as Taylor^ s series. 
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Let us expand In a; in a power series of (x — 1). This is a Taylor ex- 
pansion in which a = 1. 


If 

Also 


f(x) = In X, 
/'(x) = x^*, 

/"(x) = -x-^ 
/'"(x) = 2x-», 


m = 0 . 

/'(I) =1, 
/"(I) = -1, 
/"'(I) = 2. 


Hence, 

In X = (x — 1) — l(x — 1)2 -|- j(x — 1)2 
Using the ratio test for this series, 

= lim (x - 1) ! 

n — >«> "1“ 1 

Consequently, the series converges for | x — 1 | 


lim 

n — >co 


- - 1)^ + • • • . 

= lx - 1 I . 

< 1, or for 0 < X ^ 2. 


GROUP A 


Exercise 76 


Expand each of the following functions into a Taylor’s series, obtaining the first four 
terms and using the values of a given. 


1. e* for a = 4. 

2 . sin X for a = t/O. 

3. cos X for a = 7r/3. 

4. arctan x for a = 1 


5. tan X for a = 7r/4. 

6. for a = 2. 

7. VT~+^ for a = 1. 

8. Vx for a = 9. 


GROUP B 


9. Expand In x about x = 2. 

10. Expand -^x in a power series in (x — 8). 

11. Expand x^ — 2x^ — x — 5 in powers of (x — 1). 

12. Using the result of Problem 11, evaluate 


f 


x3 - 2x2 


(X - 1)^ 


dx. 


13. Expand In (sin x) about x = 7r/4. 
dx 

= by means of a series, where a < 1. 


14. Find 


r 


Vi — x^ 

Verify each of the following series and their intervals of convergence. 
16. (x + a)^ = a* 4 - ka^~^ x + a*~2 ^2 . 


. k{k-l){k-2y^^{ k~n+ 2 ) 

^ (n - 1) ! a X ± , 

If k is zero or a positive integer, the series is finite and holds for all 
values of x. For other real values of /c, the series is infinite and holds 
for —a < X < a. 
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16. In a: = In a -f " — o ) -f (a: — a)2 -f- • • • , a > 0, for values of x, 

0 < X ^ 2a. Write the nth term. 

17. = e'^^1 {x — a) -{• + • • • J , for all values of x Write 

the nth term. 

— a)^ (x a)^ 

18. sin X = sin a (x — a) cos a — sin a — - — 3 T~~ cos a + • • * , 

for all values of x. 

(x — a)^ (v — a)^ 

19. cos X = cos a — (x -- a) sin a — cos a + cos a + • • • , 

for all values of x. 


108. Computation by a Taylor Expansion. 

As has been stated, one of the most important applications of series is 
in the computation of values of a function for different values of the vari- 
able. The tabk^s of values of the logarithms of numbers and of the trig- 
onometric functions of angles may be computed in this way. For this pur- 
pose it is necessary that the series used for the computation, converge. 
For prac^tical purposes, it is desirable that the series used converge rapidly. 
It should be possible to find a siuies to represent a function so that for the 
value sought, the first few terms are sufficient. 

If a Maclaurin expansion is to be used, the rapidity of the convergence, 
assuming that it docs converge, depends on the numerical values of x and 
the coefficients of the series. In general, the smaller x is, the more rapidly 
the terms of the series diminish in numerical value. Hence, if f{x) is to be 
computed for a given small value of x and if /(O), /'(O), /"(O), • • • can be 
computed easily, a Maclaurin series usually gives an approximation of the 
value of f{x). Under such circumstances, we say that a Maclaurin series 
is applicable in the neighborhood of the origin. 

If a Taylor expansion is to be used, the rapidity of the convergence, 
assuming that it does converge, depends on the numerical values of {x — a) 
and the coefficients of the series. In general, the smaller (x — a) is, the 
more rapidly the terms of the series diminish in numerical value. Hence, 
if f{x) is to be computed for a given value of x and if a value of a can be 
chosen so that {x — a) is small and /(a), /'(a), f'(a), • • • can be computed 
easily, a Taylor series usually gives an approximation of the value of f{x). 
Under such circumstances, we say that a Taylor series is applicable in the 
neighborhood of x = a. 
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To compute sin 62° wc may expand sin a: in a Taylor’s series about 
X = ir/3. 


fix) = sin X, 


/'(.C) = CO.S X, 

r(s)-r , 

1 

11 

rid-~T 


sin X 




31 

When a: = 62° = ^ T, the same series ri'sults as was obtained in Section 
106, where it was found that sin 62° = 0.88295. 


Exercise 76 


GROUP A 

Compute eacli of tlie following by .series to four decimal places. 

1. sin 61°. 4. In |. 

2 . 008 62°. 6 . -yiE. 

3. sin 35°. 6. e-°-\ 


GROUP B 


7. Compute cos 31° by expansion about x = tt/G using four terms. Show that the 

result is correct to three decimal places, since the error is 0 00006. 

8 . To find cos 66° to four decimal places, what series and how many terms should be 

used? 

9. Using the series for In x about x == 4 to obtain an approximation for In 4.2, find 

the maximum error if 5 terms ar^ used. If the decimal is to be correct to four 
decimal plaees, how many terms of the expansion are necessary? 

10. Find ^ (7.95)2 by a Taylor's series for to five decimal places. 

11. Find to five decimal places. 

12. Find the volume generated by the rotation of the area bounded by the curve 


1 vC • 

y ~ - sin X) the x-axis, the y-axis and the line x - 1 = 0, correct to four decimal 

X 2 

places. 



CHAPTER XIII 
POLAR COORDINATES 


109. Polar Coordinates. 

The polar coordinate system consists of a fixed point, the pole^ and a 
fixed line, the polar axis, through the pole. The polar coordinates (p, 6) 
of a point are the radius vector and the vectorial angle, respectively. The 
vectorial angle is measured from the polar axis and may be positive or 
negative according as it is measured in the counterclockwise or the clock- 
wise direction. The radius vector is measured from the pole and may be 
positive or negative according as it is taken along the terminal side of 
the angle or along the terminal side produced through the pole. 

The polar coordinate system is well adapted to the expression of the 
equation of a curve which involves a motion about a point. The equa- 
tions of some curves are seldom expressed in any other system than the 
polar, others are usually expressed in the rectangular system, while still 
others may be e(pially well expressed in either system. In this chapter 
the methods of the (;alculus are applied to the equations of curves which 
are better expressed in a polar co- 
ordinate system. 

The equation of a curve in polar 
coordinates usually assumes the 
form 

p = m. 

To plot the graph of such a func- 
tion, a table of corresponding values 
of p and 6 is prepared from which 
a smooth curve is drawn through 
the points located in a polar system. 

For this purpose it is convenient to yig. 85 

use polar coordinate paper which 

consists of a series of concentric circles drawn about the pole and a 
number of radial lines through the pole. 

The graph of the equation 

p = 2 — 3 cos 0 
273 
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is drawn in Figure 85. It is to be observed that the curve is symmetrical 
with respect to the polar axis, since cos 6 — cos ( — 6), The value of p 
is zero for the angles 6 — ±: arccos f . This curve is known as the limagon. 



The graph of the curve known as the lemniscate is drawn in Figure 8G 
from the equation 


p2 = 16 cos 26. 


The values of p are real for the following intervals of the angle, 


4 4 


j TT ^ TT. 

4 ”4 


GROUP A 


Exercise 77 


Draw the graph of each of the following equations. 


1. p cos 0 = 4. 

2. p sin 0 = 3. 

3. p cos 0 2 = 0. 

4. p sin 0 + 6=0. 

6. p = 4 cos 0. 

6. p = 2(1 — cos 0). 


7. p(l + cos 0) = 4. 

8. p(2 + sin 0) = 6. 

9. p(l — cos 0) = 2. 

10. p(l — 2 cos 0) = 4. 

11. p = 4 sin 20. 

12. p = 4 cos 20. 


Transform each of the following equations to polar coordinates or to rectangular 
coordinates. 

13. xy = 2. 

14. = 4p2/. 

16. + ^2 = a2. 


16. p - 2a sin 0. 

17. p - a CSC 0. 

18. p — a tan 0. 
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GROUP B 


Draw the graph ef each of the following equations. 


19. p = 3(2 + 3 cos 0). 

20. p = 2(3 — 2 sin 0). 

21. p = 3 — 2 sin 0. 

22. p2 = 4 cos 20. 

23. p = 1 4- 2 cos (9/2). 

24. p = 1 4- J^in (6/2). 

Transform each of the following equa 

coordinates. 


26. p2 = sin 29. 

26. p = a sin l]9. 

27. p = (S sin'^ { 0 /'^). 

28. p“ = (i~ sin 3(?. 

29. p = a (I — cos 29) 

30. p = a(l 4- 2 cos 20). 

s to polar coordinates or to lect angular 


31. jc‘^ 4“ — 2a r 4- 2a?/ = 0. 

32. {x- 4- y/-)- = ~ 2/-). 

33. — [iaxy = 0. 


34. p ~ a sin 2d. 
36. p2 = a- cos 20. 
36. p — a cos 20. 


caioup c 


Draw the grajih of each of the following equations. 


37. p = (iB. 40. pO = a. 

38. p -= 8 cos3 {0/\\). 41. p = vO, 

39. p^ = a2(sin 4“ cos 0). 42. p = 2 cos 0—3 sin 9. 

Find the coordinates of the points of interst‘ction of the following pairs (jf curves. 

43. p = 1 4" cos 0, p = 2 cos 0 

44. p- = a- sin 0, p^ = a- sin 20. 

46. p2 = sin 0, p“ = a'*-’ sin 30. 

''Pransform each of the following equations to polar coordinates. 


46. X — 2 cos 0 — cos 20, y = 

47. X = a cos"^ 0, y — a siii'^ 0 

cos 0 sin 0 

48. X = 


0 


0 


2 sin 0 — sin 20. 


110. Angle between the Radius Vector and the Tangent. 

Let the equation of the (3urve in Figure 87 be 


p = 

in whi(di d i.s expressed in radians. Let 
P(p, 6) be any point on the curve, where 
OP — p, and draw the tangent PT to 
the curve at this point. Finally, let 
the angle between the tangent and the 
radius vector be denoted by t/^, or 

Z OPT = i/'. 

If the angle 6 is given the increment 
the increment of the function 
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is Ap, thus locating the point Q(p + Ap, 0 + Ad) on the curve. The 
chord PQ is drawn and the line segment PR perpendicular to OQ through 
P is erected. The angle at Q in the right triangle PQR is represented by 
</). Then, from this triangle, 

_ RP _ RP _ p sin AS 

^an ^ _ O/g " p"TA/r-~p“co^ 

sin AS 

Ap , (1 — cos A^) 


Since S is expressed in radians. 


lim 

Ad-M) 


sin AS 
~~AS~' 


and 


1 ~ cos AS 

hm — 

A0~>O 


= 0 . 


As AS approaches zero, the chord PQ approaches the tangent TP as a 
limiting position and angle <t> approaches Hence, 


and 


lim tan (j> = tan \p 

Ad — K) 


tan \l/ 


JL — ^ 

dp ^ dp 
dS 


If the angle p is the inclination of the tangent to the curve at the 
point Pj 


p = 0 


From this relation the slope of the curve at the point P may be found by 

_ tan S + tan xj/ 

^ 1 — tan S tan xp 


To find the slope of the curve p = 2(1 + cos S) at the point where 
^ = tt/G, we first find tan xf/. 


dp 

dS 


^ ^ ^ , 1 + cos , AT. 

2 sm S, tan xp = = - (2 + V3 ). 


— sm 


Hence. 


tan p = — 1 and p = Itt. 
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Exercise 78 

GROUP A 

1. Find the angle which the curve p = a cos^ (e/2) makes with the polar axis. 

2. Find the angle which the curve p =2(1 — 2 sin 0) makes with the polar axis 

3. Find the angle which the curve p = makes with the radius vector at any point. 

4. Show that = d/S for any point on the curve p = a sin^ (0/3). 

Find the angle between each of the following curves and the given lines. 

6. p == 1 — 2 cos 20 and 60 = tt. 

6. p = a cos2 0/2 and 20 = x. 

7. p(l — cos 0) = 1 and 40 = x. 

8. p(l + cos 0) — a and 20 = x. 

9. p = a(l — cos 0) and 20 = x. 

10 . p = a cos 20 and 0 = arctan 

11 . p = a(l — cos 0) and 0 = arctan 

GROUP B 

Find the angle between each of the following pairs of curves. 

12 . p2 = a} cos 20 and p = a V2 sin 0. 

13. p2 = cos 20 and 0 = 0. 

14. p = a(l + sin 0) and p = «(1 ~ sin 0). 

Find the slope of each of the following curves at the given points. 

16. p2 = o?- cos 20 at (a/V2, tt/O). 

16. p = u(l + cos 0) in the first quadrant for 0 = arcsin 

17. p = a(l -b sin 0) in the first quadrant for 0 = arccos |. 

18. Find the polar equation of the tangent to the curve 

p = 1 — cos 0 at the point (JjTt/S). 


111. Plane Area. 

In Chapter VI the area under a curve in rectangular coordinates was 
expressed as the limit of a sum and by means of the fundamental theorem 
of integral calculus, the area was computed by a definite integral. In 
this section, application of the same theorem is made in finding plane 
areas bounded by curves expressed in polar coordinates. These con- 
tinued applications of this theorem indicate, not only its importance in 
the calculus, but also the tremendous power of the definite integral. 

Let the curve in Figure 88 be given by the equation 

p = m, 

where f{6) is a continuous single-valued function from 0 == a to 6 = 
and is increasing with 6 in this interval. We wish to find the area bounded 
by this curve and the lines 6 = a and 6 = p. 
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The angle (/? ^ a) is divided into n equal angles A6 by drawing radial 
lines through the pole 0. These lines divide the area S into n incre- 
ments AS. In the figun* the increment ASi is bounded by the lines 
OPt, 01\+i and the increment of arc length P^P^+l. If a circular arc 
PtQ is drawn with O as a center and OPi as a radius, the circular sector 
is said to be inscribed to the curve. The area of this sector differs from 
ASx by infinitesimals of higher order than Hence, neglecting these 

infinitesimals, the element of area dS^ is 
the area of the circular sector. From 
elementary plane geometry, 

(IS = W A6>. 



Since 


1 = 1 


S - lim X) H 5 Pi^ 

n — 1 = 1 A0 — K)i=l 

By the fundamental theorem, 


where a, ^ and d are expressed in radians. 

The restriction made above, that the function increases with 0, was 
made to simplify the discussion. To illustrate that it is unnecessary, we 
shall find the area outside the circle p — a and inside the circle p = 2a cos 6. 

Let p' and p" represent the radii vcctonvs of points P^{p^fi^) and 
Px'ipi" fix) on the first and second curves, respectively. 

Then the element of area is 


dS = i(p/'2 - p/‘0 A0, 

and the area is 

aS = ^ lim E cos“ — a^) AS. 

The coordinates of the points of intersection of the circles are (o, tt/S) 
and (a, —tt/S). However, since both circles are symmetrical to the 
polar axis, it is convenient to find twice half the area. Now that the 
limits of the integral are known, the fundamental theorem is applied. 
Thus, 

s = a'^ cos* e - 1) de = ^ (,2Tr + 3^3). 

Jo o 
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Volume of a Solid of Revolution. To find the volume of the solid gen- 
erated by rotating the area enclosed by the curve 


p = 2a sin 6 


about the polar axis, the cylindrical element (cylindrical shell) is chosen. 
Let the radius of the circular base and the length of the cylinder be y 
and 2x respectively. Then the element of volume is 


Since 

and 

Then, 

Hence 


dV — iwxy dy. 


X = p cos 6 = 2a sin 0 cos 6y 
y — p sin 0 = 2a sin^ 6 
dy == 4a sin 0 cos 6 dd, 
dV = 647ra^ sin^ 6 cos^ 6 dO. 


X 7r/2 

sin"^ B cos^ 0 dd 

V = |7ra^j^l6 sin*^ 6 cos ^ — 4 sin**^ 6 cos ^ + 6^ — 3 sin 2^ 


■k/2 


= 2x^01 


Exercise 79 


GROUP 1 

Find the entire area bounded by each of the following curves. 


1 . p — 2a cos 6. 

6 . 

p2 = a^ cos 2^. 

2 . p = a(l + cos 0). 

6 . 

p = a cos 20. 

3 . p = 3 — sin 0. 

7 . 

p = a cos 30. 

4 . p = a(l — cos 0). 

8 . 

p = a sin 20. 


9. Find the volume generated by rotating the up[)er half of the area inclosed by 
p — 2a cos d about the polar axis. 

10 . Find the area inside p = 4 + 2 cos 0 and outside p = 4. 

GROUP B 

Find the entire area bounded by each of the following curves. 


11 . 

p = a sin 30. 

14 . 

p - a sin2 0. 

12 . 

p2 = cos 0. 

16 . 

P“ = 2 sin 0 — 1. 

13 . 

p2 = 20. 

16 . 

p^ = a^ sin 30. 
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17 . Find the area inside the smaller loop of the curve 

p — 1 + 2 sin i?. 

18 . Find the area inside p »= a(l + cos 0) and outside p — 2n cos 6 . 

19 . Find the area of the segment of the parabola p(l + cos B) = 2a from the vertex to 

the chord perpendicular to the axis. 

20 . Find the area common to p = 3 sin B and p = 1 sin B. 

21 . Find the volume generated by the rotation of the upper half of the area bounded 

by the curve p = 1 + cos 6 about the i)olar axis. 

22 . Find the angle of intersection of the curves p = a cos B and p ~ a sin 2&. 

23 . Find the polar equation of the curve which intersects the radii vectores of its points 

at a constant angle. 

24 . Find the polar equation of the curve through the point (3,0) if the radius vector and 

the curve at any point make an angle whose tangent is equal to the cube of the 
length of the radius vector. 


112. Length of an Arc of a Curve. 

From Section 87, the differential of the arc of a curve in rectangular 
coordinates is 

ds yjl dx — V (d.r)2 + (dy)^. 


This may be expressed in terms of polar coordinates by means of the 
transformation 


Hence, 

and 

Squaring and adding. 


X — p cos dj y ~ p sin 6. 

dx = cos 6 dp — p sin d dd 
dy = sin 6 dp p cos S dJd, 


ds = Vp\deY + {dpY, 

(S’ 


From this result, the length of the arc of a curve p — f (6) between 
6 = a and d = can be expressed by means of the definite integral 



where f(6) is a continuous single-valued function in the interval. 
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Area of a Surface of Revolution. To find the area of the surface 
formed by revolving the lemniscate = 4a^ cos 28, about the i)olar axis, 
we proceed as follows : 

S = 2Tr f y (is = 4x f p sin 8 \ n^ + d8 

Jc *^0 ^ cos 26 

— J* sin 6 dO — 87ra^(2 — \/2). 

Exercise 80 

GROUP A 

1. Find the total length of the curve p = 2a sin d. 

2. Find the total length of the curve p = a(l — cos d), 

3. Find the total length of the curve p ~ a cos^ (0/3). 

4. Find the length of the curve p ~ a6 from ^ = 0 to ^ = 27r. 

6. Find the area of the surface generated by the rotation of the curve p — 2a cos 6 
about the polar axis. 

6. Find the area of the surface generated by the rotation of the curve p^ = 2a‘^ cos 2d 

about the polar axis. 

GROUP B 

7. Find the total length of the curve p = sin^ (0/3). 

8. Find the total length of the curve p = a(l + sin 0). 

9. Find the length of the curve p = from 0i to O 2 . 

10. Find the area common to the two curves p — 2a cos $ and p = 2a sin 0. 

11. Find the area enclosed by the curve p = a(l cos 0) which is cut off by the line 

through the point (JajO) perjxjndicular to the polar axis. 

12. Find the area of the surface generated by the rotation of the curve p^ = 2^^ cos 29 

about the line 6 — 7r/2. 

113. Plane Area by Double Integration. 

Double integration was used in Section 93 in finding plane areas where 
the equations of the curves bounding those areas were expressed in rec- 
tangular coordinates. It is of interest to apply this same method of 
approach to the problem of finding plane areas when the curves involved 
are expressed in polar coordinates. 

In Figure 89 the area S is bounded by the curves 

p = f{d) and p = g{e) 

and the lines 9 == a and 6 ~ Radial lines are drawn through 0 divid- 
ing the angle — a) into n equal angles AS, Concentric circles are 
drawn with centers at 0 and with the radii of consecutive circles differing 
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by the equal length Ap. In this manner a set of elementary areas are 
formed of which PQRS is one. Assuming the coordinates of the point P 
as (p, d), the coordinates of the opposite vertc'X P are (p + Ap, d + AO). 

The area of PQRS is 

A.S - ^(p + Ap)2M- |p2A0 
= pAp Ad + lAp^ AO. 

Neglecting the second infinitesimal, 
whi(‘h is of higher order than is the 
first, the element of area is 

dS = p Ap AO. 

Fig. 89 The double sum of all such ek'inents 

forms an arbitrarily closer approxi- 
mation to the area enclosed, by increasing the number of radial lines and 
the number of concentric circles. This may be shown as follows: 

Referring to the same figure, let the radial line through P inti'rsect the 
first curve at the point V{pt',Bf) and intersect the second curve at the 




point W{pf' jOj). Holding Oj and A0 fixed, let Ap approach zero. Thus the 
number m of concentric circles is increased without limit. The area of 
the strip UVWZ is 


Hm L p, 
L. Ap — >0 t — 1 


Ap A0 = p dp AO. 


As AO approaches zero, the number n of radial lines is increased without 
limit. Hence, the required area is 


S = 


r pgidj) 

lim E / 

AO — H) j —1 L 



p dp do. 
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In application, the area inside the circle p = 2a cos 6 and outside the 
cardioid p = 2a (I — cos 6) is found as follows: 

The curves are drawn in Figure 90, wht'rt^ the symmetry with respect 
to the polar axis is shown and the points of irit(a\section are indicated by 
Fi(a,7r/3) and P 2 (a, — tt/S). The element of area is 

dS — p Ap AO. 

j (*Tr/3 f*2a COB 0 ~]2a cos 0 

I pdpde = I p 2 do 

0 ty2a (1 — COB <?) t/0 J2a(l— cosfl) 

S = (2 cos d - 1) de = ,|o2(3V3 - t). 


Exercise 81 


GROUP A 

Find each of the following areas by double integration. 

1. Bounded by p = iki sin $. 

2. Bounded by cos 20. 

3. Bounded by p = 1 — sin 6. 

4. I^etwecn the two curves p = 3 sin 0 and p = 6 sin 0. 

6. Inside the curve p — a sin 0 and outside'p = 2a cos 9. 

6. Inside the curve p = 2a sin 0 and outside p = a. 

7. The first quadrant area inside p = a and outside p^ = sin 20. 

GROUP B 

Find each of the following areas by double integration. 

8. Inside the curve p = a(l + cos 0) and outside p = 2a cos 9. 

9. The area common to the areas enclosed by the curves p = 6a sin 0 and 

p = 2a (1 4“ 9), 

10. Inside the curve p ~ a and outside p = a(l — cos 0). 

11. Bounded by the curves p = 2a sin 0 and p^ = 2a2 cos 20 and the lines 

40 TT = 0 and 40 — tt — 0. 

12. Inside the curve p^ = 2a'^ cos 29 and outside p = a. 

13. Inside the curve p = a(l — cos 0)"and outside p(l — cos 0) = a. 

14. Between the curves p = a cos 20 and p = a('4 — cos d) and the lines 

60 + TT = 0 and 60 — tt = 0. 
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SOLID ANALYTIC GEOMETRY 
114. Solid Analytic Geometry. 

The study of the calculus as presented thus far has been largely con- 
cerned with functions of one variable. The content of plane analytic geom- 
etry, which deals with such functions, is used so consistently, that it is 
indispensable for adequate interpretations of much of the calculus. In 
precisely the same manner, the content of solid analytic geometry is essen- 
tial for a proper understanding of much of the material presented in the 
remaining chapters of this book. Consequently, it is advisable that this 
chapter’on analytic geometry of space be inserted for reference or for study. 

Solid analytic geometry deals with lines, planes, curves and surfaces in 
a three dimensional space. In this chapter is to be found a very brief 
study of some of the equations of thcvse loci. 

116. Space Coordinate Systems. 

There are three systems of reference, or coordinate systems y which are 
commonly used in a study of solid analytic geometry. They are the rec- 
tangulaVy the cylindrical and the spherical coordinate systems. The first 
is an extension of the rectangular Cartesian coordinate system in the plane 
and the latter is an extension of the polar coordinate system in the plane. 
The second system makes use of both the rectangular and the polar coordi- 
nate systems. 

Rectangular Coordinates. A system of reference in space is established 
by means of three mutually perpendicular planes which intersect in three 
mutually perpendicular lines. These are called the coordinate planes and 
the coordinate axes, respectively, and the common point is the origin. The 
rectangular coordinates of a point are the three directed distances of that 
point from the three coordinate pianos. Consequently, the position of a 
point is uniq^ly determined provided that the distances from the coordi- 
nate planes and the directions of those distances are known. 

If X, y and z are the coordinates of a point P(x,y,z), in Figure 91, 

a: = FP = OA, y = EP ^ OB, z = DP == OC. 

284 
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Having directed the axes as indicated in the figure, any point whose first 
coordinate is positive is in front of the 2/2:- plane, and any point whose first 
coordinate is negative is back of that plane. Similarly, the signs of the 
other two coordinates give positions to the right or to the left of the xz- 
plane and above or below the a::?/-planc. Thus a point may be located in 
any one of the eight octants. Any point whose second coordinate is zero 
lies on the x2;-plane and one whose first two coordinates are zero lies on the 
2:-axis. Thus every point in space has three coordinates which are positive 
or negative real numbers, including zeros. 



Fig. 91 Fig. 92 


Cylindrical Coordinates. A point P whose projection on the hori- 
zontal plane is known by its polar coordinates Qipjd), is located in space if 
its directed distance z from that plane is also known. The coordinates of 
the point P in Figure 92 are {p, 6 jZ)y where 

P = OQy d = ZXOQy z== QP = OC. 

Such coordinate systems are called cylindrical coordinates andjire particu- 
larly useful in expressing the locus of a point which lies surface of 
revolution about one of the coordinate axes. 

While it is customary to establish a polar coordinate system in the 
horizontal plane and a vertical z-axis through the pole, this is but one of 
three possibilities since the polar coordinate system may be established in 
any one of the three mutually perpendicular planes. 
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It is often desirable to change the equation of a locus from the rectan- 
gular coordinate system to the cylindrical and vice versa. The relations 
which exist between the coordinates of the two systems depend on the rel- 
ative position of the two sets of axes. If the x-axis is the polar axis and 
the 2 -axis is the vertical axis, 

X = p cos dy y = p sin dy z = z 
and p- = + y\ tan d = 

X 

Spherical Coordinates. Three mutually perpendicular lines OX, OY 
and OZ from a common point O may be used to establish a spherical coordi- 
nate system. In Figure 93 the spherical 
coordinates of point P are r, 6 and 0, where 

r ^ OP, d = ZXOD, (t> = ZZOP, 

The point P and the OZ-axis determine 
a plane which is located by the angle B 
between that plane and the A^'Z-plane. 
The angle B ranges from 0 to 27r for any 
position of P. In this plane, P is the point 
having the polar coordinates (r,</>) with 0 
as the pole and the line OZ as the polar 
axis. 

In comparing the cylindrical and spheri- 
Fig. 93 cal coordinates of a point, it is to be ob- 

served that p of the former is not equal to 

r of the latter, but that 

p = r sin <t). 

As with cylindrical coordinates, it is often desirable to change the equa- 
tion of a locus from the rectangular coordinate system to the spherical and 
vice versa. If the x-, y- and the 2 -axes are the lines OX, OY and OZ, respec- 
tively, 



X — r svn<h cos By y = r sin 0 sin 0, z = r cos </>. 
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GROUP A 

Write the equations of the following loci in rectangular coordinates. 

1. Each of the coordinate planes. 

2 . Each of the three planes parallel to the 2 / 2 :-plane, the x^i-plane and the 

x?/-plane and at distances a, 6 and c, respectively, from them. 

3. Each of the two planes through the 2 :-axis bisecting the angle between the 

xz- and the ?/ 2 -planes. 

4. Each of the two planes through the ?/-axis bisecting the angle between the 

xy- and the ?/ 2 -planes. 

6. Each of the two planes through the x-axis bisecting the angle between the 
xy- and the J 2 -planes. 

Find the length of each of the following line segments. 

6. Between (1,2,2) and the origin. 

7 . Between (1,2,1) and (5,4,5). 

8. Between (3,2, —1) and (-1,-3, 2). 

9. Between (0,1,6) and (2,0, —3). 

10. Find the coordinates of the midpoint of the line segment joining (3,2, —1) and 
(7,8,5). 

GROUP B 

Write the equation of each of the following planes. 

11 . Parallel to the e-axis through the points (a,0,0) and (0,5,0). 

12. Parallel to the ^-axis through the points (a,0,0) and (0,0, e). 

13. Parallel to the j'-axis through the points (0,5,0) and (0,0,c). 

14. Through the r-axis making an angle of 60° above the xy-p\ane. 

16. Transform the equation T + e- = to cylindrical and to spherical coordi- 
nates 

16. Transform the equation p — a to rectangular and to spherical coordinates. 

17 . Transform the equations z = p = 2a sin 0 and z — 2a — p cos d to rectangular 

coordinates. 

18. Transform the equation r = a to rectangular and to cylindrical coordinates. 

19. Transform the equation 2 = to cylindrical coordinates. 

20 . Find the perpendicular distances of the point P{p,0,z) from the axes OX, OY 

and OZ. 

116. Direction Cosines. 

A directed line through the origin of a rectangular coordinate system 
makes three angles a, ^ and 7 with the x-axis, the ^-axis and the 2:-axis, 
Respectively. These angles are called the direction angles and their cosines 
are called the direction cosines of the line. Any line which is parallel to 
such a line and which has the same direction, has the same direction angles 
and the same direction cosines. 
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The sum of the squares of the direction cosines of any line is equal to unity. 
In Figure 94 the line AB directed in such a way that the direc- 
tion angles are acute angles making the direction cosines positive. How- 
ever, were it oppositely directed, each angle would be obtuse and the 
direction cosines would be negative. The line OP of any length r is drawn 

through the origin parallel to A B and 
having the same direction. The direction 
angles of OP, which are the same as 
those of ABj arc a, and 7, indicated in 
the figure. If the coordinates of P are 
taken to be {x^y^z) then 


X = r cos a, 2/ = r cos p, z = r cos 7. 
But, since y‘^ + 

cos- a + cos^ cos^ Y = 



and 


cos^ a + cos^ jS + cos^ 7 = 1. 


Any three numbers which are proportional to the direction cosines of a 
line are known as direction numbers of that line. Let a, b and c represent 
three such numbers, then 

cos a _ cos p _ cos 7 


= k, 


or 


cos a = akj cos 0 = bk, cos 7 = ck. 

Substituting these values of the cosines in the relation above, we have 

a^k^ + bV + cV = 1 . 


Hence, the proportionality factor is 

k = 

and 


1 


± 


cos a = 


±Va2 + b^ + c^ ^ ±Va^ + b^ + 


cos y = 


±Va* + b^ + c^‘ 
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Since the direction angles are fixed for any directed line, a proper choice 
of sign must be made for each direction cosine. 

The direction cosines of a line segment are proportional to the lengths of 
the projections of the line segment on the coordinate axes. 



Fig. 95 

In Figure 95 a rectangular parallelepiped is constructed, having the 
given directed line segmemt P1P2 as a diagonal, with its edges parallel to 
the coordinate axes. If the coordinates of Pi and P2 are {xi,yi,Zi) and 
{x2,y2,Z2), respectively, 

PiA == X2 - Xi, PiB = 2/2 - Vh PiC = 2:2 - zi. 

From the right triangles P1AP2J P1BP2 and iPiCP2, 

PiA . PiB PiC 

Hence, direction numbers of the given line segment are 
a = X2 — .Ti, 5 = 2/2 — 2/1, c = ^2 — Zi, 

The length of the line segment P1P2 i« 

V(JC2 - Xiy + (y2 - yi)^ + (Zi - Zi)=* . 


117. Angle between Two Lines. 

The angle between two intersecting directed lines in space is defined as 
the angle between the positive directions of those lines. 

Let CA and CP be two intersecting lines in space, directed as indicated 
in Figure 96. If two lines are drawn through the origin parallel to the given 
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lines and a point is chosen on each, 

ABC A = ZP2OP1 = M. 

The coordinates of Pi and P2 being {xi,yi,Zi) and ix2,yi,Z2), respectively, 
OPi^ = + 2/1^ + 2i^ ^ 2 ^ = 2^2^ + 2 / 2 ' + 22- 

and 

= (Xi - cri)^ + (2/2 - yiB + (22 - ZiBf 


A 



Fia. 96 


From the law of cosines 

= OPi^ + - 2OP1 • OP, cos M. 

Hence, 

OPi^ + OP 2 " - KP2^ 
cosM = ^TToTT > 


X 1 X 2 + ym + 2 i 22 

^ 'll. y ^2 _|_ 2,2 ^/ + 232 ’ 


cos M = COS a\ COS 02 + COS / 3 i COS ^2 + cos 7i COS 72. 
If two intersecting lines in space are perpendicular, 

cos fi = 0 


and 


X1X2 + 2/12/2 + 2 i 22 = 0 . 
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Ilcnce, the svm of the products of corresponding direction numbers of two 
perpendicular lines is zero. 

If we have ^iven the (luadrilateral yl (3,3,4), ^(2,4,0), (7( — 2,4,7) and 
Z) (0,2,3), the sides AB and CD are shown to ho parallel and the angles A 
and D to be right angles as follows: 

Direction numbers of the sides are 

AB : -1,1,2. CB :4,0,~1. DC : -2,2,4. DA : 3,1,1. 

Since the direction numb(a\s of AB and DC are proportional, the lines are 
parallel and the four points are coplanar. The other two lines are not 
parallel and the figun^ is a trapezoid. Taking the sum of the products of 
the direction numbers of AB and DA and of the direction numbers of DA 
and DC, 

-3 + 1 + 2 = 0, -6 + 2 + 4 = 0. 

Hence the angles A and D are right angles. 

Exercise 83 

GROUP A 

1 . Find the length of each of the following line segments: (3,1, —2) and (1, — 2,0). 

(1,0, -2) and (3,-1, -3). (3,2,7) and (0, -2,7) 

2 . Find diioction numbers of each of the line segments given in Problem 1. 

3. The line segment i^(l,2,3) ^2(2, — 1,2) is directed from Pi to P 2 . Find direction 

numbers and the direction cosines of the line segment. 

4. Show that the thr(‘e points (1, — 2,3),( — 2, 1, — G) and (6,-12,18) are collincar. 

6. Is it possible for a line tlirough the origin to make the angles 120°, 120° and G0° 
with the coordinate axes? 

6. If a -= 45° and (S = y, find the angle /3. 

7. The line segment OP = 5 and a — 0 = G0°. Find the coordinates of P and cos 7. 

8. Show that the points (0,0,0), (2,1,4), and (5,0,6) and (3, —1,2) lie in a plane and 

form a parallelogram. 

GROUP B 

9. Find the angles of the triangle (4,3,1), (2,6, —5), ( — 1,0, —7). 

10. Find the area of the triangle given in Problem 9. 

11. Find the direction angles of a line making equal acute angles with the coordinate 

axes 

12. Find the coordinates of the midpoint of the line segment Piixi,yi,Zi) ^2(^2, 2/2,22). 

13. Show that the coordinates of a point Po whicli divides the line segment P 1 P 2 in 

the ratio Vi/r^ are 

+ riX2 ^ r-iyi -|- rujz ^ r-jZi -f riZi l ^ 

f’l + i’2 ri -b t'2 ri + /’2 J 
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14. Show that the points (0,0,0), (1,1, ~2), ( — 1,1, —3) are the vertices of a right 
triiingle. 

16 . Find direction numbers of a line {^eri^endicular to the plane of the triangle given 
in Problem 14. 

16. Prove that direction numbers of a line perpendicular to each of two non-parallel 
lines having direction numbers ai,6i,ri, and 0 * 2 , ^ 2,^2 are given by 


hi Cl 

Cl ai 1 

1 rti 

6. 

62 C2 y 

Ci ^2 1 , 

I ( l 2 

62 


118. Equations of Planes. 

A plane is determined in space by three conditions, such as being 
required to pass through three points, or to pass through one point and he 

perpendicular to a given line. These 
geometric conditions can be expressed in 
the form of an equation containing the 
constants which locate the plane in space 
and the coordinates of the moving point 
which describes the plane. This equation 
Ls called the equation of the plane. It will 
be found that all forms of the equation 
of a plane have one characteristic in 
common, that of being a first degree equa- 
tion in any one, or any two, or all three 
variables Xy y and z. 

In Figure 97 let the point P(x,yyZ) be 
any point of the plane ABC and let OPi 
be the perpendicular to the plane from 
the origin, where the point Pi(xi,^i,^i) 
also lies on the plane. If the perpendicular OPi has the length p and the 
direction angles a, p and 7 , the coordinates of Pi are 

Xi = p cos a, yi ^ V cos Zi = p cos 7 . 

Then direction numbers of the line PiP are 

X — p cos ay y -- p cos ffy z — p cos 7 . 

But since the lines OPi and PiP are perpendicular for all positions of the 
point Py 

cos a (x — p cos a) + cos P {y — p cos /?) + cos y (z — p cos 7 ) = 0 , 



or 


JC cos a + y cos + 2 : cos 7 = p. 
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This equation is satisfied by the coordinates of all points of the plane and 
by those points only. Hence, the equation of a plane is always of the first 
degree in x, y and z. 

The form of the equation of a plane which is deriv(‘d above is known as 
the normal form of the equation. Any equation of a plane may be written 
in this form by dividing it by the scpiare root of the sum of the squares of 
the coefficients of the variables. Since p is always taken to be positive, the 
sign of the radical is chos(^n so that the constant term of the eejuation is 
positive in the right-hand member. For example, the equation 

2x — 2y-\-z + 9 = 0 

is written in the normal form by dividing by —3: 

— + ly — 32 = 3. 

The direction cosines of any normal to the given plane are the coefficients 
of this equation and its distance^ from the origin is the constant term. 

The coefficients A, B and C of the general form of the equation of a plane , 

Ax T" By -j" Oz -j- Z) = 0, 

are direction numbers of a normal to the plane. 

The traces of a plane are the lines of intersection formed by it and each 
of the coordinate planes. The equations of these lines are found by let- 
ting X, y and z, each equal to zero in turn in the equation of the plane. For 
example, the a: 2 :-trace of a plane is 

Ax + Cz + D = y = 0. 

The intercepts of a plane are the directed lengths cut off on each of the 
coordinate axes. An intercept is found by letting two of the variables of 
the equation equal zero simultaneously. 

The equation of a plane in which one variable is missing expresses the 
fact that one intercept is missing. Such a plane is parallel to that axis. 
For example, the equation of a plane written, 

% + Cz + i) = 0, 

represents a plane parallel to the a:-axis. Similarly, the equation of a plane 
in wliich two variables are missing expresses the fact that two intercepts 
are missing. Such a plane is parallel to a coordinate plane. 
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Exercise 84 

GROUP A 

1 . Write each of the following equations in the normal form. Find the distance of 

each piano from the origin and the direction cosines of its normal. 

X 2]) — 2z — 9 , 2x — y — 2z 12 = 0, + 10 = 0. 

2. Find the distance of each of the planes given in Problem 1 to the point (1,1, —1). 

3. Find the equation of the plane through the point P(2,l,2) and perpendicular to 

the line OP. 

4. Find the three traces and the three intercepts of each of the following planes. 

2x — 3// + 2 = 0 , '.\x 4y — 2z ~ S and hj* -f- + 2 + 10 = 0 . 

6 . Show that the planes 2x — y tiz = 4 and 6 j- — 3?/ + 92 + 3 = 0 are parallel. 

6 . Show that the planes 2x — ?/ -f- 82 = 5 and ‘.ix Sy — z = S are perpendicular. 

Find the equation of each of the following planes. 

7. Through the points (2,0,0), (0,1,0), (0,0,3). 

8 . Through the points (1,1,1), ( — 1,2, —3), ( 2 , —1,0). 

9. Through the point (2,1,3) peii>endicular to a line having direction numbers 

2 , 2 , - 1 . 

10. Distance from the origin ± 2 and cos a = j, cos 7 = — y. 

GROUP B 

11. Derive the intercept fonn of the equation of a plane x/a 4* y/h + 2 /c = 1 by writing 

the equation of a plane through the points (u, 0 , 0 ), ( 0 ,/>, 0 ), ( 0 , 0 ,c). 

12. Find the coordinates of the point of intersection of the i)lanes x y ^ z = G, 

2x — 4y -{■ z = 4, 3x y 2z = 2. 

13. Find the equation of the plane having intercepts a = 4, 6 = —3 and c = — 2 . 

14. Find the equation of the plane through the point (3, —2,1) parallel to the plane 

2x — 2y z =4. 

16. Find the equation of the plane through the points (2,1,3), (1,2,1) perpendicular to 
the plane z-f 2 y — 2^=4 

16. Find the cosine of the angle between the planes 

2x — 2y +2 = 3 and x -\- 2y — 2z ^ 8 . 

17. Show that the plane x y z = 12 intensects the coordinate planes at equal 

angles and that the sine of those angles is V 

18. Show that the distance from the plane x cos a + ?/ cos /? -f- 2 cos 7 = 7 ? to the 

point {xi,yi,Zi) is equal to Xi cos « + cos /3 + 2 i cos 7 — p. 

19. Find the distance from the plane x 2y — 2z = 12 to each of the points ( 1 , 2 , 1 ), 

(1,0,2), (0,0,3). 

20. Find the equations of the locus of a point equidistant from the planes 

2j: — 2^ + 2 = 3 and x — 2y — 2z = 7. 


119. Equations of Lines. 

A line in space is located })y any pair of pianos through it. The equa- 
tions of two such planes are known as the equations of the line of intersec- 
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tion. Thus, the general form of the equations of a line may be written 

fA.x + Bi7j + Ciz+Di =0 
\A2X + B2y + C 2 Z + Z)2 = 0 . 

A line in space is determined by one of its points and its direction 
angles. Let Pi(xi,yi,Zi) be a given point on a line and P{x,y,z) any other 
point. If PiP — d and a, ^ and y are the direction angles of the line, 

d cos a = X — Xij d cos ^ = y — yi, d cos y = z — Zi, 

Equating the values of d from these equations, 

X — Xi _ y ~ yi _ ^ ~ 

cos a cos cos y 

If direction numbers of the line are used, a more convenient form of the 
equations of the line is obtained : 

X ~ xi ^ y - yi ^ z - Zj ^ 

a b c 

This form of the equation of a line which has been derived is known as 
the symmetric Jor in j which represents the line by means of three planes, one 
paralkd to each coordinate axis. 

Let us reduce the (^illations of a line 

[Lr + y ~ ^ + 2 = 0 

i .r + 42/ + 2z - 1 = 0 

to the symmetric form and hence find its dire(^tion numbers. Solving the 
two equations simultaneously by eliminating first y and then 2 , 

5.r = 22 - 3, -3.r = 22/+l. 

From these ecpiations we have 

X - 0 ^ y + h ^ Z - I 
2-3 5 


Exercise 86 


1. Find the direction cosines and the direction angles of the line 

o z — 1 

x + 3 = i/-2 = -^--- 


2 . Find the direction cosines of the line — ^ ~ 2 — ~ ^ 

of the points of intersection with the coordinate planes 


= z 3 and the coordinates 



296 


Elementary Calculus 


3 . Write the equations of the line = *1'® symmetric form and 

find its direction cosines. 

4 . Find the angle between the lines 


2 

6 . Show that the line 


?/ -I- 2 
3 

X - 2 


z - 3 
6 

y - 2 


and 


3 2 

and is perpendicular to plane M3. Mi : 2x 

M2 :4x -2y -Sz ^ 15. M3 * 3j- -f 2y -f 2 = 17 


y - 1 ^ y_+J2 ^ £_-_3 
6 9 2 ‘ 

Z “(“ 1 . . 

— — lies in plane Mi, is parallel to plane M2 
y — 4z = 6.' 


Find the equations of each of the following lines. 

6 . Through the points (2, —3,4) and (1,2,3). 

7 . Through the point (4, —3,2) parallel to the line in Problem 6 . 

8. 4'hrough the point (1,— 2,3) {X'rpendicular to the plane 3.r — 5?/ — Oz — 4. 

9 . Through the point (—2,3, —4) having cos d = 2 J^nd cos 7 = 1. 

10 . Through the point ( — 1,1,2) : (a) parallel to the y-axis, (6) parallel to the 
2-axis, (c) fxirpendicular to the y-axis, (d) perpendicular to the //-axis. 

11 . Find the equations of the projections on the yz-, the xz- and the y7/-planes of the 

lines of intersection of the plane 2y -f 3// 4- 42 = 12 with the planes y — 3 = 0, 
?/ — 2 = 0 and 2 — 1=0, respc'ctively 

12. Show that the lines of intersection of 3y — 4y 2z — 12 with the planes x = a, 

y — b and z — c, each form a series of parallel lines, h'ind a, b and c so that the 
three projections of the lines pass through the origin. 


120. Surfaces and Curves. 

An equation in three variables may be represente'd by eith(U’ of the 
symbols 

F(x,y,z) = 0 , z = f(x,y). 

The locus of all points whose coordinates satisfy such an equation is known 
as a surface. The plane is the simplest case of a surface where tlu^ ecpiation 
is linear in the three variables. 

Points of a surface may be lo.catcd by assigning particular values to x 
and y and computing the corresponding value or values of z. F"or the 
equation z — J{x,y), such values of z will be distinct, finite in number and 
will lie on a line parallel to the 2-axis. As other values are assigned to x and 
2/, new lines parallel to the 2-axis are located on which there are isolated 
points of the locus, in general. Hence, the locus has extension in two 
dimensions only, that is, it has no thickness. It is for this reason that the 
locus of an equation in three variables is known as a surface. 

As with lines in space, curves in space cannot be represented by means 
of a single equation. The analytic equivalent for such a curve is a pair of 
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equations of two surfaces which intersect in the curve. The equations of 
a curved surface and a plane, considered simultaneously, are the equations 
of a plane curve. The equations of two curved surfaces, considered simul- 
taneously, are the equations of a space curve. 

The traces of a surface are the curves of intersection formed by it with 
the three coordinate planes. Other plane sections of surfaces arc the curves 
obtained by taking intersecting planes parallel to the coordinate axes. The 
equations of plane sections are found from the equation of the surface by 
letting X, y and z equal to certain constants separately. The use of such 
sections is extremely helpful to obtain complete knowledge of the surface. 

121. Right Cylinders. 

A surface generated by a straight line which moves parallel to a fixed 
line and which intersects a given plane curve is a cylinder. The fixed line 
is known as the directrix and the curve, as the generatrix. 

If the 2 :-axis is the directrix of a cylinder and the circle -f = a^, 
2 = 0 is its generatrix, we have a right circular cylinder whose equation is 

^2 q . ^2 ^ 

Again, if the x-axis is the directrix of a cylinder and the parabola 2 /^ = 4p2, 
X = 0 is its generatrix, we have a right parabolic cylinder whose equation is 

y^ — 4pz. 

In solid analytic geometry, an equation of higher degree than the first 
containing two variables only, is the equation of a cylinder whose directrix 
is the axis of the missing variable and whose generatrix is the plane curve 
having the same equation as the cylinder. 

122. The Sphere. 

A sphere is defined as the locus of a point in space whose distance from 
a fixed point is constant. The fixed point is the center of the sphere and 
the constant distance is its radius. 

If the center of a sphere is C{h,kf) and the radius a, the equation which 
must be satisfied by the coordinates of any point P(x, 2 /, 2 ) is 

(x - hy + (y - ky + (z - ly = 

If the center of the sphere is at the origin, the equation of the sphere reduces 


to 

p2 + 22 = a2 

and 

r = a 


in rectangular, cylindrical and spherical coordinates, respectively. 
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123. Surfaces of Revolution. 

A surface of revolution, is one wlii(^h is generated l)y the rotation of a 
plane curve about a straight line in its plane called the axis of the surface. 
The plane sections of a surface of revolution perpendicular to the axis are 

the circles known as 'parallels. 

A parabola which is rotated about 
its axis generates a surface which is 
called a paraboloid of ’revolution. The 
equation of such a paraboloid may be 
derived as follows: 

y (Consider the equation of a parabola 
in the ?/ 2 :-plane, 

= 4a?/, X = 0, 

and let the point P{x,y,z) be any point 
on the surfa(^c generates! by rotating 
the curve about the ?/-axis. Tn Figure 98 the plane SBQ is passed through 
the point P, parallel to the .r^-plane, intersecting thc' givtai i)arabola in the 
point Q(0,?/,g). Since Q is a point of the parabola, its coordinates satisfy 
the given equation, 

= 4a?/. 

From the right triangle PRB^ x’^ — q^. Substituting the value of 

we have 

X- + 2^ = 4ay. 



An ellipse which is rotated about 
which is called a spheroid. If the mi 
spheroid is known as prolate. If the 
minor axis is the axis of rotation, the 
spheroid is known as oblate. The 
equation of a spheroid may be 
derived as follows: 

Consider the equation of an ellipse 
in the a; 2 ;-plane, 


and let the point P{x,y,z) be any point 
on the surface generated by rotating 
the curve about the 2 -axis. In Figure 
the point P, parallel to the :r?/-plane, 


one of its axes generates a surface 
xjor axis is the axis of rotation, the 



99 the plane STQ is passed through 
intersecting the given ellipse in the 
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point Hence, the coordinates of Q must satisfy the given equa- 

tion, 


From the right triangle PRT^ — q^. Substituting, 


or c'^ 


1 . 


A hyperbola which is rotated about one of its axes generates a surface 
which is called a hyperboloid. If the transverse axis is the axis of rotation, 
the hyperboloid has two nappes. If the conjugate axis is the axis of rota- 
tion, the hyperboloid has one nappe. The equations of these surfacc^s are 
given in Section 127. 


Exercise 86 

1 . Derive the equation of a sphere in rectangular coordinates having its center at 

and radius a. 

2. Derive the equations of a siiherc of radius a with its center at the origin in cylin- 

drical coordinates and in si)heri(‘al coordinates. 

3 . Identify the following surfaces: 4^2 -f 9y2 = 30 ^ ^2 = Sy, 9^2 ~ 422 = 36 ^ 

y’^ z~ — 2ij — 2z — 7 = 0, x- — 2x — \z + <^ = 0. Locate the surfaces rela- 
tive to the coordinate axes. 

4 . Identify the following surfaces: p = a, p ^ 2a cos 0, p ^ a(l — cos 0), p cos 0 — a, 

p — 4z. Locate the surfaces relative to the 2:-axis and the pt?-ijlane. 

Find the equations of each of the following surfaces of revolution. 

6 . The ellipse h-x- T = a%~, 2 = 0, rotated about the x-axis. 

6. The ellipse in Problem 5 rotated about the y-axis. 

7 . The [larabola z~ = 4y, x = 0, rotated about the 2-axis. 

8. The hyperbola _ ^2^2 = ^2^2^ y = 0, rotated about the .r-axis. 

9 . 4 'he hyperbola in Problem S rotated about the 2-axis. 

10. The line hx ay = ah, 2 = 0 , rotated about the y-axis. 

GROUP B 

11 . Find the equation of the locus of a point {x,y,z) so that the sum of its distances 

from the points (CjO,!)) and (— is equal to 2a. 

12 . Find the equation of the locus of a point ix,y,z) so that the difference of its distances 

from the points (0,c,0) and (0, is equal to 2a. 

13 . Find the equation of the locus of a point {x,y,z) so that its distances from the plane 

2 p = 0 is equal to its distance from the point (0,0, p). 

Find the equation of each of the following surfaces of revolution. 

14 . y2 = 4 ^:, 2 = 0, rotated about a:-|-2 = 0, y=2 = 0. 

16 . 2 y — 3 z - 6, X = 0 , rotated about y — b, x — z — 0. 

16 . 3x2 — 22 = 1, y = 0, rotated about x = 1, y = 2 = 0. 
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17 . Show that the sections of the surface = 82 parallel to the a* 7 /-plane are 

circles and that the sectit^ns parallel to the xz- and 7 / 2 -planes are parabolas. 
Find the equation of the /^-projection of the circle having the focus of the 
paraboloid of revolution as center. Find the coordinates of the vertex and the 
focus of the y 2 -projection of the section made by the plane / — 4 = 0. 

18 . Draw a figure for the paraboloid given in Problem 17 and find the volume within 

the surface and the plane 2 = 8 . 

19 . Show that the sections of the surface 4x^ -f 9^^ + 42^ = 36 parallel to the / 2 -plane 

are circles and that the sections parallel to the xy- and 7 / 2 -planes are ellipses. 
Find the equation of the / 2 -projcction of the circle having a focus of the ellipsoid 
of revolution as center. Find the coordinates of the foci of the /7/-projection of 
the section made by the plane 2 — 1=0. 

20 . Draw a figure for the ellipsoid given in Problem 19 and find its volume. 


124. The Right Circular Cone. 

A surface generated by a straight line which passes through a fixed 
point and which intersects a given plane curve is a cone. The fixed point 
is the vertex of the cone and the curve is its generatrix. If the ge^neratrix 

is a circle and the vertex lies on a line 
through the center of the circle and pc'r- 
pendicular to its plane', the cone is a 
right circular cone. 

The right circular cone in Figure 100 
is taken with its vertc'x at the^ point 
F(0,0,c) and with the generatrix a circle 
in the p^-plane whose centca’ is at 0, so 
that the geaierating line makes a constant 
angle a with the Z-axis. To derive the 
equation of such a cone, any point 
P(p,6jZ) in cylindrical c^oordinates is 
taken on the surfa(;e. From the right 
triangle FCP, 

p = (z — c) tan a. 

If ‘the vertex of the cone is at the origin, 
its equation reduces to 

p == z tan a. 

These two equations in rectangular and in spherical coordinates are as 
follows: 



and 

respectively, 


x^ + = (z — cy tan^ a, = z^ tan^ a 

(r cos <t> — c) tan a = r sin 0, 0 = a, 
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126. Quadric Surfaces. 

A surface whose equation in the three variables x, y and z is of the second 
degree is called a quadric surface. The cjuadrics hold the same relative 
position of importance among surfaces that the conics have among curves 
of the plane. The cylinders, the cone, the sphere and the surfaces of revolu- 
tion considered previously, are (piadric surfaces. 

There are nim^ types of quadric surfaces which are as follows: 

The ellipsoid of which the sphere and the prolate and oblate spheroids 
are special cases. 

The hyperboloids of which there arc two species, one nappe and two 
nappes. 

The paraboloids of which there are two species, the elliptic and the 
hyperbolic. 

The quadric cylinders of which there are three species, the elliptic, the 
parabolic^ and the hyperbolic. The circailar cylinder is a special case of the 
elliptic cylinder. 

The quadric cone of which the circular cone is a special case. 


126. The Ellipsoid. 

The surface whose equation in rectangular coordinates is 


jc- 


+ r + ^ 1 
^ ^ ^2 


c2 


is called an ellipsoid. If two of the constants are equal, the ellipsoid is a 
spheroid, and if the three are equal, it 
is a sphere. 

To (hu’ive the equation of the ellip- 
soid, we may i)roceed as follows: 

In Figure 101 the two ellipses AQB 
and ABC are tak(m in the xy- and the 
x 2 :-planes, respectively. They have the 
one axis OA in common. The equa- 
tions of the ellipses may be assumed 
to be 


^ ^2 b 


and 


2 = 0 





1, y == 0. 


Fig. 101 


If a variable ellipse through a point P{x,yyZ) is allowed to move so that the 
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ends of its axes Q{Xjqfi) and S(x,0jS) are on the fixed ellipses and if it lies in 
a plane through P always perpendicular to the a:-axis, this ellipse generates 
the ellipsoid. 

Since the points Q and S lie on the first and the second ellipses, respec- 
tively, their coordinates must satisfy the above equations. 


a2 ^52 b 


(a^ — 




^ (a^ - x^). 


The equation of the ellipse QPS^ referred to the lines RQ and RS as the y- 
. ^ and the 2 :-axcs, respectively, is 

(/- 6- 

Substituting the values obtained for and we 
hav(i the equation of the surface, 

+ aVy- + (iV)-z^ = aV)V. 

127. Hyperboloids. 

The surface whose ecjuation in n^ctangular 
coordinates is 



r 

a - b *' 


r. = 1, 


is called the hyperboloid of one nappe. Such a 
(jiiadric surface is represented in Figure 102 . 

The d('rivation of this equation may be carried out in a manner similar 
to the method used in the derivation of the equation of the ellipsoid. The 
two fixed hyperbolas in the xz- and ?/ 2 -planes have a common axis and their 
ecpiations may be written 


aV = a^c^, y — 0, and 


bV, X 


The variable ellipse QPS is allowed to vary so that the ends of its axes, 
Qi0,q,z) and S{sfl,z)j move on the hyperbolas and generates the hyperboloid 
of one nappe. 

The surface whose equation in rectangular coordinates is 

JL^ ^ t 

fl2 52 f ^2 
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is called the hyperboloid of two nappes. Such a quadric surface is repre- 
sented in Figure 103. 

As before, the derivation of this (Kpiation may be carried out by allowing 
a variable ('llipsc to mov(‘ with the ends of its 
axes on the fixed hypeiholas 

and h^z'^ — chj' = hV, x = 0. 

At z — zb c, the ellipse' has theeepiation 

hV + = 0 

which is the point C or C". There arc no sec- 
tions of the surface in the interval —c<z<c. 

Jf a — h, both the hype'rboloids of one and 
two na{)p('S are' hyperboloids of revolution. 

Exercise 87 

GROUP A 

1. Transform the equations p = Ik and p = 4(2: — 1) 

to rectanj^ular coordinat<‘s and make a drawing of 
eacli eone 

2. Transform the equations 

(f> ~ 7r/3 and r cos 0 — 2 = r sin </> 

to rectangular coordinates and make a drawing of each cone. 

3. Find the traces of tlie surface .r- = 42^. Show that sections parallel to the 

o-y-plane are circles and that the sections by planes x = a and y — h are hyper- 
bolas 

4. Find the traces and the coordinates of the vertex of the cone y‘^ = 4(j: — 2)*-^. 

Show that sections parallel to the y2-plane are circles and that sections by 
planes // = 6 and z = c are hyperbolas. 

X'^ lf“ 2 “ > 

6. Find the traces of the surface 4 "h T = 1 find the lengths of the axes 

and the coordinates of the foci of each trace. 

6. Find the ecpiations of the yz-, the r2- and .r ^-projections of the sections of the ellip- 

soid given in Problem 5 made by the })lanes r = 1, ?y = 2 and 2 = 3, respectively. 

7. Find the traces of the surface 9.1^ — 9^2 -f 4^2 = 36 and show that plane sections 

parallel to the .r2-plane are ellipses. 

8. Make an analysis of the nature of the sections of the hyperboloid given in Problem 

7 by planes x = a for |al < 2, for |a| = 2 and for \a\ > 2. 

9. Find the xy~ and the J2-traces of the surface — 42^ = 36 and show that 

sections by planes y ~ h and by planes z = c are hyperbolas. 

10. Make an analysis of the nature of the sections of the hyperboloid given in Problem 
9 by planes x = a for |al < 2 for |p| = 2 and for |a| > 2. 
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GROUP B 

11 . Find the volume enclosed by the conical surface given in Problem 3 from its vertex 

to the plane 2 = 4 

12. Find the volume enclosed by the conical surface given in Problem 4 from the 

?/ 2 -plane to the vertex. 

^2 

13. Find the volume of the ellipsoid ~ d" ^ using the fact that the area of 

an ellii>se is tt times the product of its semi-axes 

14. Find the volume encloscnl by the surface given in Problem 7 from the / 2 -plane to 

the plane y = 3. 

16. Find the volume enclosed by the surface given in Problem 9 between the planes 
/ = 3 and / = 4. 


128. Paraboloids. 

If a variable ellipse moves with the (extremities of its axes on two fixed 
parabolas which lie in perpendi(‘ular plan(\s, which have a common axis and 

a common verti^x and whi(‘h extend in the 
same direction, a surfaces is gemu-atcxl known 
as an elliptic paraboloid, Su(*h a (piadrie sur- 
face is rep resem ted in Figun^ 104. 

The ecpiation of the (dlij^tic paraboloid in 
the figure is 



5+ 


= 4c2 


and may be derived in the usual way, wheni 
the eciuations of the directing parabolas are 


4a^c2, y = 0, and = 46“C2, 


0 . 


The surface whose equation in rectangular 
coordinates is 


a2 


yi 


= 4c2, 


is called the hyperbolic paraboloid. Such a quadric surface is represented 
in Figure 105. 

The hyperbolic paraboloid is a saddle-shaped surface. In the figure the 
xz- and the y 2 :-traces are parabolas having a common axis and a common 
vertex and opeming in opposite directions. Also, the plane sections paralkd 
to these coordinate planers are parabolas. The x^z-trace of the surface is a 
pair of lines. The plane sections parallel to the xy-plano are hyperbolas 
having transverse axes in the ^ 2 -plane if above the origin, and having trans- 
verse axes in the a: 2 -plane, if below the origin. 
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129. The Elliptic Cone. 

If a variable ellipse moves with the extremities of its axes on two fixed 
lines which lie in two perpendicular planes and which intersect on the line 



of intersection of those planes, a surface is generated known as an elliptic 
cone. Such a quadric surface is represented in Figure 106. 



The equation of the elliptic cone in the figure is 

and may be derived in the usual way, where the vertex of the cone is the 
point and where the equations of the directing lines are 

hx -f- = aJ>, 2 = 0 and cy -^hz = he, x = Q. 
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130. Quadric Cylinders. 

A variable line parallel to a given line generates a surface known as a 
quadric cylinder if the generatrix is a conic. Such a cylinder is parabolic, 
elliptic or hyperbolic according as the conic is a parabola, an ellipse or a 
hyperbola, respectively. The circular cylinder is a special case of the 
elliptic cylinder. 

The equation of a quadric cylinder can be found if (direction numbers 
of the directrix and the ecpiation of the generatrix are known. The deriva- 
tion of the equation of the cylinder represented in Figure 107 is as follows: 



Fig. 107 


Let direction numbers of the directrix be a, b and c and let the equation 
of the generatrix in the 7/2-plane be the parabola 

2 ^ = 4ky, a; = 0. 


Through any point P{x,y,z) of the surface an element of the surface PQ 
is drawn parallel to the directrix, where the point Q(0,g,s) is a point of the 
given parabola. Since this is true, the coordinates of Q satisfy the equation 
of the parabola, 

= 4/cg. 

The equations of the line PQ are 


from which 


2 = y - g = 

ah c 

ay — bx az — cx 

q — ^ , 5 = 
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Substituting the values of q and s, we have the equation of the parabolic 
cylinder, 

{az — cxY - 4a* (ay — bx). 

131. Transformations of Coordinates. 

In some of the more complete treatises on analytic space geometry, a 
study of the translation and the rotation of rectangular coordinate axes may 
be found. Of these, the translation of axes only, is considered here. The 
purpose of such transformations is the simplification of equations of surfaces 
by referring them to coordinates axes which occupy positions of symmetry. 
In this way, second degree equations in the variables x, y and z may be reduced 
to the type forms of the quadrics as given above. 



Let the origin 0 of the xy^-coordinate system be translated to the point 
0'(h,kj) as the origin of an XFZ-coordinate system, in which the pairs of 
corresponding axes are parallel. From Figure 108, the coordinates of any 
point P are {x,y,z) or (X,F,Z), where 

x = Ar+/i, y = z — Z U 

As an example of the simplification of an equation by the translation of 
axes, consider the equation 

^2 _ 4^2 _ 10^ __ 102 + 9 = 0. 
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Completing the squares in x and we have 

(x 2 - 6 a: + 9) - 4 ( 2/2 - 4?/ + 4) = I 62 - 9 + 9 - 16, 
(x - 3)2 - 4(2/ ~ 2)2 = 16(2 - !)• 
Translating axes by letting 

a; = X + 3, + % 2 = Z + 1, 


Thus the surface is shown to be that of a hyperbolic paraboloid of which 
the new coordinate axes arc line of symmetry. Figure 105 represents such 
a surface having the same relative position with respect to the coordinate 
axes. 


Exercise 88 


GROUP A 

Identify and make a sketch showing plane sections of each of the following surfaces. 


1 . 

9.c2 + 367/2 4 . 4^2 . 

= 36. 

17 . 

9x2 4 . 4y2 _ 

1442 

2 . 

9^2 4. 9^2 _ 4^2 =: 

36. 

18 . 

p = 42. 


3. 

225 j :2 _ 25?/2 _ 9^2 = 225. 

19 . 

p2 = 42. 


4. 

9x2 _ 4^2 _ 1442 

= 0. 

20 . 

p = 4 — 2. 


6 . 

4^2 4 . ^2 — Z2x = 

0. 

21 . 

p2 = 22 4. 4. 


6. 

4^2 4. y2 _ 4 = 0. 


22 . 

4x2 - 9p2 = 

4. 

7. 

9^2 _ 4^2 _ 36 = 

0 . 

23 . 

4</) == TT. 


8 . 

22 - 8x + 8 = 0. 


24 . 

20 ~ TT. 


9 . 

X2 + 2/' + - 27/ 

1 

II 

to 

p 

26 . 

p = 10. 


10 . 

4x2 4 . 4y2 4_ 9^2 = 

36. 

26 . 

r = 5. 


11 . 

9x2 _|_ 4^2 4_ 9^2 = 

36. 

27 . 

r sin 0=6. 


12 . 

7/2 + ^2 — 4(x — 1)2 = 0. 

28 . 

p cos 6 — 2. 


13. 

4x2 + 9^2 - 144?/2 

= 0. 

29 . 

p(l + cos 0) 

== 2 . 

14. 

x2 -f ^2 -|- 4y = 0. 


30. 

p — 2a sin 6. 


16. 

20x2 - 57/2 4 . 42-2 = 

= 20. 

31. 

r sin 0 = 2a 

cos 0. 

16. 

0 

II 

1 


32. 

r sin 0 = a. 



GROUP B 

Transform each of the following equations by translating the coordinate axes to 
positions of symmetry. 

33. {x - 1)2 + (2/ - 2)2 + (2 - 3)2 = 25. 



Solid Analytic Geometry 


309 


(j/ - 1)2 (x + 3)2 (z + 1)2 , 

30- 4 9 " 9 

(z-2)2 (a: -1)2 (!/ + 2)2 

36. ^ = 1. 

37. Find the volume enclosed by the surface given in Problem 33. 

38. Find the volume enclosed by the surface given in Problem 34. 

39. Find the volume enclosed by the surface 4x^ -f = 36(1—2) above the ry-plane. 

40. Find the volume enclosed by the surface + 4z^ = 36 (x — 1)^ from the ^2>plane 

to the vertex. 



CHAPTER XV 


PARTIAL DIFFERENTIATION 

132. Functions of More than One Variable. 

This chapter is concerned with a calculus study of functions of more 
than one variable. While a thorough study of functions of several var- 
iables is beyond the scope of a first course in the calculus, a few of the 
most important definitions and theorems are given, primarily confining 
attention to functions of two variables. 

Functions of more than one variable occur frequently, even in the 
most elementary mathematics. For example, the area S of a rectangle is 
a function of its sides, 

S = xy. 

Again, the volume F of a rectangular parallelopipcd is a function of its 
three dimensions, 

V ~ xyz. 

In general, if z is an explicit function of x and y, we write 

2 = Kx,y). 

The symbol for a function of three variables is similarly written, 

u = f{x,y,z). 

Continuity. As in the case of functions of a single variable, we shall be 
concerned chiefly with functions of two variables which are continuous. 
The definition of the continuity of a function of two variables is an exten- 
sion of the one for a function of one variable given in Section 7. 

A function /(x,2/) is said to be continuous for a; = a, 2/ = 6, if 

\imf(x,y) =f(a,b). 

x—*a 
y — >6 

In order to be precisely accurate, it is necessary to qualify this definition 
by saying that the function is defined for the values x = x = b and for 
neighboring values, regardless of the manner in which these variables 
approach their respective limits a and 6. Throughout the discussion of 
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functions in this chapter, it is assumed that they arc continuous at all 
points within the range of consideration. 

A function of two variables is not always single-valued. For example, 
if the equation of a sphere, 

X- + tj^ + 

is solved for Zj there arc two branches of the function. 

Thus z = zb Va^ — — 2/2. 

However, as in the case of a function of a single variable, each branch 
may be treated separately. 

If we require a function f{x,y) to be a continuous function, it is the 
geometric equivalent of saying that we have under consideration a surface 

2 = S{x,y) 

having no breaks which would make it impossible for a point {Xyy^z) 
moving on the surface to approach the point from any direction 

or in any manner. If we require, in addition, that the function be single- 
valued, then for .r = a, y = 6, there is one and only one value /(a,6). 

133. Partial Derivatives. 

A function of two variables can be differentiated with respect to either 
variable, provided that the other variable is considered as a constant during 
the operation. Such a derivative is the partial derivative of the function. 
Assume that 2 is a continuous single-valued function of x and ?/, 

2 = 

Then the partial derivatives of the function with respect to x and with 
respect to y are defined by 

lim ~ lii^ /(.r, 2 / + ^y) - fjx^y ) ^ 

A,r — >0 ^X Ay — >0 

respectively, where in the first, the variable y is held constant and in the 
second, the variable x is held constant. 

The partial derivatives of z with respect to x and y, may be repre- 
sented by one of the following symbols: 

respectively. 
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Since the partial derivatives of a function of two variables require that 
one variable be treated as a constant during each differentiation, the 
formulas for partial differentiation are those for ordinary differentiation 
of a function of a single variable. 

Let us find the partial derivatives of the function 

z = xr + xy + 

The partial derivatives of functions of more than two variables with 
respect to any one of them may be found by extending the above defini- 
tion, in which all the other variables, except the one, are considered con- 
stant during the process. 

134. Geometric Interpretation of Partial Derivatives. 

The partial derivatives of a function of two variables have geometric 
interpretations whi(‘h aix^ both instructive and useful. GeouK'trical fig- 
ures often assist the student to learn that partial differentiation is more 
than mere technique. 

Let fix^y) b(i a continuous function and represent the surface z = f{x,y) 
as in Figure 109. If the variable y is given a constant value, the equation 
is y = b. This is the equation of a plane parallel to the a;^-plane. 

Hence, the simultaneous equations, 

2 = y = b 

are the equations of the plane curve in which the surface and the vertical 
plane PQSB intersect. Again, if the variable x is given a constant value, 
the equation is a; = a. This is the equation of a plane parallel to the 
7 / 2 -plane. Hence, the simultaneous equations, 

2 = X = a, 

are the equations of the plane curve in which the surface and the vertical 
plane ATP intersect. 

In the figure the surface is cut by the plane y = b in the curve SPQ. 
At any point P{x,b,z) of the curve, the variable x is given the increment 
Ax, This locates a point P'{x + Ax,byZ + Az) also on the curve. The 
slope of the secant PP' is 

f(x + Ax,6) - f(x,b) 
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The limit of this difference-quotient as Ax approaches zero is the partial 
derivative of z with respect to x, iov y = b. As Ax approaches zero the 
secant approaches the limiting position, which is the tangent to the curve 
at the point P{x,h,z). Therefore, 

dz 

— = tan 6x, 
dx 

the slope of the curve SPQ at the point P. 



Similarly, the partial derivative of z with respect to y, for x = a, is 
the slope of the curve TPU at the point P{a,y,z), 


P = tan Oy. 
dy 
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Exercise 89 


GROUP A 

Find the partial derivatives of each of the following functions with respect to x and 
with respect to y, first solving for z, if necessary. 

1. 2 = 2x2 

2. 2 = 4— 4x2 _ 9^2 


9. 


10 . 


2^ + »/’' + 3-^ = 4. 


4 . 2 = 32 ^ + 2xy - 2y\ 

6 . }(x>y) = — 

X — y 

6. 2 = x^ + 2x2^ — y^. 

7. z = 

8. 22 + 2:2 = (y - 1)2. 

Draw a figure representing the first octant portion of the surface Az — x^ -\- 4y2 to 
the plane 2 = 4. Draw the curves of intersection obtained by taking planes 
parallel to the xz- and the ^2-planes through the point (2,1,2). Find the slopes 
of these curves at the given point. 

Draw the first octant representations of the curves x2 — i/2 -}- ^2 — x = 4 and 
x2 — y2 ^2 = 0, y = 5. Find the slopes of these curves at the point of intersection. 


22 . 


23. 


2 = 6® sin (x -- y). 
z - arc tan y/x. 

2 = C®2<-v2. 

2 = arctan In (xy). 


GROUP B 

Find the partial derivatives of each of the following functions with respect to each 
of the variables. 

11. 2 = xye®*'. 16. 

12. r = sin 0 cos <^. 16. 

13. r — sin 20, 17. 

14. 2 = ln(x2 — y2). 18. 

19. Find the coordinates of the point in the first octant on the curve 22 = x2 -f y^ 

X = 3 at which the slope of its tangent is 1 . Also, find the slope of the tangent 
to the curve of the given surface at this same point, if the curve is cut from the 
surface by a plane parallel to the x2-plane. 

20. Find the slope of each of the curves x2 4- y2 ^2 = 9 ^ = 2 and x2 -f y" + 22 = 9, 

y = 1 at the point (2,1,2). Show that the equations of the tangents to these 
curves at the given point are y + 22 = 5, x = 2 and x-f2:==4, y = l, respec- 
tively. 

21. Find the equation of the plane tangent to the sphere x2 y2 -{- 2^ = 9 at the point 

(2,1,2), using the fact that it is perpendicular to the radius at the point of tan- 
gency. Show that the two lines whose equations are obtained in Problem 20 lie 
in this plane. 

du 


If w = x2 + y2 -j- xz, show that x~ -{- A' 

ox oy 


2 = 2w. 

dz 


If u = (x - y)(y - 2)(z - x), show that ^ ^ 


= 0 . 


24. If M = x' 


- Axy + Ay^ show that | (g) = | (|) • 
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136. Tangent Planes. 

The equation of the tangent plane at a given point of a surface can be 
found by means of the partial derivatives of the equation of that surface. 

In Figure 110, the tangent plane to 
the surface z = f{x^y) at the point 
Piipci^VhZi) on the surface, is determined 
by the lines P\Q and P\R which are tan- 
gent to the curves 

2 = X = xi 

^ y = ?/i, 

respectively, at their intersection point Pi. 

The slopes of these lines found from the 
partial derivatives, evaluated for the co- 
ordinates of Pi, are represented by 

f-V (-)■ 

\dx/i \dyji Fig. 110 



The equations of the two lines are 
• z — Zi — ~ 

Pli? : 2 - 2: = ( 1 )^ (X - X,), 

Hence, their direction numbers are 


X — xi = 0 and 
y - yi = 0. 




respectively. 

The equation of any plane through the point Pi is 

A{x - Xi) + B{y - yx) + C{z - zi) = 0, 


where A, B and C are direction numbers of its normal. If the lines 
PxQ and P\R lie in this plane, they are perpendicular to that normal. 
Hence, 

A.0 + J).1 + C(|)_.0 


and 
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giving 



Substituting these values in the equation of the plane, 

which is the equation of the tangent plane to the surface at the given point. 

In illustration, we find the equation of the plane tangent to the elliptic 
paraboloid 

4z = + 4?/^ 


at the point (2,2,5). 

and since 

Hence, 

or 


Since 

^ _ X — 1 

dx 2 ’ /i 



2 — 5 = (a; — 2) + ’$2/'” 2) 
x+42/ — 2 — 5 = 0. 


136. Higher Partial Derivatives. 

The derivatives ^ and ^ ^ general, are functions of x 

and y and are known as the^irs^ partial derivatives. If a function is differen- 
tiated twice with respect to x or y, or once with respect to each x and the 
derivatives are called the second partial derivatives. The second partial 
derivatives of a function are represented by the following symbols: 


dx 

dx 



d'^Z 

dx^ 

dh 
dx dy 


. d (dz\ 
Yy\fx)^ 

, , - d (dz\ 


dh 
dy dx 

_ d'^Z 


= fyx{x,y). 


= fyy{x,y). 


If z = f{x,y) is a continuous function with continuous derivatives 

dh ^ d^z 
dy dx dx dy ’ 

that is, the order of differentiation is immaterial. 
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Partial derivatives of higher order than the second are represented by 
symbols which are similar to those indicated for the second derivatives. 
For example, the symbols for the third partial derivatives are 


dx 

(-) = 

\dx^J 

_ dh 
dx^ ’ 

d 

dy 

( _ 

\dx^) 

dh 

dy dx^ ^ 

d 

(j^\ 

dh 

d 

( ^ 

_ dh 

dx 

\dx dy) 

dx‘^ dy ’ 

dy 

\dydx) 

* d‘'y dx * 

d 

_ 

dh 

d 

- 

d^z 

dx 

W) 

dx d^y ’ 

dy 

Wv 

dy^ ' 

d 

( 

d^Z 

d 

(jy\ 

d^z 

dx 

\dy dx) 

dx dy dx ’ 

dy 

\dx dy J 

dy dx dy 


As with second derivatives and under the same conditions, the order of 
differentiation is immaterial. Hence, 

dx- dy dy dx^ dx dy dx ’ 

and 

_ d^Z^ ^ 

dy^ dx dx dy^ dy dx dy 

Exercise 90 

GROUP A 

Find the equation of the plane tangent to each of the following surfaces at the given 
points. 

1. 2:2 = 17 at point (3, —2,2). 

2 . -j- 2/^ — 42 = 0 at the point (2,2,2). 

3. — y2 _j_ 2:2 = 4 at point ( — 1,3,3). 

4. 9x2 _ 9y2 „ 42:2 = 30 at the point (3,1, —3). 

6. X7JZ — 8 = 0 at the point (1,2,4). 

6. Find the rate of change of the volume of a right circular cone with respect to the 

radius of its base if the altitude is constant. Find the rate of change of the volume 
with respect to the altitude if the radius is constant. Find the numerical values 
of these rates when the radius is 10 ins. and the altitude is 8 ms. 

7. Illustrate that = */“ ^ > if ^ -f yK 

dx dy dy dx 

8. Show that v— = 0, if 2 = cos ax cos by. 

dx^ dy^ 
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9. Show that ^ ^ = 0 if 2 = In + y"^). 

10. Show that the partial differential equation given in Problem 9 is satisfied if 

z = arctan • 

X 

11. Write the equation of the plane through the point (2,1, —2) parallel to the plane 

tangent to + 2/^ -h 2^ = 12 at the point (2, —2,2). 

12. At what point on the surface z = 4^^ -f 2/^ does a tangent line in the plane 2/ — 1 = 0 

have a slope of 2? Write the equations of the tangent plane at this point and the 
plane through the origin parallel to it. 


GROUP B 


Write the equation of the plane tangent to each of the following surfaces at the point 
(a:i,t/i,2i) on each surface. 


13. 0:2 + ?/2 2:2 = ^2, 

14. Ax^ + By^ + Cz^ = F. 

16. h‘^C“x’^ — a’^chf' db 

16. b^x^ ± — 4pa%^z. 


17. Find the four second partial derivatives of z with respect to x and y, if 


z — {x^ A- V^) arctan ^ 


18. Show that the second partial derivative of the function sin (x — ?/) + In {x + y) 

with resi3ect to x is equal to the second partial derivative with respect to y. 

19. Find the equation of the line tangent to the curve 2 = -f* 2?/^, x = 2 at the point 

(2,1,6). 

20. Find the three first partial derivatives of the function z = xy cos 0. 

21. The variation of the volume v of a certain gas, the pressure p and the temperature 

t is given by the equation pv = kly where A: is a constant. Find the rates of change 
of each variable with respect to each variable when the third is held constant. 

22. The sides of a triangle are x, y and z and the angle opposite the side zmd. Find the 

rates of change of z with respect to x, if y and d are held constant, with respect to 
y, if X and 6 are held constant and with respect to d, if x and y are held constant. 


«« C11 .1 . o . o . o d^u . „ X + 7/ + 2 

23. Show that x^ -x— -f y^ — -f- z^ -3-; — 4u = 0, if w = ^ . 

6x2 ' ^ d7/2 ' 62? ’ xyz 

24. If f(x,y,z) = x27/2 + x^z^ -p 2/^22, show each of the following: 


fxy — fyxf fxt — fiXf fyz “ /ly, fxyz ~ fyzx — f zyx — 0. 

26. If /(x,2/) = X sin y y cos x, show that/xxy = Jxyx = fyxx. 


137. Total Differentials. 

For the function, z = f{x,y), if x and y are given the independent incre- 
ments Ax and Ay, respectively, the increment of the function is 

Az = fix + Ax,?/ + Ay) - f{x,y). 
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In general, such an increment is made up of infinitesimals of the first order 
and higher. For example, in the function 

z - xy + 2/^ 

diZ = 2(x + Ax)2 — (a: + ^x){y + A^) + {y + AyY — ^ 

= (4a: ~ y) Ax + (2y — x) Ay + {2Ax — Ax Ay + A^^). 

The 'principal part of Az is called the total differential of z and is repre- 
sented by dz. In the example, 

dz = (4a: — y) Ax {2y — x) Ay. 

But since 

the differential of z may be written in terms of these partial derivatives, 

. dz . . dz ^ 

In Chapter III the differential of a function of one variable was expressed 
in terms of dx instead of Ao:. In the same way here, in the interest of sym- 
metry, we shall represent Ao: by dx and Ay by dy when expressing the differ- 
ential dz of a function of the independent variables x and y. In general, 
for any continuous function z = f{x,y) having continuous derivatives, it 
can be shown, that 

dz = ~ dx — dy. 
dx ^ dy ^ 

If X and y are functions of a third variable tj then 2 is a function of the 
single variable t and the latter expression reduces to 

Cf2 = J dt. 
dt 

This is in accord with the definition given for a differential of a function of one 
variable in Section 24. This is as far as the justification of the form given 
for the differential of a function of two variables is carried in this book. 

In the expression for the total differential of a function, 

dz — dj^Zj if dy = 0 


and 


dz = dyZj if dx = 0, 
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where and dyZ are called the partial differentials of z. Since dx and dy 
are independent differentials, the total differential of a function is the sum 
of the partial differentials of z with respect to x and y, 

dz = dxZ + dyZ. 

If 

X \ X 

2 = - ’ dxZ = - dx and dyZ — xdy, 

y y y^ 

Hence, 

, y dx — xdy 

dz = ^ — - • 

2 /' 

The expressions for the total differentials of functions of more than two 
variables are defined by extensions of the case of a function of two variables. 
For a function 

u = f{x,y,z), 

the total differential is defined by the expression 

dx dy ^ dz ' 

and similarly, for a funcjtion of a larger finite number of independent vari- 
ables. Such formulas may be used as the principal part of the increment 
of the given function for small independent increments of the several vari- 
ables. 

The above derivation assumed that /(x,y) was a function of two inde- 
pendent variables and was extended to a function of three independent 
variables x, y and z. In more advanced treatises it is shown that these 
results hold when the variables are dependent. 

138. Approximations. 

The total differential and the increment of a function of two variables 
differ by a small amount for small values of the independent increments of 
those two variables. Consequently, the differential of a function may be 
used often to calculate approximations of changes of values of functions 
which arc produced by small changes in the independent variables. 

If two sides and the included angle of a triangle are measured as 30 ins., 
40 ins. and 30° and if the first side has a possible error of 0.005 in. and the 
second, 0.01 in., let u.t> find an approximation of the largest possible error in 
the area of the triangle due to the errors of measurement. 
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Let X and y represent the first and second sides, respectively. Then the 
area is 

S = \xy. 

The approximate error in S is 

dS = \{y dx X dy) 

30(0.01) . 


in which dx and dy are taken with the same sign, since the largest possible 
error is required. The approximate relative error is 


(m ^ 0.125 
S 300 


0.000417. 


Exercise 91 

GROUP A 

Given the function z xy -{■ yK 

1. Find Az corresponding to the increments Ax and Ay. 

2. Find dz corresponding to the differentials dx and dy. 

3. Write the expression for Az — dz as a function of the increments of x and y. 

4. Find Az and dz as x changes from 2 to 2.02 and y changes from 1 to 1.01. 

6. Using the increment of z, compute the exact value of z for x — 2.02 and y = 1.01. 

6. Using dz, compute the approximate value of z for x = 2.02 and y = 1.01. 

7. Approximate the value of the function for x = 3.001 and y = 2.0006. 
h'ind the total differentials of each of the following functions. 

8. z - x^ — 4:xy + 32/2. 10. z = arcsin {y/x). 

9. . = ll.z = e^y. 

X — y 

12 . A rectangular metal box 8 ins. high has a base 10 ins. square. If the metal is 0.05 
in. thick, compute the approximate volume of metal. 

Compute the approximate values of each of the following. 

13. (4.002)2(2 001)3, using ^ = x'^yK 

14. V (S. 002) (1.99), using z ~ 

16. Find the approximate largest error in computing the value of y/x^ if 2/ = 100 with 
a possible error of ±0.02 and if x = 2 with a possible error of ±0.1. To find the 
largest error dx and dy should be taken of opposite signs. 

16. Find the approximate relative error and the approximate relative percentage error 
in the computation in Problem 15. 


GROUP B 

17. Find the increment and the differential of the function In 
Ax = 0.02, 2/ = 1 and Ay = 0.01. 



for X 


2 , 
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Find the approximate value of each of the following. 


18 . V'(7 - 0.02)2 4- (24.04)2'; using 

19 . (1.01) (1.02) In (1.01) (1.02), using xy In xy. 

20. sin > using — ] — sin — ~ • 

4.04 (3.02 — 1.02) ^ X y x — y 

21 . The equal sides of an isosceles triangle are 10 ins. long and the base is 8 ins. Find 

the approximate greatest error committed in computing the area of the triangle 
caused by errors of 0.02 in. in the length of each of the equal sides and 0.03 in. in 
the length of the base. 

22 . By measurement two sides of a triangle are found to be 20 ins. and 15 ins. and the 

included angle 60°. If there is a possible error of 0.02 in. in measuring the length 
of each of the sides and of 1° in measuring the angle, find the greatest possible 
error committed in computing the area of the triangle. 


139. Implicit Differentiation. 

If 2 is a variable which is an implicit function of the two independent 
variables x and the equation may be written F(x,y,z) ~ 0. The partial 
derivatives of z with respect to x and with respect to y have been found thus 
far by first expressing z as an explicit function of x and y. This process is 
called explicit partial differentiation. The process whereby it is possible to 
find these derivatives from the implicit form of an equation is called implicit 
partial differentiation. 

Let y be an implicit function of x which is defined by the ecpiation 

f{x,y) = 0, 

and let 

z = S{x,y) 


for the moment. Then from the previous section, 


dz = dx + ^ dy. 
dx dy 

But since z - 0 and dz = 0, we have 


and 


^dx + ~ dy = 0 
dx dy 

> provided that — 0. 

dxdf dy 

dy 


This value of the derivative of an implicit function of two variables conforms 
with that which was found in Section 37. 
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Analogously, we shall consider an implicit function of throe variables. 
Let z be an implicit function of the two independent variables x and y de- 
fined by the equation 


and let 


F{x,y,z) = 0, 
u = F{x,y,z) 


for the moment. Then from the previous section, 


DF 3 F 3 F 
du = '-^dx + ^dy + '^ dz. 
3x 3y 3z 


But since u = 0 and du •= 0, we have 


— dx + dy + dz = 0 
dx 3y 3z 


First, if we hold y fixed, dy = 0 and we have the first equation below. 
Second, if we hold x fixed, dx — 0 and we have the second equation below. 

3z 3x 3z 3y . , , , x . a 

— = IT = - provided that — 5 *^ 0. 

3x ^ 3y ^ ^ dz 

dz dz 


Suppose that we wish to write the equation of the plane tangent to the 
surface x"^ xy -{- y^ xz — 19 = 0 at the point (1,2,3). We pro- 

ceed as follows: 


\ ^ /c, ^ \dz f. dz 2x y + z 

{2x + y + z) + {2z + x) — ^ 0, — 


dx 


2z + x 


z - 3 = - {x - - ^{y - 2). 


:j(l,2,3) 
,j{1.2.3) ^ _ 5 


7a: + 5?/ + 7z - 38 = 0. 


Exercise 92 

dz 

1 . If 2 = 4- 2 /^ - a2 = 0, show that ^ ^ • 

dy 

dv . ... 

2 . U f(x,y) = In (y/x) + y^^ — 0 , find ~ y using the partial derivatives of the given 

function. 
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Find the equation of the tangent to each of the following surfaces at the given points. 

3. -h + 2^ = 49 at the point (3,2, -6). 

4. 3x2 2?/2 -j~ z2 = 30 at the point (2,1,4). 

6. 2x2 ?/2 — ^2 — 0 at the point (2,1,3). 

6. x2 -f- ^2 _j_ 22 _ 4x — 2?/ — 62: = 11 at the point (2,1, —2). 

Find the partial derivatives of z with respect to x and for each of the following 
functions. 

7 . xz — cos yz = a. 

8. (x - ?/)(x - z)(y - z) = c. 

9 . = A. 

10. sin 2 — e* sin (xy) — 0. 

11 . Show that the surfaces x2 + 3y^ + 2^2 = 9 and y^ -h — Sx — 8y — 6z -h 24 = 0 

are tangent to each other at the point (2,1,1). 

12 . Find the equation of the plane through the point (—2,1, —2) which is parallel to the 

plane tangent to the surface x^y'-^ + 2x -j- 2^ — 16 = 0 at the point (2,1,2). 



CHAPTER XVI 
MULTIPLE INTEGRATION 
140. Multiple Integration. 

In Chapter X a definite double integral was defined and used in finding 
plane areas and volumes of revolution. In this section it is desired to dis- 
cuss both definite and indefinite multiple integrals in order to relate the 
processes of partial differentiation and integration. 

The syml)ol for an ind('finite single integral of a function of one variable' 
with respect to that variable has been used frequently in this book. It is 

j* f{j^) dx, 

which represents any function of x whose first derivative is f{x). In the 
same manner, the symbol 

f j'fix) dx\ 

represents any function of x whose second derivative is/(x). It is called 
an indefinite iterated integral of J{x) with rc'spect to x. 

The symbol 



is an indefinite iterated integral of /(x,?y) with respect to x and y. It in- 
dicates that the given function is to be integrated with respect to x while 
y is held constant and that the result is then to be integrated with respect 
to ij. The first intc'gration is a 'partial integration and is the reverse process 
to that of partial differentiation. 

Continued partial integration n times of a function of n variables with 
respect to each of them is called indefinite multiple integration. The sym- 
bols representing such integrals are called multiple integrals. 

Irrespective of the order of intc'gration, a multiple integral of a function 
of x,y,Zj • • • , with respect to each variabk', is another function whose 
mixed partial derivatives of the same order of multiplicity, is the given 
function. 
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Analogously to the evaluation of an indefinite integral of a function of 
one variable between two limits giving rise to a single definite integral, 
the evaluation of a multiple integral of a function of several variables gives 
rise to a definite multiple integral. The symbol 


ph pyi pzi 

III dz dy dx, 

Ua Uyi U zi 


is called, for brevity, a definite integral. It indicates that three successive 
integrations are to be carried out and in a definite order. The limits Zi and 
22 are constants or functions of x and 7/, the limits yi and ?/2 are constants 
or functions of x and the limits a and b are constants. During the inte- 
gration with respect to 2 , the variables x and ij are regarded as constants 
and during the integration with respect to y, the variable x is regarded as 
a constant. 


141. Volume under a Surface. 

The methods which have been used in previous chapters in finding the 
volumes of solids were applicable to limited classes of solids, such as those 
obtained by the revolution of a plane area about an axis. In addition, 
the volumes of a few other solids were obtained in Section 53, where the 
area of a cross section was known. In this chapter these methods are ex- 
tended and are applied to the problem of finding the volumes of solids of 
a more general nature. These methods employ multiple integrals which 
are applied, not only to problems of finding volumes, but also to other 
problems: moments of mass, moments of inertia, centroids and attraction. 

In this section double integration is applied to the problem of finding 
volumes of right cylindrical-shaped solids. Such a solid is bounded by an 
enclosed area of a given surface, the projection of that area on one of the 
coordinate planes and the cylindrical surfaces of projection. This problem 
is often spoken of as that of finding the volume under a surface. In addi- 
tion, the application of the method permits the solution of the problem of 
finding a cylindrical-shaped volume between two surfaces. 

In Figure 111 the area MNQR is assumed to lie on the surface 

2 = f(^,y), 

where f(x^y) is a continuous single-valued function over the area EFTS on 
the a: 2 /“plane. It is also assumed that MN and QR are segments of the 
curves of intersection of the given surface with the cylindrical surfaces 

y = gi{x) and y = g^ix), 
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respectively, and that NQ and MR are segments of the curves of intersec- 
tion of the given surface with the planes 

X = a and x = bj 

respectively. Consequently, the plane area EFTS is the projection of the 
area MNQR on the a:?/-plane. 

The line segment AB is divided into m equal parts, each equal to Ax, 
and at each point of division, lines are drawn parallel to the y-axis. Then, 
a set of lines is drawn in the xy-plane parallel to the x-axis at equal dis- 
tances Ay between adjacent lines. In this manner, a set of elementary rec- 
tangles of dimensions Ax by Ay, is formed on the xy-plane. One such 
rectangle is drawn in the figure at the point P'(x,y,0). 




— 

_ y 


Fig. Ill 



At each vertex of the elementary rectangles within the area EFTSy a 
line is drawn parallel to the ; 2 -axis and terminated by the given surface. 
Since the point P(x,y, 2 :) lies on the surface, the line segment P'P = ;cr. In 
this manner, there is formed a set of right rectangular prisms which are the 
elements of volume. If P'(^t,y7,0) represents a point within the area EFTS 
on the jth parallel to the x-axis and on the ^th parallel to the y-axis, the 
volume of the corresponding elemental prism is 

dF = 2 ; Ax Ay = Jixxyyj) Ax Ay. 

For sufficiently small values of Ax and Ay, this element is an approxima- 
tion to the increment of volume, AF, having the rectangle Ax by Ay as base. 
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having vertical edges and having as its top the intercepted portion of the 
given surfa(;e. 

Holding Xi and Ax fixed, the sum 

A:r, 

is approximately the volume of the solid included between the fth and the 
(i + l)st planes parallel to the ?/ 2 :-plane. The sum of the volumes of all 
such slices forms an approximation to the volume b('tween the planes x = a 
and X = b. The limit of this sum, as the numbers of planes parallel to the 
the xz- and the y 2 ;-planes becomes infinite, is the required volume. Thus, 

j = n i =m 

V = lim 23 Z 

m^n — >00 ^ = I t ~ 1 


By the fundamental theorem for functions of two variables, mentioned in 
Section 93, 



In the foregoing discussion, the cylindri- 
cal-shaped solid under th(^ plane was dividend 
into elements of volunu^ which arc right 
prisms with edg(\s parallel to the 2 ;-axis. 
Frecpicntly, it is more convemient and some- 
times nc(*(\ssary, to choose (dements of vol- 
ume whose edges arc parallel to one of the 
other coordinate axes. In each application, 
a sketch of the required volume should be 
made and by mc^ans of it, the order of inte- 
gration determined and the clement of vol- 
ume expressed. 

Let it be required to find the vol- 
ume below the surface z — x^ above 

the a: 2 /-plane and within the cylinder 
+ 2/2 = a2. 

The paraboloid and the cylinder are represented in Figure 112, where a 
vertical element of volume is constructed. The volume of this element is 



Fig. 112 


dV = z Ax Ay = (x^ +i/^) Ax Ay. 
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Hence, 


= 4 r “ (a:^ + y^) dx dy 

= -- + (a^ — y‘^)\/^a‘^ — y'^ dy 

4 pa 

= 3 Jq (2i/^V — y^ + aWa^ — y^) dy 
= 2i/(a2 — 2/2)3/2 4 _ SahyVa^^ — y^ + 3a^ arcsin 

= ^ cubic units. 


If a volume between two surfaces is to be found, we shall consider 
only those cases in which the element of volume may be expressed as the 
difference between two right prisms having the same base but different 
altitudes. Such a case is illustrated by the following solution in which it 
is to be noted that the equation of the projection of the curve of intersec- 
tion of the two surfaces must be known. 

To find the volume enclosed by the 
surfaces 

z = x‘^ + y^^ and z = 8 — — y^, 

use is made of Figure 113. The surfaces 
intersect in a circle one-fourth of which is 
the arc yl (2,0,4) ^(0,2,4). The equation 
of the projection of this circle on the 
xy-plane is x^ + y- = 4^ z = 0. 

We let 2 ' and z" represent the 2 ;-coordi- 
nates of the points on the first and the 
second surface, respectively, which are 
vertically above any point P{x,yfi) within 
the circular arc A'B', Then the vol- 
ume of an element between the two surfaces is 

dV = {z" — z') Ax Ay = 2(4 — — y^) Ax Ay. 

Taking the limit of the sum of all such elements and applying the funda- 
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mental theorem, we have 

V = 8 r (4 - - y^) dx dy, 

Jo 

in which four times the volume in the first octant has been taken. From 
this 

V = j^l2x — ^ dy = IGtt. 


GROUP A 


Exercise 93 


Evaluate each of the following integrals. 


n2 nZ 

1 1 xy{x ~ y) dy dx. 

Jo Jo 

pi p2-y 

3. I / y2 dx dy. 

Jo Jvy 

1 1 X dx dy. 

Ji Jo 

pi p2-x 

4 . 1 1 y2 dy dx. 

Jo Jx'i 


Find the volume of each of the following solids bounded as specified. 

6. Bounded by Sx + 2y 42 = 12 and the coordinate planes. 

6 . Bounded by 2x — Ihj + 62 = 12 and the coordinate planes, by taking ele- 

mental prisms with edges parallel to the y-axis. 

7. Bounded by 42 = 16 — 4^^ — ^nd 2 = 0. 

8. Bounded by 2 = 4 — — y^ and the xy-plane. 

9. Bounded by -f- y^ — 4x = 0, 2 ■— x = 0 and the xy-plane. 

10. Under the surface 2 = 16 — x* — y^ above the xy-plane and between the 

cylinders x^ = 4y and y^ = 4x. 


GROUP B 

Find the volume of each of the following solids bounded as specified. 

11. Bounded by x = 9 — y^ — 2^ and x = 0. 

12. Bounded by 2 = x^ + y*, x + y = 2 and the coordinate planes. 

13. Bounded by 22 = x^ y^ and x^ -f y^ = 4. 

14. Bounded by y^ = 4 — 22, x^ -f y^ = 4 and 2 = 0. 

16. Bounded by y^ = 4 — x, 2 = x^ + y^, 2 = 0 and x = 0. 

16. The first octant volume bounded by 2 = x + y^ and x = 4 — y^. 

17. Common to the cylinders y^*+ and x^ -f 2^ = a^. 

18. The first octant volume between the xy-plane and the surface X2 = 4, bounded 

by the surface xy = 4, x = 4 and y = 4. 

19. Under the surface 2 = 12 + y — x^ above the xy-plane and between the 

cylinders y^ = x and x^ = y. 

20. Bounded by the surface x^^® + y^^® -+■ 2^^® = 

142* Double Integration in Cylindrical Coordinates. 

In many problems in which a cylindrical-shaped volume is required, the 
task of evaluating the integrals is simplified by the use of cylindrical co- 
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ordinates. This is particularly true if the bounding surfaces are coaxial 
with one of the coordinate axes. 

Consider the volume of a solid bounded by the surface 

2 = /(P,^), 

the p^-plane, the cylindrical surfaces 

P = gi{e) and p = 

and the planes 

0 — a and 6 = 

The volume is divided into elements by means of n vertical planes 
through the 2 :-axis and m vertical coaxial cylinders about the 2:-axis. The 
area of a cross section of such an element is equal to 

dS = p Ap AOj 

as shown in Section 113. Hence, the clement of volume is z dS^ 

dV = zp Ap AO — pf(pyO) Ap AO. 

Taking the limit of the sum of all such ele- 
ments as m and n become infinite, and 
applying the fundamental theorem, the 
volume is 

n g^ie) 

pf(p, 0 ) dp do. 

id) 

To illustrate the comparative sim- 
plicity of the use of cylindrical coordi- 
nates in certain instances, the volume of 
the solid described in the last section Ls 
found. It is required to find the volume 
below the parabolic surface z = p^, above 

the p^-plane and within the cylinder 

^ ^ Fig. 114 

p — a. 

An element of volume is represented in Figure 114. The volume of 
this element is 



dV = zp Ap AO = p® Ap AO, 
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Hcncc, the volume is 
V 


dd 


j ('T/2 ('a f'Tc/2 

/ dp ds= 

0 Jo Jo Jo 

X ir/2 lir/2 ^ 

do = a^d\ =2 cu. units. 

As a second illustration, let us find the volume of the cylinder p = 2a sin t 
included between the planes 2 = a and z = 2a — p cos 0, 



The length of the element between the planes Mi and M 2 , as represented 
in Figure 115 is 2 " — z\ Hence, the volume of the element is 

dV = piz" — 2 :') Ap AO = p[(2a — p cos 0) — a] Ap AO, 

The required volume of the solid' is 

n a sin 0 

{ap — p^ cos d) dp do 


do 


= a^J' sin^ 0 — ^ sin^ 0 cos 0) dO 
= 1^6^ — 3 sin 20 — 2 sin^ ~ ^ ^ 


^ cu. units. 
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GROUP A 

1 . Find the volume of a right circular cylinder of radius a and height h, using cylin- 
drical coordinates. 

Find the volume of each of the following solids bounded as specified. 

2 . Bounded by p = 2a cos 0, z — p cos 0 and z — 0. 

3. Cut from the sphere -f 2^ _ 4^2 by p = 2a cos 6. 

4. Above the surface p^ = az and below p^ + 2^ = 2a2. 

6. Above the plane 2=0, inside the cylinder p = a and under the cone p — z. 

6. Enclosed by the surface p^ + 2^ = a^. 

7. In the first octant outside p = z and inside p = a sin 20. 

8. Cut from the sphere p^ + 2^ = by p = a sin 0. 

GROUP B 

9 . Find the volume common to the sphere and the cylinder 

2^ + = <1^ by cylindrical coordinates. 

10 . Find the volume between the planes 2 = 0 and 2 = p cos 0 and within the cylinder 

p = a cos 20. 

11 . If the curve (iz^ — 1/ is rotated about the 2-axis, find the volume between this 

surface and the surface p = a 

12 . Find the volume between 2 = 0 and the cylinders — az and p^ = cos 20. 


143. Volumes by Triple Integration. 


The symbol for a triple definite integral of a function of three variables 
may be written 



F{XjijjZ) dz dy dx. 


First, holding x and y constant, the inner integral is evaluated. Since, in 
general, the inner limits an^ functions of x and y, the integral is a function 
of X and y. Thus, we have 


n Vi 

G{x,y) dy dx. 

_ L 


Next, holding x constant, the second integral is evaluated. Since the limits 
of this integral, in general, are functions of x, the integral is a function of x. 
Thus, we have 



dx. 


Finally, the evaluation of this integral yields a numerical result. 
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In this section the volumes of solids are computed by means of triple 
integration. 

If the equations of the surfaces which bound the solid whose volume is 
sought are given in rectangular coordinates, we may formulate the volume 
by means of a triple integral as follows: 

Three sets of parallel planes are constructed. One set of planes is taken 
parallel to the 2/2-plane so that any two adjacent ones are separated by the 
distance Ax, one set is taken parallel to the x2:-plane so 'that any two adja- 
cent ones are separated by the distance and one set is taken parallel to 
the x?/-plane so that any two adjacent ones are separated by the distance 
A2:. These planes divide the solid into small rectangular blocks, each hav- 
ing the volume 

dV = Ax A^ Az, 

together with the irregular portions around the boundaries. The sum of 
the volumes of all such elemental blocks which lie wholly within the solid 
is an approximation to the required volume. The limit of this sum is the 
volume of the solid, if the dimensions of the blocks approach zero as limits. 
Thus, 

i=l j —m k=n 

F = lim Z Z Z 

l,m,n — >^00 x=l j=l k=l 

In this notation, Azk Ay, Axi denotes the volume of an element which has a 
vertex at a point P(xt,yj,Zk) and which is included between the kth and the 
(k -f l)st planes parallel to the xy-plane, between the ^th and the (j + 1)- 
st planes parallel to the X2:-plane and between the fth and the (i + l)st 
planes parallel to the 2/2-plane. The limit of this triple sum is expressed 
as a triple integral whose limits are obtained from the given boundaries of 
the solid. More advanced treatises show that the limit of this sum can be 
evaluated by successive integration as has been indicated. 

To find the volume of the solid bounded by the paraboloid and the 
cylinder, 

2 = x^ + 2/^ z = 4 — 82/^ 

by triple integration, we represent the first octant portion of the solid in 
Figure 116. The volume of an element of the solid is 

dV = Ax Ay Az. 

It is convenient, in this case, to integrate with respect to z first, since 
the upper and lower limits for z are readily expressed as functions of x and 
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y. In fact, they are the functions given above. If the second integration 
is taken with respect to the upper limit is found by the elimination of z 
from the two given equations. Thus, 


\/4 — 

y = z . 

^ 3 

Since the X 2 /-plane forms the lower boundary 
of the solid, the lower limit of y is Z(iro. The 
final integration must be performed with 
respect to x with constant limits. The upper 
limit of X is found from the latter equation for 
y — Oj since it is the x/y-projectioii of the 
curve of intersection of the two given sur- 
faces. The low(ir limit of x is zero, since we 
wish to express one fourth of the total volume. 
Thus, 

X = 2 and x = 0. 



Fig 116 


The solution for the required total volume above the x?/-plane is carried 
out as follows: 

/^ 4 - 82/2 

(4 — x^ — 9?/^) dy dx. 


V = 4 

V 


0 t/o 

’2 nv4^ 


£ 

-x;x 

V = t r a:2)vT' 

y Jo 


dz dy dx. 


8 


dx = - T. 

O 


By similar reasoning, the volume of a solid whose bounding surfaces are 
expressed in cylindrical coordinates, may be formulated by a triple integral. 
This is done as follows: 

Two sets of planes and one set of cylinders arc constructed. One set 
of planes is taken perpendicular to the 2 -axis so that any two adjacent ones 
are separated by the distance Az and one set is taken through the 2-axis so 
that the angle between any two adjacent ones is equal to Ad. The set of 
right circular cylinders is taken with axes the 2 -axis so that any two con- 
secutive ones have radii differing by the length Ap, These three sets of sur- 
faces divide the solid into small elements. The base of each clement is 
p Ap AO and its altitude is Az. Hence, the volume of an element is 

dV — p Ap AS Az. 
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The sum of the elements of volume which li(' wholly within tlui solid is an 
approximation to the recpiircKl volume. The limit of this sum is the volume 
of the solid, if the numbc^rs of planes and cylinch'rs Ix'oome infinites Thus, 

i=l j =ni k =n 

V = lim E Z L Pt ^Pk A0; ^z^. 

l,tn,n — >oo 1=1 A:=l 

The notation denotes an element included between the A;th and the 
(k + l)st cylinders, betw(‘(‘n the jih and the {J + l)st planes through the 
; 2 ;-axis and between the fth and the (/ + l)st planes perpendicular to the 
2 :-azis. The limit of this triple sum is expressed as a triple integral whose 
limits are obtained from the given boundaries of the solid. 

To find the volumes above the polar plaiui and incliuk'd between the 
sphere and the cone, 

p2 + ^2 ^ 25, 10^2 „ 9p2 ^ 0, 

we proceed as follows: 

The element of volume is 

dV = p Az Ap AO, 

The z limits are from fp to V25 — p-, the p limits are from 0 to 4 and the 
6 limits are from 0 to 2t, Hence, 

V = r r 

Jo Jo J\p 

V = T" r {V25^^ - Ip) p dp 

Jo Jo o 

It is sometimes convenient to be able to formulate the volume of a 
solid by means of a triple integral in spherical coordinates. The element 
of volume in these coordinates is 

dV = sin 0 Ar A(j> AO, 

which is derived by means of Figure 117 as follows: 

A sphere TUV of radius r is taken with its center at the origin 0. 
Through the point P{rfi,(j>) the plane OVQ is taken through the OZ-axis 
and the plane SPR is taken perpendicular to the OZ-axis. In the first 
plane, QPV is the arc of a great circle of the sphere having the same radius 
as the sphere. In the second plane, SPW is the arc of a parallel which is 
a circle having the radius 


RP = r sin (t>. 
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If the angle 0 is given the increment A0, holding r and 0 constant, the 
point P' is located on the arc QPV, Thus, 

Z VOF = 0, ZPOP' = A(l> and PP' = r A(/>. 

If the angle 6 is given the increment Ad, holding r and </> constant, the point 
P" is located on the arc SPW, Thus, 

ZSRP = 6 , ZPRP" = AO and PP" = r sin 0 Al?. 



Let the arc of the great circle FP" and the parallel through P' intersect 
at the point P'". The area of the enclosed surface pp'p"jp'" is approxi- 
mately equal to 

dS = PP' • PP" = sin 0 A0 Al9, 
for small increments of the angles. 

A second sphere, not shown in the figure, is taken concentric with the 
first one and having a radius r + Ar. For a small value of Ar, there is 
formed a thin spherical shell between the two spheres. The small portion 
of this shell bounded by the planes POP', POP", P'OP'" and P"OP"' 
is the spherical element of volume and is approximately equal to 

dV = Ar dS, 

for small values of the increments of the three variables. Replacing dS 
by the value found, we have the expression for the volume of an element 
in spherical coordinates given above. 
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The volume of a sphere r = a is as follows: 

J f*2Tr nir/2 r*a 

I I sin dr d(t> dd — 

0 Jo Jo 

Using the element of surface area of a sphere obtained above, the area 
of the surface of a sphere of radius a is as follows: 


S 


n2ir nic/2 

Uo i 


sin (j) d(l> do — 


GROUP A 


Exercise 95 


Evaluate each of the following integrals. 

1. I / / zdzdij dx. 

Jo Jo Jx—y 

2. r r r 

Jo Ji/i/Jl/i 




1/v Jl/z^ 
Wz 


*• ££.£ 


z dx dz dy. 
xyz dx dy dz. 


Find the volume of each of the following solids by triple integration. 

4. Bounded by the coordinate planes and the plane hex + ficy + abz = abc. 

6. Bounded by the surface x^ + — z ^ and 2 = 0. 

6. The wedge cut from = a'^ by y — 0 and z = niy. 

7. Bounded by 2 = + 2y^, x -f 2/ = 1 and the coordinate planes. 

8. Find the volume of a right circular cone, altitude h and radius of the base a, using 

triple integration and cylindrical coordinates. 

9. Find the volume of a paraboloid of revolution, altitude and radius of the base are a, 

using triple integration and cylindrical coordinates. 

10 . Find the volume of a spherical zone cut from a sphere, radius 2a, by one plane 
through the center and one plane parallel to it at a distance of a, using triple 
integration and spherical coordinates. 


GROUP B 

Find the volume of each of the following solids, using triple integration. 

11. Enclosed by the surface -b -f- a^b^z^ — 

12 . Bounded by 2 (x 2 -b 4) =8 and the planes x = y, x = 2, y = 0 and 2=0. 

13 . Bounded by z^ — 25 and 42 = 3p above the p0-plane. 

14 . Bounded by + 2 ^ = 23 and the upper half of 2 ^ = 9 + p*. 

16 . Bounded by = 23 and the upjier half of cos 2(f> = 9. 


144. Moments. 

The moment of a force about a line at right angles to the line of action 
of the force is defined as the 'product of the force and the shortest distance 
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between the two lines. The force is assumed to be exerted at a point P 
and the moment taken about a line L not through P. The moment of a 
force F taken about a line L as an axis is freciucntly said to be taken with 
respect to the line L. Qualitatively, the 
moment of F taken at‘P with respect to 
L is the tendency of a particle at P to 
turn around the axis L. If the force is 
the weight of the particle, the moment 
is the moment of the weight. 

In Figure 118, it is assumed that a Fxg, IPS 

force F is acting vertically to the horizon- 
tal x^z-plane at the point Pi^x^y). Then the moments of the force, with 
respect to the x- and the ?/-axes, are 

F • y and F • a:, 

respectively. The signs of the moments depend on the signs of F, x and y. 

Moment of Mass. The moment of a mass 7 n, concentrated at a point 
P, with respect to a line L, is defined by the product 

M = r • 

in which r is the shortest distance from P to L. 

Let us assume a set of n particles of masses mi, m2, m3, • • • , mn, concen- 
trated at the points (.ri,?yi), (x2,?/2), {x^yy3)y ' ‘ • Ax ndJn), respectively, in 
the xy-plane. Then the moments of mass of the system with respect to the 
x-axis and with respect to the ^-axis, are defined to be 

i-n 

Mx = ym\ + 2/2W12 + Vim + • • • + == Z z/tW, 

» =1 

and 

i —n 

My = Ximi + X2m2 + Xzniz -f . . . -f Xnmn = IZ a\m» 

1=1 

respectively. 

Moment of Inertia. The moment of inertia of a mass rn, concentrated 
at a point P, with respect to a line L, is defined by the product 

I = P m, 

in which r is the shortest distance from P to L. Since the square of the 
distance from the point to the axis is taken in this definition, the moment 
of inertia is sometimes called the second moment of mass. 
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Again, assume a set of n particles of masses mt, concentrated at the 
corresponding points in the xy-plane. Then the moments of inertia 

of the system with respect to the a;-axis and with respect to the ?/-axis, are 
defined to be 

i-n i=n 

Ix = Y. and ly = Y x^‘^m^, 

t =1 1=1 

respectively. 

The concepts and the definitions for moments of mass, thus far devel- 
oped for masses concentrated at isolated points, admit of an extension to 
solids having continuous homogeneous mass distribution. 

Assume an arc'a S of a thin metal plate in the .T?/-plane. Corresponding 
to any point P(x,y) within that area, an increment of area A^S is chosen 
whose corresponding increment of mass is Am. The ratio Am/ AS is the 
average density of the area AS. The limit of this ratio, as AS approaches 
zero, is the density k at the point P. Thus, 


k = 


,. Am 
lim -—r, 

AS-^O 


dm ^ 

Js * 


Hence, 


dm — k dS — k Ax Ay. 


It is to be observed that the thickness of the metal plate was disregarded 
in this discussion. The element of mass is the product of the element of 
area and the constant density factor. 

Similarly, by means of an increment of volume AV whose increment 
of mass is Am, 

, Am dm 

k = lim 

av—^oAV dV 

and 

dm = k dV — k Ax Ay Az. 

The moments of inertia for the thin metal plate are 
Ix = lim Y. JL Ax. Ay,- 

rn,n — j=l i = l 

y =m i=*n 

I y — lim Y kxt^ Ax^ Ay,. 

171, n — > oo j =l t=l 


and 
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In Figure 119, the surface of a thin metal plate of uniform density is 
represented by the area OAC, bounded by the curve = 4Xj the x-axis 
and the line x = a. The area is divided into elements Ax by Ay by equally 
spaced lines drawn parallel to the a:-axis and to the y-axis. The element 
of mass is 

dm = k Ax Ay. 


Applying the fundamental theorem to the limits 
of the sums above, where the integrations are 
taken over the area of the plate, the moments of 
inertia are as follows : 

Ix = kj^ dy dx ka^^^. 

ly = k f dy dx = “ 

Jo Jo i 



The moment of inertia of a particle about a 'point is defined as the product 
of its mass and the square of its distance from the point. Consequently, 
the moment of inertia of a given plane area about the origin is 



+ dx Ix + lyy 


where the limits of integration are taken to cover the area of the surface. 

The moment of inertia about the pole of a thin metal plate which is 
tounded by the polar axis and the upper half of the cardioid 

p = 2(1 — cos 6) 

is found as follows : 

The elements of area and of mass are 

dS = p Ap ABj dm = kp Ap AO. 

Hence, 

r*Tr -COB e) 

lo = k I I p^ dp do 

Jo Jo 

= 4/c f (1 — cos 0)^ do = ^kw. 

Jo ^ 

An extension of the above definitions enables one to find the moments 
of inertia of a solid about the coordinate axes and the origin. As the 
definitions for a plane area imply a double integration, the definitions for 
a solid imply a triple integration. 
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Consider the volume bounded by the paraboloid z — and the plane 
2 = 4. The elements of volume and mass are 

dF = p A 2 Ap A^, dm = kp Az Ap Ad, 

For a point P(p,0,z) at one vertex of the element of volume, the line seg- 
ments PQj PR and PS are drawn perpendicular to the axes OX, OY and 
OZ, respectively, as in Figure 120. Then, from the figure, 

= 3^ + p2 sin2 e, Tip = 2^ 4- p2 cos^ e, = p^, Op = + p\ 



Hence the moments of inertia about OX, OY, OZ and 0 are 

/>7r/2 pA 1024 

Ix = 4:k I I I ' p(z- + p^sin^d) dzdpdd = y- A tt, 
t/o Jo Jo^ to 


p7r/2 p2 pA 

Ix = 4:k I I I ' p{z' + p'^sin^d) dzdpdd = 
Jo Jo Jp^ 

pTr/2 p2 pA 

ly = 4k I I I p(z- + p^ cos^ d) dz dp dd, 
Jo Jo Jp-^- 

pir/2 p2 pA 

Iz = 4k I I I p^ dz dp dd, 

Jo Jo J 

pTr/2 p2 pA 

lo = 4k I I I p{z'^ + p^) dz dp dd. 

Jo Jo Jp^ 


Because of symmetry relations, Ix = /y. 
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Find the following moments of inertia. 

1 . The area of a circle of radius a with respect to a diameter. 

2 . The area of a parabolic segment, base h and altitude a, with respect to its base. 

3 . The area of the ellipse bV + with respect to its axes. 

4 . The area bounded by xy = y — 0, x — a and x = 2a with respect to the 

y-axis. 

6 . The area under one arch of ^ = sin x with respect to the a:-axis. 

Find the moment of inertia of each of the following solids with resjxict to the axes 
designated. 

6. The solid bounded by bex + acy + af)z = abc and the coordinate planes with 

respect to the z-axis. 

7. The solid bounded by x^ = ?/- and the planes x = 1, z = 0 and z = 2, with 

respect to the z-axis. 

8. The solid bounded by 18z = 9^^ + 4y2 and the plane z = 2 with respect to 

the z-axis. 

9. The solid bounded by + 9?/^ = 36 — 18z and the plane z = 0 with respect 

to the x-axis. 

10 . The solid bounded by ~ p = a cos 9 and the plane z = 0 with 

respect to the z-axis. 

11 . The solid bounded by p = 2a cos 6 and the planes z = 0 and z = 2 with 

respect to the z-axis. 

12 . The solid bounded by p^ z^ = 4z = S — p^ and the plane z == 0 with 

respect to the z-a.xis. 

13 . Find the moment of inertia with respect to the pole of the area inside p = a(l -f cos 9) 

and outside p = a. 

14 . Find the moment of inertia of the area within x = 2 cos 9, y = 3 sin 0 with respect 

to the j:-axis. 

146. Centroid of a Plane Area. 

As in the foregoing section, assume n particles having masses nit con- 
centrated at the corresponding points (x\,?/i) in the XT/-plane. Then, as 
before, the moments of mass are 

i—n i=n 

Mx = YL and My — xjrii, 

1=1 1=1 


i =n 

Suppose that a single particle has the mass m = ^ rrn and that this 

t=i 

mass is concentrated at a single point Then its moments of mass 

with respect to the x-axis and with respect to the 2/-axis, are 

Mx = My and My = nix. 
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Hence, 


_ I =n ^ i-n 

MX ~ Y, and my = Yi ytMi, 

i==i 1=1 


XiMi + X2m2 + — • 4 - XnMn 
mi + ^2 + * ‘ * + Mn 


t =n 

1=1 

% —n 

Y m- 

t=i 


t =n 

E 2/.>rt. 

y = -Ih — 

E 'rn, 

1=1 

The point P(Xyy) is known as the center of gravity or, the center of mass 
. of the system of particles. 

^ The extension of these concepts to a 

solid having continuous homogeneous 

y mass distribution enables us to find the 

coordinates of the center of gravity of 
such a solid. The moment of mass of 
\L the solid with respect to a coordinate 

j — axis is the limit of the sum of the 

0 A e moments of its elements of mass. The 

mass of the solid is the limit of the sum 
J 21 elements of mass. 

Suppose that a thin - metal plate 
whose area is S in Figure 121, in the a:y-planc is bounded by the curves 

y = /i(^) ‘^nd y = / 2 (x) 

and the lines x = a and x — h. Then the coordinates of the center of 
gravity of the area S are expressed as follows: 

j=m nb pMx) 

lim E E kXjAXiAy, I I x dy dx 

— _ m,n— »oo; = l / = i Ja J fi(x) ^ 

;=m i=n “ pb pMx) 

lim E E kAxiAy, If dy dx 

j=l 1=1 Ja J f\{x) 

n Hx) 

ydydx 

— 


In this study we are concerned with the coordinates {x^y) for a thin 
metal plate whose surface area is S and, being a homogeneous solid of uni- 
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form thickness, it has a constant density k. The density k is a factor of 
both numerator and denominator of the expressions written for x and y. 
Consequently, the quotient of th(^ limit of the sum of the mass-moments, 
with respect to an axis, and the limit of the sum of the mass elements, is 
independent of k and, thereof on^, independent of gravity. In other words, 
our study is reduced to that of geometrical figures. It is for this reason 
that it is customary to speak of the point P{x,y) as the centroid of the 
figure rather than its center of gravity. 

Let us discuss more specifically the difference between the center of 
gravity of a thin solid and the centroid of ite surface. The centroid of a 
plane area such as S in Figure 121 is a point P which is located by its coor- 
dinates X and y with reference to a coordinate system. This in turn, locates 
the point P with reference to the area S itself and may be taken without 
reference to any coordinate system. Suppose, having located the centroid 
P with reference to aS, we take a thin metal 
plate of uniform thickness and density so 
that the upper and lower surfaces arc exactly 
the size and shape of S. If this plate is 
placed in a horizontal position and if it is 
supported by a needle point, placed at a 
point Q on the under surface vertically below 
P on the surface the plate will balance. 

The center of gravity of the solid plate will 
be at a point midway between Q and the 
centroid P ,of the area S. 

Let us find the coordinates (xfy) of the 
centroid of a thin plate of uniform density which is bounded by the parabola 
y = and the line y = x + 2. 

The point P{x,y) is chosen at a vertex of an element of area Ax by Ay 
as in Figure 122. Using the equations derived for the coordinates of P, we 
have 



n2 nx +2 

~ _ J -1 Jx't 


X dy dx 


J* (xr -P 2x — x^) dx 


+ 2-x^) dx 


9 

4 

9 

2 


/'2 px+Z 

I I dydx 

J-l Jx‘‘ 

P‘Z /• I +2 1 /'2 

J J y dy dx ^ / (x® + 4a; + 4 — a"*) dx 


S 


s 


2 ’ 


36 

A 

9 

2 


8 

5* 
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If an area has boundaries which arc expressed in the polar coordinate 
system, where the polar axis is the .T-axis, the coordinate's of the centroid 
may be written immediately : 
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GROUP A 

Find the coordinates of the centroid of each of the following areas. 

1 . A right triangle having a base h and altitude a. 

2 . A semicircular area for a circle of radius a. 

3 . One quadrant of the ellipse -f- 

4 . The area bounded by the parabolas = 4.r and x^ = 4y 

6. The area bounded by q. ^ 1/2 = ^p /2 coordinate axes. 

6. I'he area in the second quadrant under the curve y = 

7 . The area inside the loof) of the curve y- = 4 /^ — 

8. The area inside the curve p — a(l + cos 0). 


GROUP B 

Find the coordinates of the centroid of each of the following areas. 

9. One arch of the cycloid x = a{0 — sin 0), ?/ = a(l — cos 0), 

10 . The area in the first quadrant between h^x^ -f a-y- = and x^ = ci^t 

where a > h. 

11 . The area between and the tangents x = a and 7/ = a in the 

first quadrant. 

12. The area bounded by y^{2a — x) = x^ and the line x ~ 2a. 

13 . The area under y = sin x from a: = 0 to 2r = tt. 

14 . The area in the first quadrant bounded by y(x^ + 4) — 8, — 4y and the 

y-axis. 

16 . The area of one loop of the curve p = a cos 20. 

16 . The area of one loop of the curve p = a cos 30. 


146. Centroid of an Arc of a Plane Curve. 

The coordinates of the centroid of an arc of a plane curve may be found 
by considering the moments of an element of the arc about the coordinate 
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axes. 


As in the previous sections, 


X = 



y = 



) 


where the integrations are taken along the curve. 

The coordinates of the centroid of the first quadrant arc of a circle of 
radius a, by rectangular coordinates are found as follows : 

Since 


^2 _ j _ ^2 -- 



r^dx 

0 y 


ru. 

0 y 



ds = ~dx, 

y 


2 

— a. 

TT 


The ordinate of the centroid is equal to x because of the symmetry relations. 

If the coordinates are to be found by means of the parametric represen- 
tation of the circle, 


Hence, 


X = a cos d, y = a sin ^ and ds = a dd. 


j r*’r/2 


sin d dd 


"X 


r/2 


do 


2 

-a. 

TT 


Exercise 98 

Find the coordinates of the centroid of each of the following arcs. 

1. The semi-circular arc of x‘^ + 2/^ = in the first and second quadrants. 

2. A circular arc of y‘^ = which subtends an angle 2a which is bisected by 

the x-axis. 

3. The arc of the curve 2 / = ^ from x = —aiox = a. 

4. The arc of the first arch o( x — a(6 — sin d), y = a(l -- cos 6). 

6. The first quadrant arc of 

147. Centroid of a Volume. 

The moment of mass of an element of mass about a plane is the product 
of the mass and the distance from the plane. Pursuing the same type of 
reasoning as was given in finding the coordinates of the centroid of an area, 
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the moments of mass of a system of n particles with respect to the coordi- 
nate planes xy, xz and yz arc 

t=n i^n * t=n 

M^y ^ E Mxz = E 2/t^t and My, = YL 

t=i t=i t=i 


respectively. As in Section 144, assume that the mass of the system is 
concentrated at the centroid Pix^y^z) and also, that the same reasoning is 
carried out to permit application to a continuous homogeneous mass occupy- 
ing a volume F. Then we have 


Myz = kVxy Mxz = kVyy M^y - kVz. 


Hence, 


nb pui pzi 

nJ a *Jyi \) ^\ 


X = 


Af„ 


X dz dy dx 


rrrdzdydx 

•J a Jui *J 

ph pui pZi pb pui pZi 

I I l y dz dy dx I I I z dz dy dx 

r: t/a t/A - t/a *Jl/i 


Z = 


Exercise 99 

Find coordinates of the centroid of each of the following solids. 

1. The solid bounded by hex -f- acy + abz = abc and the coordinate planes. 

2 . One eighth of a sphere of radius a. • 

3. The solid between the coordinate planes and the first octant portion of the 

surface b^c^x^ -f- -f- — a^b^c^. 

4 . The solid in the first octant bounded by x'^ z"^ — ^nd x^ y’^ — a^. 

6. The solid bounded by the surface I82 = 4x2 9^2 ^nd the planes x = 0 , 

y = 0 and z — 2. 

6. The solid in the first octant bounded by az — and 2 -f- p = 2 a. 

7. The solid in the first octant bounded by 2 = p and 2^ -f p^ = 1 . 

8. The solid above the />0-plane bounded by p^ -{■ z^ — and p — b where 

a >b. 

148. Attraction. 

Two particles of matter attract each other with a force which is directly 
proportional to the product of their masses and inversely proportional to 
the square of the distance between them. The force is called the attraction 
of one particle on the other. This statement is also known as the gravita- 
tional law. 
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If the masses of two particles are mi and m2 and the distance between 
them is r, the force F is 


j. . mim2 

r = A r— > 


where X is the constant of proportionality. 

Consider n particles in the a:2/-plane at the points Pi, P2, Pz, ‘ • Pn 
having the masses mi, m2, mzj ' ' ' nin, respectively, as shown in Figure 123 . 



Let the distances of the particles from the origin be denoted by n, r2, 

r 3 , • • • Tn. 

If it desired to find the attraction of the sum of these masses on a unit 
particle at the origin, the attractions of the individual particles are 

T? \ 7? \ TP \ • 

^l = X— I /<2 = X - ^> /^3 = X — > - /<n = X -• 

r^z j,^z y^z ^^2 

But since these forces arc not parallel, they cannot be added directly. To 
find thcir resultant, each may be resolved into its x and ^-components. 
Assuming that 

/LxOPi — 6\, ZXOP2 = 62, Z-xOPz = ^3, • • • ^xOPn = Ony 
the x- and the ^-components of the resultant attraction are 




^1 ^ , '^2 ^ , niz ^ , 

2 cos cos 02 + ^1 ^3 + 


r2" 




H ^ cos d 


n)> 


t=n ^ 

= X E — ; cos 0, 

1=1 f'l 


A • o , m2 . ^ , niz , ^ , 

= X ( — 5 sm 01 H 5 sin 02 ^ 1 sin 03 + 

\ri^ rp 


, m„ . ^ \ 

+ — 2sm 0„J> 


I =n ^ 

= X Ef^«m 0 ., 
1=1 • % 


F 
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The resultant of the attraction is equal to 

F = VF/ + F~y^ 

and acts in the direction with the a:-axis equal to 

F 

6 = arctan ■— • 

Fx 


The finding of the attraction of isolated particles in a plane on a unit 
mass is preliminary to the finding of the attraction of a solid of uniform 
density on a unit mass. 

Let the solid be divided into n elements, the mass of each of which is 
approximately dm. Also let P(x,y) be a point at which the mass of any one 
element is considered to be concentrated then the attraction of this ele- 
ment on a unit mass at the origin is approximately 


dF = 


X 


dm 

-V.2 


and its x- and ^/-components are 


dr X = X — ^ cos ( 


. dm . - 

df y = \ — sm Oj 


where r = OP and d — Z xOP. Hence, the sums of the x- and the y-com- 
ponents of the attraction of all the elements on the unit mass at the origin 
are , 



cos d 
r2 


dm, 


=xr 

Jm 


sin e , 

— 2 ~ dm. 


M T 


where the integrations are taken over the mass in question. 

To find the attraction due to a slender 
straight wire of length 6 on a unit mass which 
lies on a line perpendicular to the wire at one 
extremity and a units from it, we proceed as 
follows: 

Let the wire A 5 in Figure 124 lie on the 
p0-plane with one end on the polar axis and let 
the unit mass lie at the pole. If an rriz-coordi- 
nate system is used with the a:-axis the polar 
axis, the coordinates of any point P are {x,y) or {pfi). Also, 

+ y^j p cos 6 — a, p sinO = y. 
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dm = k Ay 


„ ^ 7 cos 6 , „ . , sin 0 , 

Fx = \k I — ^ dy, Fy = \k I — ^ dy. 

Jo p Jo p 

Expressing the limits and the variable of integration in polar coordinates, 
and integrating, we have 

\ X . 

Fx — - k \ cos ^ = - A: sin a, 

a Jo a 

Fy = -k f iiin 6 do = " k(l — cos a), 
d J 0 Of 

where y = a tan 6, dy = a scc^O dO and a' = arctan~* Hence, the resul- 
tant force of the attraction is 

F = - kV2 — 2 cos a = - XA: sin ^ » 
a a 2 


and the direction of that force is 


P — arctan 


r i — cos a l _ 
L sin a J 



Fio. 125 


To find the attraction due to a thin circular homogeneous metal plate 
of radius a on a unit mass which lies on a line perpendicular to the plane 
of the plate at its center and b units from it, we proceed as follows: 

The plate is taken as in Figure 125, perpendicular to the ?/-axis with 
its center at the point B( 0 , 6 , 0 ). At any point P( 0 , 6 , 2 :) on the plate a ring- 
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shaped element is taken whose mass is approximately, 


Then, 

and 


dm = 2Trkz dz. 


Fx = 0 , F, = 0 , 

rr 0 7x1 ^OS ^ 

Fy — 2Trk\ I ^ 


z dz 


cos 

0 

Fy = 27rfcXfe^ 


z dz 


= 27rfcX 


y/a^-\-¥-h 

Var+¥ 


where r cos 6 = h and — z^^ + 6^. 

To find the attraction due to a right circular cylindrical homogeneous 
solid of radius a and length I on a unit mass which lies on the axis of the 
cylinder at a distance of b units from the nearer base, we proceed as follows: 

The cylinder is taken as in Figure 126, with its axis on the i/-axis and 
the centers of its bases at the points (0,6,0) and £2(0,6 + i,0). At any 



point P{0,y,z) within the cylinder a circular ring-shaped element is taken, 
whose mass is approximately 


dm = 2Trkz /Iz Ay. 


Hence 

TP o 7\ r^cosS , , 

Fy = 2Tk\ J J -^^zdzdy 

= 27rk\[l + Va2 + ¥ - Va2 + (6 + 0']. 
where y = r cos 6 and + z^. 
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Exercise 100 

Find the attraction of each of the following on a unit mass located as indicated. 

1 . A quadrant arc of a circular slender wire of radius a, unit mass at the center. 

2 . A slender straight wire of length 2a, unit mass at a distance of 6 on a line 

perpendicular to the center of the wire. 

3 . A hemispherical shell of radius a, unit mass at the center. 

4 . A right circular cylindrical shell, radius of the base a and altitude h, unit mass 

at the center of the base. 

6. A hemispherical solid of radius a, unit mass at a distance of a from the base 
on a line perpendicular to the base at its center and away from the solid. 
6. A right circular conical solid, radius of the base 2 and altitude 2, unit mass at 
the vertex of the cone. 

V. A solid in the shape of the volume generated by the revolution of the area 
bounded by the curve and the line y = 3 about the y-axis, unit 

mass at the origin. 

8. A solid sphere of radius a, unit mass at a point on the surface of the sphere. 



CHAPTER XVII 

ELEMENTARY DIFFERENTIAL EQUATIONS 
149. Differential Equations. 

A differential equation is an equation which involves derivatives or 
differentials. 

The subject known as differential equations is an extension of the calcu- 
lus rather than a part of it. 'Any adequate treatment of this important 
subject is far beyond the scope of this book. However, it is advisable that 
the student of the elementary calculus be familiar with some few types of 
differential equations which arise in the physical sciences. 

Those differential equations in which all the derivatives have reference 
to a single independent variable are called ordinanj differential equations 
as opposed to 'partial differential ecpiations in which there are two or more 
independent variables and partial derivatives with reference to one or more 
of them. 

The order of a differential equation is the order of the highest derivative 
appearing in the equation. 

The degree of a differential equation is the degree of the highest deriva- 
tive when the equation is free of radicals and fractions. 

The differential equation 

I 

^ = y, dy = y dx, 


is of the first order and first degree. 
The differential equation 



is of the second order and first degree. 
The differential equation 



is of the first order and second degree. 

The study which is made in this chapter is limited to those differential 
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equations which are of no higher order and degree than the second. More- 
over, the treatment of even these simpler types of equations is by no means 
a complete one. 

160. Solutions of Differential Equations. 

The solution or the integral of a differential equation is a relation 
between the variables, not containing their derivatives, by means of which 
the differential equation is satisfied. 

The solution of the first equation given in the preceding section is 

In ?/ = a: + C, y Ae^. 

The solution of the second, is 

— (lx + Ci = 3x^ + 

y = 3 J'x- dx + Cl J' dx + C^, 

y = CiX A- C 2 . 

The solution of the third, is 

y — a J' x^^^ dx A- C 

^ by = 2a.r^^2 + C', 25{y A- By — 

The arbitrary constants A, Ci, C 2 and B appearing in these solutions 
are called the arbitrary constants of integration. In general, the solution of 
a differential equation which contains a number of arbitrary constants equal 
to the order of the equation is called the general solution or complete integral. 
Solutions which arc obtained from it, by giving particular values to the 
constants, are calked particular solutions. 

In th(^ last solution obtained above, the result is a complete integral 
in which B is the only arbitrary constant of integration, since the equation 
is of the first order. The general solution of the equation 

X dx A- y dy = 0^ 
is 

^2 2/2 = q 2 ^ 

in which is the arbitrary constant. Assuming values for a, the particular 
solutions may be obtained, x- A- y^ = xr A- y'" — 3, x‘^ A- = 16, etc. 
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151. Geometric Interpretation of Differential Equations. 

Consider a differential equation of the first degree and first order repre- 
sented by the symbol 

Let the general solution be denoted by the symbol 

F{x,yfi) = 0. 

For each particular value of C, the resulting equation is interpreted as a 
curve in the a-y-plane. Hence, for all values of C, the locus of the latter 
ecjuation is a system of plane curves. The same interpretation is obtained 
by an analysis of the first equation, which may be done as follows: 

A point P{x,tj) which moves, subject to the conditions of the first equa- 
tion, must have the direction at any one of its positions, {xi,y^, given by 
the corresponding value obtained from dy/dx for x — Xi and y = yi. 
Thus, the point P will describe a curve, the coordinates of every point of 
which, and the direction of the tangent thereat, will satisfy the differential 
equation. If the moving point P starts at some other point of the plane 
not on the curve already described, and if it moves in the same manner, it 
will trace another curve, the coordinates of whose points and the directions 
of the tangents thereat, satisfy tlui same differential equation. Continu- 
ing in this way, through every point of the plane, there will pass a particular 
curve, for every point of which 


will satisfy the given differential equation. 

The locus of a first degree and first order differential equation is a singly 
infinite system of plane curves^ each curve of which is the locus of a particular 
solution of that equation. That the system of curves is singly infinite is 
equivalent to saying that every ordinary point of the a; 2 /-plane lies on one, 
and only one, curve of the system. 

The locus of the equation 

X dx — y dy = 0 

is a singly infinite system of hyperbolas. This may be seen from the general 
solution as follows: 

From the solution 

~ y- = Cj 

C = 0, X — y = 0 and x + y = 0, 


if 
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This curve of the system is a pair of lines bisecting the first and the second 
quadrants as shown in Figure 1 27. 

From the same solution, if C > 0, let C = a^. The solution is then 
written 

^2 _ ^2 == ^2 

For all values of a, other than zero, this is the equation of all those hyper- 
bolas asymptotic to the given pair of lines, symmetrical with respect to the 
coordinate axes with transverse axes on the x-axis. Three curves, Ai^ 
and Azj of the system are drawn in the figure. 



Again, from the same solution, if C < 0, let C = — 6^. The solution 
is then written 


== b^. 

For all values of b, other than zero, this is the equation of all those hyper- 
bolas asymptotic to the given pair of lines, symmetrical with respect to 
the coordinate axes with transverse axes on the 2 /-axis. Three curves, Bi, 
B 2 , and Bsf of the system are drawn in the figure. 

These three forms of the solution of the given equation constitute the 
equations of the curves of the system. Through any one point, except the 
origin, passes but one curve of the system. However, in this illustration, 
dy/dx = x/y is not defined at the origin. For example, through the point 
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Pi (3,4) passes the curve = 7, one hyperbola of the last mentioned 

set. 

Let us consider the geometric interpretation of a differential equation 
of the first degree and second order. Such an equation may be represented 
by the symbol 

in which it is assumed, for simplicity, that no term in dy/dx is present in 
the equation. Let the general solution be denoted by the symbol 

F(x,y,C\C2) = 0 , 


since such an equation is obtained by two successive integrations of the 
differential ecpiation. 

Corresponding to each particular value of Ci, is an equation containing 
the arbitrary constant C 2 . Hence, in general, for every different value 
assigned to the constant Ci, the equation containing the constant C 2 is 
interpreted as a singly infinite system of curv(\s. This leads to the state- 
ment that the locus correspo7iding to a first degree and second order differential 
equation is a doubly infinite system, of curves. That th(' systi'm of curves is 
doubly infimte is equivalent to saying that an infinity of curves pass through 
each point of the xy-phxne. 

The solution of the differential equation 

^ = 2 is y = + Cix + Ci. 


If 


Cl = 2, (x + 1)2 = 2/-C2 + 1. 


This is the equation of a system of parabolas all of whose axes are the line 
a: + 1 =0. Such a singly infinite system is obtained for each particular 
choice of a value for Ci. Since any number of choices for Ci are possible, 
there is a singly infinite system of such systems. In this instance, all the 
curves are parabolas, with certain degenerate cases, each having its axis 
parallel to the ?/-axis. Through any point pass any number of parabolas. 
For example, if the point is Pi (1,1), from the solution the only condition 
to be satisfied is that Ci + (72 = 0. Since there are an unlimited number 
of choices possible, satisfying this condition, there are an unlimited number 
of curves of the system passing through Pi. 

In conclusion, it may also be said that in general, two curves of the sys- 
tem of curves corresponding to a differential equation of the first order and 
second degree pass through each point of the plane. 
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Exercise 101 


GROUP A 

1 


dy 


Solve the equation ^ V ^ ^ means of the result give the geometric 

interpretation. 

dy 

2. Find the general solution of 4a: + ^ ~ = 0 and find the particular solution which 

is satisfied by the point (2,3). 

3 . If/^a:,if/, = 0 represents the differential equation in Problem 2, show that 

(2,3, ~|) satisfies that equation. 

4. Show that the general solution of the equation (a: — 2) -f (t/ + 2) ^ = 0 is the 

system of circles (a: — 2)^ + (y -f 2)^ = a^. 

5. Find the differential equation for which the general solution is a:^ — y 2 ^3 — (j 

d^xi 

6. Find the general solution of the equation = 6a* -f 2. Find the equation of the 

system of curves through the point ^4(1,2). Find the equation of the curve 
through the points A and B{2,S). 

7 . Show that a:^ 4y = 0 is a solution of ^ ^ ^ 

8. Show that y = 2x^ + 3x is a solution of a:^ ^ — 2a: ^ + 2y = 0. 


dx 


GROUP B 


Solve each of the following equations and show that the solution satisfies the given 
equation. 


9. (?/ + 1 ) + (* + 2 ) g = 0 . 

10. ^ + X = e*. 

dx 


12. (^)' = x\x'‘ + 4 ). 


11. ^ ^ + 1 = COH X. 
y dx 


14. a: 


dhj 

dx"^ 


= 2 . 


16. Eliminate the constant C from the equation y = Ca: by forming the differential 
equation. Solve the equation found and show that its solution is the given 
equation. 

16. Eliminate the constants from the equation y — Ax Bx^. 


162. Separation of Variables. 

Every differential equation of the first order and first degree can be 
written in the form 


fi{x,y) dx +Mx,y) dy = 0. 
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It is often possible to transform the equation so that the coefficients of dx 
and dy are functions of x and y alone, respectively. This transformation 
to the form, 

g{x) dx + q{y) dy = 0, 


is known as separation of variables, 

A differential equation in which the variables are separable, is solved 
by direct integration. For example, the equation 


transforms to 


Integrating, 


dy 

y — x-f 
^ dx 


y^ + 


% 

dx 


(y - 2/^) dx - (x + 1) dy = 0, 

dx dy ^ 

X + 1 y - y^ 

In ( ^ _ + m - y) ^ c, 
y 

(1 + a:)(l - y) = Ay. 


It is possible to write the solution of a differential equation in a variety 
of forms. The differences in such forms are duo to the treatment of the 
arbitrary constant. For example, in the illustration above, 

A = e^, 

) 

Usually, preference is shown for that form which gives the simplest expres- 
sion of the solution. 


Exercise 102 


GROUP A 

Solve each of the following equations. 

1. *2/ + 2g = 0. 

2. e*' sin X -J- — = 0. 

dx 

3. (1 -f y^) + 2/(1 + 

4. (1 + x)y^ dx — x^ dy = 0. 

5. 2(1 -> y^)xy cfx -f- (1 + a;*)(l + y^) dy = 0. 

6. sin z cos* y dz + cos* z dy - 0, 
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7 . Find the differential equation of all circles having their centers at the origin. Verify 

the equation by solving it. 

8 . Find the differential equation of all parabolas having their vertices at the origin 

symmetrical to the x-axis. Verify the equation by solving it. 

9. Find the differential equation of all parabolas having their vertices at the origin 

symmetrical to the y-axis. Verify the equation by solving it. 

10 . Find the differential equation of all circles of radius 2 having their centers on the x- 
axis. Verify the equation by solving it. 

GROUP B 

Find the differential equation for each of the following systems of curves. 

11 . All circles through the origin having their centers on the x-axis. 

12 . All circles through the origin having their centers on the y-axis. 

13 . All parabolas having their foci at the origin and symmetrical with respect to 

the x-axis. 

14 . All straight lines whose x- and y-intercepts have the sum of 4. 

16 . All straight lines tangent to the circle 

16 . All straight lines tangent to the hyperbola — y^ = 4. 


163. Equations Homogeneous in x and y. 

A polynomial in x and y is said to be homogeneous when all the terms are 
of the same degree in x and y. In general, any function of x and y is a homo- 
geneous function of the nth degree if, when x and y are replaced by kx and 
ky^ the result is the original function multiplied by For example, the 
functions 


— XT/ + 2x^ — 3x^2/ + 4x2/^ 

« 

are homogeneous functions of the second and third degrees, respectively. 
Also, the function 

2x — 2 / + xe^^"" 

is a homogeneous first degree function. 

A differential equation of the first order and degree 

/i(x,2/) dx +/2(x,2/) dy = 0 , 

may be written in the form 

^ I ^ n 

dx f2(x,y) 

If tile functions /i and are homogeneous of the same degree in x and y^ 
it is always possible to effect a separation of variables by the transformation 


y = vx. 
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From it, 


dy . dv 
dx dx 


The equation is transformed to 


where 


For example, if 


v + x^^+ F(v)=0, 


f2{x,y) hix.vx) 


/i(^;2/) = -\-xy — and f^ix.y) = x^ - ?/2, 

fi(x,vx) __ x‘^ + vx^^ — vV 
hiXjVx) x‘^ — vV 

1 y — y2 


iovy = vx, ^2_,.2^2 


1 _ ^2 


= F{v). 


The separation of variables gives the differential equation 


— , dv 
X F{v) + V 


= 0 . 


When this equation is solved by the methods of the preceding section and 
when the reverse substitution 


V = 


y, 

X 


is made, the solution of the given differential equation has been found. 
The sohition of the differential equation 

is obtained as follows: 

dy I X + y ^ 

dx'^ X 


w + X ^ + (1 + y) = 0, 

dx . dv _ _ 

X '^ 2 v + l~ ' 


Letting y = vx, 
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Integrating, 

In xV2y + 1 = (7, 
x\2v + 1) = A. 

Substituting 

V 

V — -9 
X 

x^ + 2xy = A, 


As a second illustration of the method of solving differential equations 
of this type, the equation 

X — y + xe^f^ + X ^ = 0, 

is solved as follows: 

Letting y = vx^ 

(,+e.,+,*.0. 

Separating variables, 

dx dv _ ^ 

T r+T® ““ 


Integrating, 


f 


In x + In c” — In (1 + c”) = C, 
= A(1 + e^). 


Making the reverse substitution, 

xev/^ = A(1 + 


Exercise 103 


GROUP A 

Solve each of the following equations. 

1. 2/2 dx + {xy + x^) dy = 0. 

2. x^^y dx — (x^ -f 2 /®) dy = 0. 

3. (y — 2x) dx -f- (42/ + 3x) dy = 0. 

4. (x2 -f 2/^) *" = 0. 

5. {xeyf* -i- y) dx — x dy = 0. 

6. (y* — xy) dx + x^ dy ^ 0. 

7. (2x* 2/ + y*) dx — x^ dy == 0. 

8. y* dx + aJ* dy « 0. 
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GROUP B 

9. Find the differential equation of the system of ellipses having the points (2,0) and 
(—2,0) as the extremities of an axis. 

10. Find the differential equation of the system of hyperbolas having the coordinates 
axes as asymptotes. 

Solve each of the following equations. 

11. xy dx + (x^ + 1) dy = 0. 

12. {2y^ + xy^) dx — dy — 0. 

13. xy(dx — dy) — y dx x dy. 

14. sin X cos y dx — cos x sin y dy = 0, 

16. sin X cos^ y dx cos^ x dy — 0. 

16. (x — 2y) dx y dy = 0. 


164. Exact Differential Equations. 

In a differential equation 

fi{x,y) dx +U{x,y) dy = 0, 


it may happen that the left hand member is the differential of some function 
of x and y. If it is, let u represent that function. Then 


and 


du = fi{x,y) dx d-Afey) dy 


from Section 137. Hence, the solution may be represented by 

u = F{x,y) = C. 

Such equations are called exact differential equations. 

The solutions of exact differential equations frequently can be obtained 
by inspection. For example, the solution of the equation 

X dy y dx = Qj is xy = C. 


Also, the solution of the equation 

2xy^ dx + 3x^y^ dy + 3x^ dx = 0, 
is 

xY + = c. 

Sometimes, a differential equation which is not exact as given, may be 
made exact by the introduction of a term which is called an integrating 
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factor. For example, the equation 

y dx — X dy = y^ dy 

is not exact. However, multiplying both sides of the equation by the inte- 
grating factor l/y^, gives an exact differential equation, 

y dx — X dy , 

- y, = y dy. 

Integrating, 

^ = ^ + C'. - 2x By = 0. 

y ^ 

Exercise 104 


GROUP A 

Solve each of the following equations. 

1. {x + y) dx {x — y) dy = 0. 

2. {2x -]r y) dx {x -{■ 2y) dy = 0. 

3. ye^ dx -f- (e* Z) dy - 0. 

4. x^ dx ~ X dy — y dx. 

5. (y^ — 4a:2) _j> 2xy dy — 0. 

6. (2xy^ — 3) dx + dy = 0. 

7. (a;2 ~ ^2) dx + 2xy dy - 0. 

8. cos y dx — X sin y dy = x dx y dy. 

GROUP B 


Solve each 

of 

the following equations. 

9. 

X dy - 

- y dx = 

x2 dy. 


10. 

4x 

dy 

y dx = 

= xz/2 dy. 


11. 

(x2 

+ 

2y^) dx - 

- xy dy = 

= 0. 

12. 

(x^ 

— 

y^) dx 4- 

xy^ dy = 

^ 0. 

13. 

(x^ 

— 

xy 4 ?/2) 

dx 4 x^ 

dy = 0. 

14. 

(x^ 

+ 

y^) dy 4 

xy dx = 

0. 


15. Find the differential equation of^the system of curves whose slope at any point equals 

the ordinate of the point. Find the equation of the curve of the system through 
the point (0,1). 

16. Find the differential equation of the system of curves whose slope at any point (a:,y) 

is equal to e^. Find the equation of the curve of the system which intersects the 
line X — 1 = 0 at the angle of 45°. 

166. Linear Differential Equations of the First Order. 

A differential equation is called a linear differential equation when the 
dependent variable and its derivatives appear in the first degree only. The 
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form of the linear equation of the first order is 

^ dy + Pydx = Q dx, 

where P and Q are constants or functions of x alone. 

If Q = 0, the linear equation assumes the form 

^ + F 2 / = 0, dy + Pydx = Q. 

Separating variables, 

^J-.-Pdx. 

y 

Integrating, 

In 2 / = — J P dx Cy 2 / = , 

or 

The differentiation of the latter equation gives 

^fP dX ^ py 

This shows that the term 

efPdx 

is an integrating factor of the equation dy + Py dx — 0, where Q = 0. 
Since Q is a function of x alone, it is also an integrating factor f 9 r the linear 
equation 

dy + Py dx = Q dx, 

as given above, where Q is not zero. 

As a result of the above reasoning, the general linear differential equa- 
tion of the first order may be integrated by the use of the integrating factor 

^fPdx 

as follows: 

Multiplying by the integrating factor, we have 

^J'p dx Py = qSp dx Q 

Integrating both sides of the equation 

ygfp dx ^ J’e/i' <** Q dx + C. 
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This general solution which has been obtained for the linear differential 
equation cannot be simplified farther until the functions P and Q are known 
and the indicated integrations carried out. However, this result may be 
used as a formula to give the solution of an equation when it has been 
expressed in the linear form with the given functions P and Q. 

The linear equation 

xdy - {2x + 2y + \) dx, 
expressed in the type form is 


dx x 


2x + \ , 2 ^ 2x + l , 

y = — — ’ dy - ^ydx == - — dx, 


where 


Then 


P = 


- . and Q = 

X X 


fpdx= -2 f — = In ~ 
J J X X^ 


and the integrating factor is 


oSP dx _ glnl/x* _ jL , 


Using this factor, the equation becomes 

1 / , 2 . \ 2a: + 1 , 

Integrating both sides of the equation, 

1^2 "" “ ^ + ^> 


or 


2y = 2Cx^ — 4a; — 1. 

Exercise 105 


GROUP A 

Solve each of the following equations. 

1 . x~ — y — x^. 

dx 

2. xp- -2y = X + 1. 

dx 
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3. 


dx 


+ ?/ == e~*. 
dy 


4. (X + 1) ^ ~ 2t/ = (X -f 1)2. 

6. cos2 x^-{- y = 

6. x(x* + 1) ^ = 2. 

7 . 2 + ^ 

8. (X + 1) = e*(x + 1)’. 


GROUP B 

Solve each of the following equations. 

9. (x2 T 1) ^ + 2j?/ = 4^2. 

10 . {2y — x) dx dy - 0 . 

11 . (sin X cos y — sin x) dx + sin y dy = 

12 . dy y cos x dx — sin 2x dx, 

13. 3y dx — X dy = dx. 

14. (j 2 — y^) dx -1- 2xy dy — 0. 

16. 2xy dx + (y 2 _ 33 . 2 ) fly — 0 . 

16. Find the particular solution of 3x^y dx x^ dy — x dy y dx satisfying the condi- 
tion X = 2, y — 2. 

Reduce each of the following equations to linear form by the substituticyis suggested, 


and solve. 




17. 

dy 

4- 2xy^ — X = 0. 

Ijet y2 = 

18. 

sin y 

^ + sin x (cos y 

— 1) =- 0. Let cos 

19. 

dx 

y — x^y^ — 0. 

Let \/y^ = V. 

20 . 

4x “ + 3?/ + e^x^y^ = 

0. Let \I\Y — V. 

21 . 

3a:(l 


- x^)y^ — x^. Let xj 

22 . 

(x + 


= {x + l^Vy + 1 . 


23. Solve the equation sec2 x tan y dx sec2 y tan x dy = 0. 

24. Solve the equation {x yY dy = ^ dx, by substituting x y = v. 
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166, Differential Equations of Type 



Differential equations of the second order and first degree which do not 
contain the variable 2 /, have the form 



Only certain simple differential equations of this type are considered in 
this section. 

The solution of the equation 


dx'^ 


= fix) 


is 


If 


and 


^ = y* fix) dx + Cl, y = J' J'fix)idx)^ + Cl J'dx + C2. 

;M.i. |.l„x + C. 

2/ = (xln X — x) + CiX + €2* 


The method to be used for a more general equation of this type is illus- 
trated by means of the following examples. 

Given the-equation 


3. ^ 4. ^ = 2 r 
dx^ dx 


The absence of the variable y permits us to reduce this equation to one of 
first order by making the substitution 



Thus, the given equation reduces to 
dj) 

x^ + p = 2x, X dp + p dx = 2x dx. 

The first member of this equation, being exact, enables us to write the 
solution 


xp = x^ + Cl. 
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Upon replacing p by its value, we have 


“ = + Cl, dy = X dx Cl — 

(XX X 


Hence, the solution is 


Given the equation 


Letting 


y = + Cl In a: + C2. 




^ yr> 4- a - Q ^ A- --n - - - 
da: ^ ^ ^ dx^ x^ x^ 


This being a linear first order equation, we find the integrating factor, 


py'do'/x _ n\i\x 


e ‘*= X. 


j(dp+ldx'^ = - ^ 


xp — — a In x + Cl. 


Replacing p by its value, 


= — a In x + Cl, dy — In a: da: H dx. 


Hence, the solution is 


y - — In^ a: + Cl In X + C^. 


Exercise 106 


GROUP A 


Solve each of the following equations. 

i-s— ■■ 
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4 . 




6. a: ^ ^ a;. 

dx^ dx 


6 . 




7 . 


dx2 dx 


8 . 


^ ^ = 1 
dx 


GROUP B 

Solve each of the following equations in which y' — ^ and y" = ^ • 


9. 

y''y' 

’ = X. 

10. 

yy'' 

+ 

to 

II 

p 

11. 

yy” 

o 

II 

1 

12. 

y" - 

= Vl - {yr- 

13. 

xy' 

= ^ Let vy = 1. 

14. 

y^y' 

= X y^. Let y^ = v. 

16. 

x^y' 

= 1 + x^y. 

16. 

y' = 

: sin X -f 2y. 


17. Find the equation of the system of curves such that the normal to the tangent at 

any point of any curve of the system coincides, in direction, with the line joining 
the point to the origin. 

18. Find the equation of the system of curves such that the tangent at any point of any 

curve of the system and the normal to the tangent at the same point make an 
isosceles* triangle with the x-axis. 

19. A system of curves each member of which cuts each member of a given system of 

curves at right angles is called an orthogonal system. Hence, if the given system 
is represented by the equation F(x,y,dy/dx) = 0 the orthogonal system is repre- 
sented by the equation F(x,y, — dxfdy) = 0. Find the equation of the system 
of curves orthogonal to the system of circles x^ y^ = a^ 

20. Find the equation of the system of curves orthogonal to the system of circles 

^2 _j_ _ 2ax = 0. 

167. Differential Equations of Type ^ • 

Differential equations of the second order and first degree which do not 
contain the variable x, have the form 



Only certain simple equations of this type are considered in this section. 
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The solution of the equation 


_ 


dx^ 


= f(y) 


can be found in the following manner, due to the absence of the variable x. 
Since 

both members of this equation are multiplied by this factor, giving, 

The integral of this equation is 

(ty 

Letting the integral expressed in the second member be denoted by F(y)i 


dy 

dx 


= ± VF(2/) + Cl. 


The variables being separable in this equation, the solution is 

dy 


A 


= ± a; *1“ Ci. 


by 


VFiy) + Cl 

A more general equation of the type under consideration is represented 




in which the coefficients a, h and c are constants. 

To determine the solution of such an equation, we first assume that it 
has the form 

y = 

in which m is a constant to be determined. Secondly, we show that the 
isolution obtained satisfies the given equation. 

Given the equation, 


dV o dy 
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If 


y = ^ = me‘^ and ~~ == 

Substituting these values in the given equation, 

_ 3^ 2) = 0. 


Since the first factor cannot be zero, the second must be and 
— 3m + 2 = (m — l)(m — 2) = 0, 

hence 


m = 1 or m = 2. 


At this point the student should verify that a constant times a particular 
solution of a differential equation is a solution of that equation and also, 
that the sum of two such solutions is a solution. 

Using the values of m obtained above, we write the general solution of 
the given equation, 

y = Ci6* + 


and show that it satisfies that equation as follows; 

= Cie* + = C'le* + 4^26^*. 

ax dx^ 

Hence, 

+ 4C2e2") - 3(Cie^ + 2C2e^^) + 2{Cie^ + = 0. 

Thus, we have shown that the solution has been obtained, since it satisfies 
the given differential equation. 

If 2/ = is substituted in the equation 

we obtain the equation 

+ c) =0. 

Here again, since the first factor is different from zero, we are called upon 
to solve the characteristic equation 

am^ + &m + c = 0. 

This being a quadratic equation in the unknown m, there are the three 
following possibilities as to the nature of the roots: 
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If the roots are real and unequal, let them be denoted by nti and m 2 . 
In this case the solution of the given differential equation is written 

y = 

If the roots are equal, let them be denoted by mi = m 2 = m. In this 
case the solution of the given equation is written 

y _ + Bx). 

In showing that this equation satisfies the differential equation, we obtain 
e‘^^[B{am?‘ + bm + c)x + A{am} + 6m + c) + B(am^ + 6m + c)] — 0, 
which justifies the solution. 

If the roots are imaginary, let them be denoted by mi = a + and 
m 2 = a — fii. In this case the solution of the given equation is written 

y = 

However, this solution is more often written in the form 
y = e°^{A cos ^x A- B sin fix). 


Here again, either of these forms of the general solution, for imaginary 
roots, may be shown to satisfy the given differential equation. 

Given the differential equation 


5^ 4. 9^ 
dx^ dx 


+ 52 / = 0 . 


The characteristic equation is 


from which 


m^ + 2m + 5 = 0, 

mi = — 1 + 2f and m 2 = — 1 — 2i, 


Hence, the two forms of the solution are 


and 


y = e~^{A cos 2x A- B sin 2x), 


Exercise 107 


GROUP A 


d^v 

Solve each of the following equations in which y" = ^ and 2 /' 


= -K . 

dx * 


1. y" ~ 4y' + 4y = 0. 

2. y" - 3y' + 2y = 0. 
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3. y" - 4j/' + ny = 0. 

4. 2/" + 6^' H- 9</ = 0. 

5. ?/" + 2/' + 2/ = 0. 

6. y" - 3^' - 47/ = 0. 

7. ?/' = 4y. 

8. 2y" 4- 37/' = 0. 

GROUP B 

9. If a + (3i and a — /3i are the roots of the characteristic equation of 

ay"' hy' -\r cy = 0 

show that the solution y = satisfies the differential equa- 

tion. 

10. Show that the solution y = e^tx {A cos dx 4- B sin ^x) satisfies the differential equa- 

tion given in Problem 9 with the same roots of the characteristic equation. 

11. Find the general exjiression for the distance which a body falls from rest in a vacuum, 

taking the downward sense as positive and by solving the equation d‘^x/dt^ = g. 

12. Find the general expression for the distance which a body falls from rest, if the resis- 

tance is proportional to the velocity, taking the downward sense as positive and 
by solving the equation d'^x/dl- — g — k {dx/dt), where k is the proportionality 
factor. 

13. Find the general expression for the distance which a body moves in a straight line, 

if the resistance is proportional to the square of the velocity, by solving the equa- 
tion = _ k{dx/dty. 

14. A body moves in a straight line so that its acceleration is proportional to the velocity. 

Find the expression for the distance, it being given that x = 0 and v — vq when 

t = 0. 

16. A body is projected straight upward with an initial velocity of 1000 ft. per sec. If 
the resistance of the air is taken as proportional to the velocity and if proportion- 
ality factor k is taken to be 0.01, find how far and for how long a time the body 
will rise. 

Solve each of the following equations in which y'" — d^y/dx^, 

16. y'" - 3//" 4- 2y' = 0. 

17. 7/'" - 2y" - 7/' 4- 2y = 0. 

18. 7/"' 4- y" -2y =0. 

19. y'" - 47/" 4- W “ 2// = 0. 

20. y'" - 3y" + 'Sy' - y ^ 0 
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I. Trigonometric Relations. 

Trigonometric Formulas, 
sin d CSC 0 = 1. 


cos 0 sec 0 = 1. 

i. cos 0 
cot 0 = — - • 

sin 0 


sin2 0 -f cos^ 0 = 1. 1 -f tan2 d = sec^ 0. 

sin (A db B) - sin A cos B dz sin B cos A, 

COB (A ±: B) = cos A cos B sin A sin B. 

, /• 4 . A dz tan B 


tan 0 cot 0 = 1. 


1 -f cot^ 0 = csc2 0. 


tan (A dz B) = 


1 T tan A tan B 


sm 2 A = 2 sin A cos A. 

. ^ . 2 tan A 

tan 2A = r — rr * 

1 — tan-^ A 

. - 0 1 — cos 0 


^ 0 1 — cos 0 

tan ^ = r-—- — • 

2 sin 0 

X ”l~ y X ~~ y 

sin X + sin y - 2 sin — cos — • 

„ X A- y X — y 
cos X + cos 2 / = 2 cos — 2 — ’ 

^ y ^ _1_ y 

sin X — sin t/ = 2 sin — cos — * 

^ , X A- y • X — y 
cos X — cos y = —2 sm — sm — « 


cos 2i4 = cos^ A — sin^ A. 


.0 1 -f- cos I 

— r- 


Reduction to Acute Angles. 


TT ± 0^ = =fc F(0), n is zero or any even positive integer. 
TT dir 0^ = dr co-F(0), 71 is any odd positive integer. 


Trigonometric Laws. 


sin A sm B sin C 
376 


Law of Sines. 
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Law of Cosines. 


Law of Tangents, 


Half-Angle Law. 


a* = 6* + — 26c cos A. 

52 = ^ _ 2 ac cos B. 

c* = + 6^ — 2 ab cos C. 


tan 

tan 

tan 


A -B 
2 

A - C 
2 

B - C 
2 


a -6 ^ C 

= r-r cot • 

a -f 6 2 

rt — c , B 

a -j- c 2 

b — c A 

j — i— cot 77 • 
6 -f c 2 


a -h 6 + c = 2s. Radius of inscribed circle is r. 
r , n r 


tan 2 = ^ 


a 


^ C r 

tan TT = • 

2 s — c 

Radian Measure of Angles. 

Radian-Degree. tt radians = 180°. 
Arc-Angle-Radius. s = rB, 


Sector Area. 
Segment Area. 


o t'^B rs 


S = 


r2(<9 - sin B) 
2 


, B 
tan 2 


s — b 


II. Plane Analytic Geometry Relations. 

Rectangular coordinates of any point P are (Xjy). 

Ti 


If 


P0P2 

If n = r2, 


na^z -h r2a:i 

2^0 = — — r-T > 


Jo = ’ 


n -f r2 

X1+X2 

2 


Length P1P2 = V (xz — -f- (^2 — • 

Slope of P1P2 = w = ^ • 

3^2 3/1 

Angle between two lines = arctan ^ * 

° 1 -h TMimz 

General equation of any line L is Ax By -f- C = 0. 

Slope form: y - mx b. 

Intercept form: ~ ^ = 1. 

Normal form: x cos a -|- y sin a — p = 0. 

/. ^ 7 ^Ixi -f Byi -f C 

Distance from L to Pi : d = * 


yo 


2/0 


= ^12/2 + rzVi ^ 
ri -f- rz 

— yg 
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General equation of any circle is Ax^ Ay^ A- + Ey F = 0, 

Center at {h,k): (x — hy + (y — ky = 

Polar equations : p ~ a, p = 2a cos 0, p — 2a sin d. 

Parametric equations : x — a cos d, y — a sin 0, 

General equation of any conic with axes parallel or coincident with the coordinate 
axes is -4x2 (yy 2 4- Ey F = 0. 

Parabola, if 4. or C = 0. Vertex (h^k): {y — ky = 4j)(x — h), 

{x - hy = 4p{y - k). 

Ellipse, if A 5*^ C, having the same sign. Center {h,k)\ ~ ^ 

(x — hy (v — ky 

Hyperbola, if A and C have opposite signs. Center (h^k): - — -- - ■ + - - = ±1. 

Asymptotes: a(y — k) = =tb{x — h). 

General equation of any conic is Ax^ 4 - Bxy 4- Cy^ 4- Dx 4- Ey -{■ F — 0, 

Parabola, if - 4AC = 0. 

Ellipse, if -B2 — 4AC < 0. 

Hyperbola, if B^ - 4AC > 0. 

Polar equations of conics having their foci at the pole are 

p(l rh e cos 0) = ep and p(l zb e sin 0) = ep. 

Parabola, if e = 1. Ellipse, if e < 1. Hyperbola, if e > 1. 

Transformations of coordinates. 

Translation of axes : x = X-\-h, y — Y-\-k. 

Rotation of axes : x = x' cos 0 — y' sin 0, y = x' sin 0 y' cos 0. 

Rectangular-polar, pole at the origin and polar axis the x-axis: x = p cos 0 y — p sin 0. 



TABLE OF INTEGRALS 


I. Forms containing a Linear Binomial Factor. 


‘ ^ (lx _ ^ ^ 

ax ^ h a 


In {ax -|- 6) + C. 


’’rr^ + i '« + ft) + C. 

{ax + &) a^{ax + b) a^ 

* / I 1 ' I i-r ^ 1 ^ o 

x(ax + ft)” rfo- = ---(- ^ 1 )- - aHr'-ri)()rT^ + C,n^ -l,n^ -2. 


1 1 ^ I ^ 

'xCaa: + 6 ) “ 6 ax + 6 ^ 


^x 1 1 I X ^ 

x{ax + b{ax +6) 6^ ^ ax + 6 


6. r j^VoTTft dx = + C- 


• ^ 2 ^ - 2 ^ 
\/ax + ^ 


'ax -f" b -|- (7. 


* dx 1 V ox + 6 — Vlb 

xVax + b V'b V ax + b + V b~^ 

- ^ lax +b , r> 


'ax + ^ = 


2x”(ax + bY’^ _ 2bn 
a{2n + 3) a(2n + ; 


• /'•' 


r ^ 2x”Vax + 6 _ 2bn C a;” ^ rfx 

Vax + 6 a(2n -h 1) a(2n + 1) ^ Vax + 6 ^ 


X” 1 Vax + 6 dx, 2a + 3 0. 


2a + 1 0. 


I _ __ Vax + 6 _ a(2a — 3) C 

J x”Vax + b b{n — l)x'*“^ 2b{n — 1) J x”“^ 


dx 

Vax -{- b^ 
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11. Forms containmg a Quadratic Binomial Factor. 

12 . 1 ,n^ + C. 

J 2a a — X 


16. 


16. 


•/ 

•/ 

I 


dx 


+ 


(ax2 + by 2b(ax^ -f 6) ' 26 J ax^ + b 


if-. 


dx 


dx 


1 

= oT In 


x(ax^ -j- 6) 26 ax^ + 6 


1 


1 


Va2 - x^ da: = « a:Va2 - ^ arcsin - + C. 


dx 


In (x 4- Vx2 ± a2) + C. 


J' Vx^ ± dx = IxVx^ db ± In (j: + ± o*) + C. 

■f 

■/ 


18. 

19. 

20 . 

21 

22 

23. 

24. 

25. 


dx 1 

= - In 


a:Va2± x* a a 

da: 1 . a , ^ 

— - = _ „ arcsin - C. 

xVx^ — a ^ 


4-C. 


Va2 ± x2 


dx — V rt x^ + fl In 


a + Va2 ^ a:2 


+ C. 


Vx^ — a' 


dx = Vx^ — 4- n arcsin - 4- C. 

X X 


f 
■f 

/ I T 

(a^ -- x2)3/2 dx = -;x(a2 — x2)3/2 4. -a^xVa^ — x^ 4- ^a'* arcsin - 4- C. 

4 o o a 

^ (x* ± a*)®'* dx = lx(x’ ± ± la^xVx* ± o* + |a*ln (x + Vx* ± a‘) + C. 


dx 


a^Vo® - I* 
dx ±i 


+ C. 

+ 0 . 


/<- 

'• ^ (x* ± a^y^ ~ aVx* d: o2 

26. I x^Va^ — x2 dx = — 7x(a2 — 4 . la^xV — x^ 4- arcsin - + C. 

^ 4 o o a 

27. ^ x^Vx^ rt a2 dx = 4x(x2 4= T ia^xVx^ ± ln(x 4 - ± a^) 4- C. 
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28 . 


dx 1 /-z r . 1 „ . X , ^ 

■■ ::Tr-r = — X V ^ O?' arCSlIl + C. 

Va2 _ a;2 2 2 a 


■f 

f 

I 


■f 7 . 


Va* — 

X2 

X® dx 


Va* — 

■^2 

X* dx 


Vx* d= 


X" dx 


Va2 - 


dx 



= - xWa^ - 0:2 - I (a2 - a:2)3/2 4. c. 


= ia:Vj:2 ± =F ia^ In (0: + Va:^ ± a^) 4. (7^ 


a:” <ia: a^(n — 1) x^ ^ dx 


- 4 -- 


f 


_ ^2 n — 2 


Va 2 - a ;2 
dx 


\/a^ “ a:2 a‘^{n — l)x”“i “■ *7 — a:* 


/ 


n 7*^ 0. 


n 7*^ 1. 


Vx-^^<ix = =F Tx-Vir^dx, n + 2 ^ 0. 

n + ^ n -\- Z J 


X" dx ajn-iVx^ ± a 2 a 2 (n — 




- 1) r x"-» dx 

» J Vx 2 d= ai> ’ 


36 . / = :F 


:2 d: a 2 n -- 2 T 

- l)x»‘-i a 2 (n - 1 ) J X” 


dx 


36 


^ X" Vx^ d= a 2 a 2 (^ __ I)a;n -1 a 2 (n - 1 ) J x ”"2 Vx* rt a* ' 

— = 2 arcsin \/^ + C, 
x2 \2a 


/ 


V2ax 


r" dx x^~iV2ax — x^ a( 27 t — 


37 . r ^ + ■ 

J V2ax — x2 


*• 


t — 1) r x^~^ dx 
^ J V2ax — x® * 


1 o _ •„ x - a 


38 . I V2ax — x2 dx = ^^(x — a) V2ax — x^ + -a* arcsin f- C. 

2 z a 


719 ^ 0 . 


n 7*^ 1. 


n 9^0, 


in. Trigonometric Fimctions 

/“ 

/ 

41 . ^ sin" 


j • „ , X sin 2 ax , ^ 

39 . I sin* ax dx — ^ h ( 7 . 


.^1 o j ^1 sin 2 ox , ^ 

40 . I cos* ax dx = 2 "I 4^ J" 


1 . 


ax dx = sin"~^ ax cos ax + 

an 


C • n 

I Sin" 

^ J 


“* ax dx. 
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42. I cos"^ ax dx = — cos”~^ ax bin ax H 

./ an n 


,. /«< 


43. I sin^" ax cos” at dx — 


ax cos”"i ax n — ] 
a{m n) m -j- 


1 . f. 


44. / sin”* ax cos” ax dx 


sin”‘ * ax cos”’^' ax m — 
aim + n) m -f- n. 


cos” 2 ax dx. 


sin”* ax cos”"^ ax dx, m + n 0. 


ginm-2 dx cos” ax dx, m n 7^ 0. 


5. J.1 


46. I sin”* ax cos” ax dx — 


sin*”'*'^ ax cos”+* ax , w + n 
a{n 4“ 1) n 




sin”* ax cos”''"^ ax dx, n 9^ — 1. 


46. I tan ax dx — - In sec ax -{- C, 


47. I cot ax dx = ~ In sin ax + C, 
.1 a 


48. / tan^ ax dx — i tan ax — x -h C, 

J 

49. J* cot^ ax dx — — ^ cot ax — x -{• C, 


J' 

1 . J* cot” 


ax dx = tan” ^ ax — I tan” ^ ax dx, 

ain - 1 } / 


ax dx = ; -TT cot” ^ ax — I cot” 2 ax dx, 

ain — 1 ) / ’ 


52. C sec ax dx = - In (sec ax + tan ax) -f C = In + C. 

/ a 2a 1 — sin ax 


63. I CSC ax dx = - In (esc ax — cot ax) C = - In tan ^ + C. 
fa a ^ 


^ , r , , 1 sin ax , 1 , I 4- sin a^; , „ 

64. I sec^ ax dx - i r 1 • r C* 

I 2a cos^ ax 4a \ — sin ax 


r . 1 1 cos ax , 1 . 1 — cos ax , ^ 

66. I csc^ ax dx — — h 7- In 7— C. 

I 2a sin2 ax 4a 1 4- cos ax ' 
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„ j tan ax sec” ^ ax . 
66 . I sec” ax dx = . — h 

J din - 1 ) 


, cot ax CSC” ^ ax , n — 

67. I csQ'^ ax dx = -i 

J a(n - 1 ) n - 


6. ^ sec” ( 

7. ^ csc”( 

8. J* X sin 

9. ^ X cos 

0. J-” sir 

1 . J* cog 

2. J* X sin^ 

3. X cos' 


^“2 r n -2 

^ I sec” 2 

n-lj 

, n - 2 r 

_J I esc” 

n - IJ 


2 aa^ rfj, 


■2 ax dx, 


r l . 1 

X sin ax dx = - sin ax x cos aa; -f C. 

a 2 a 


/ 1 I . 

69. I a:: cos ax dx = - cos ax H — x sin ax + C. 


60. / X” sin ax rfx = — ^ x” cos ax -f- ^ / x”~i cos ax dx. 

I a a I 


61. I X” cos ax dx = - x” sin ax — I x”~i sin ax rfx. 

/ a / 


r l 1 . 1 

X sin 2 ax dx — .x^ — ~x sm 2ax — cos 2ax -|- C. 
4 4a 8 a 2 


r l 1 . 1 

X cos2 ax rfx = 7 x 2 4- — X sin 2ax + — cos 2ox -f- C. 
4 4a 8 a 2 


-- r . . , , sin (a -- />)x sin (a + 6 )x , ^ 

64. j sin ax sm hx dx = - 2(^+1^ + 


5. I 'i'n ax cos 

J 

5. J* cos ax cos 


, , cos (a — h)x cos (a + b)x , ^ 

= -^2ur--b) 2(^r + ^’ 


/ , , sin (a — h)x . sin (a + h)x . ^ 

66 . j cosaxcosbxdx = + + 


rV. Exponential Forms. 

67. J* xe”^ dx — ~ + C'. 

68 . J' x‘‘e-‘^ ^ 

69. I x”e”* t/x = ^ x”c«-*' — - I c?x. 

J 

, 7 ^“''(a sin 6x — 6 cos 5 x) , ^ 

70. I e“* sm hx dx = 
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72. I \n X dx = x\n X — X C. 


r,A C 1. j e ®*(6 sin 6 a; + a COS 6x) , ^ 

71. I cos hx dx = — ^ + C. 

72. \n X dx = x\n X — X C. 

- '-[m - 5rTTp] + 

74. ^ xdx = X In" x — n J' ln"“^ x dx. 


n 9^ — 1 . 


V. Inverse Trigonometric Functions. 


76. / arcsin - dx = x arcsin - -f- -}- C. 

J a a 


76. I arcsin* - dx = x arcsin* 2ax + 2 Va* — a:* arcsin - + C. 


77. I a; arcsin - da; = 7 (2a;* — a*) arcsin - + 7 Va* — a;* -f C. 

^ a 4 ' a 4 

78. lx" arcsin - dx = — r— 7 arcsin r— r / — , 

J a n + l on + lj Va* — 

79. / arccos - dx = x arccos — — Va* — x* -f C. 

J a a 

on r ^ X J x"+i X , 1 r x"+i dx 

80. I X" arccos ax = — ; — - arccos — : — 7 / — - = > 

J a n + 1 an + lj Va* — x* 

81. I arctan - dx — x arctan - — In(a* + x*) + C. 

J a a 2 

82. / x arctan - dx = ^ V 3;*) arctan ^ — tt + C. 

J a 2 a 2 

00 ^ J ^ ^ ^ r 

00. f X" arctan - dx = ; — 7 arctan --v f — ; — r > 

J « nVl a n + lja* + x* 


81. I arctan - dx — x arctan - — In(a* + x*) + C. 
/ a a 2 


82. / X arctan - dx = ^ V 3;*) arctan ^ — 77 + C. 

./ a 2 a 2 


x"+i dx 
a* + X* ' 


n 5 *^ — 1 . 


n - 1 . 



INDEX 


The numbers refer to pages. 


Absolute value, 2 
Absolutely convering series, 255 
Acceleration, 40, 97 
angular, 162 
components of, 97, 102 
Accuracy in computation, 56, 266, 320 
Algebraic functions, 73 
Algebraic substitution, 199 
Alternating series, 255 
Amplitude of 

simple harmonic motion, 153 
trigonometric functions, 142 
Analytic geometry of space, 284 
Angle 

between curve and radius vector, 275 
betw^frrtwo lines, 289 
radiah me^ure of, 141 
vectorial, 273 

Angular acceleration and velocity, 162 
Approximation 
by differentials, 55, 320 
by series, 266 
of area under a curve, 115 
of roots, 13 
Arc 

centroid of, 346 
differential of, 220 
length of, 227, 280 
limit of ratio of chord and, 221 
Area 

by double integration, 235, 282 
by single integration, 69, 112, 120, 
182, 277 

by limit of a sum, 117 
centroid of, 343 
in polar coordinates, 277, 281 
of a surface of revolution, 229, 281 
Arithmetic series, 249 
Asymptotes, 9, 89 
Attraction, 348 
Average 
curvature, 222 
density, 340 
rate of change, 16 
speed, 16 


Cardioid, 283 
Cartesian coordinates, 284 
Cauchy’s ratio test, 253 
Center 

of curvature, 224 
of gravity, 344 
Centroid 
of an arc, 346 
of a plane area, 343 
of a volume, 347 

Change of base of logarithms, 174 
Change of limits of integration, 210 
Characteristic e(iuation, 373 
Circle of curvature, 224 
Circular disc element, 125 
Circular ring element, 127 
Comparison test of series, 259 
Components of 
acceleration, 97, 102 
a vector, 95 
velocity, 96 

Compound interest, 185 
Computation 
accuracy, 56, 266, 320 
by differentials, 55, 320 
by series, 266, 271 
of e, 175 

of logarithms, 268, 272 
of TT, 268 
Concavity, 37, 92 
Cones, 300, 305 
Constant, 1 

derivative of, 23 
of integration, 61 
Continuity, 8, 310 
Convergence, 250 
interval of, 261 
tests for, 253, 256, 259 
Coordinates, 

Cartesian, 284 
cylindrical, 285 
polar, 273 
spherical, 286 

transformations of, 286, 307 
Cosine curve, 142 
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Cosines, direction, 287 
Critical points, 34, 91 
Critical values of a function, 29 
Curvature, 222 

center, circle and radius of, 224 
Curve, plane and space, 296 
Curve tracing, 89, 142, 157, 172, 180, 273 
Curvilinear motion, 95, 100 
Cusp, 92 
Cycloid, 165 
Cylinders, 297, 306 
Cylindrical coordinates, 285 
Cylindrical shell element, 126 

Definite integral, double, 234, 328 
for an area, 235, 281 
for attraction, 352 
for centroid, 344 
for moment of inertia, 341 
for surface area, 338 
for volume, 238, 328 
Definite integral, single, 110, 210 
for an arc, 228 
for an area, 112 
for attraction, 350 
for centroid, 347 
for fluid pressure, 133 
for mean value of a function, 232 
for surface area, 229 
for volume, 124, 130 
for work, 136 

Definite integral, triple, 326 
for centroid, 348 
for inertia, 342 
for volume, 333 
Density, 340 
Dependent variable, 3 
Derivative 
definition of, 20 
notation for, 20, 311 
geometric interpretation, of, 25, 312 
partial, 311, 316 

second, and higher order, 36, 83, 316 
sign of, 28 
Derivatives of 

algebraic functions, 20, 23, 74, 83 
exponential functions, 176 
inverse trigonometric functions, 158 
logarithmic functions, 176 
polynomials, 23 
trigonometric functions, 145 
Derived curves, 39 

Development in a power series, 263, 269 


Differential 
definition of, 51 
of arc, 220 
partial, 319 
total, 318 

Differential equations 
definition of, 354 
exact, 364 

geometric interpretation of, 356 
homogeneous, 361 
linear, 365 

separation of variables, 359 
solutions of, 355 
Differentiation, 21, 312 
explicit, 80 

formulas for, 23, 74, 145, 158, 176 
implicit, 80, 83, 322 
of scries, 267 
partial, 311, 316, 322 
Direction cosines, 287 
Directrix, 297 
Discontinuity, 8, 214 
Distance between two points, 289 
Divergent series, 250, 253 
Double integral 

definite, 234, 281, 328, 330, 338, 341, 
344, 352 
indefinite, 325 
Double point, 93 
Duhamers theorem, 119 

c, base of logarithms, 173, 176, 178 
Element of 

area, 120, 236, 278, 282 
force, 134 
mass, 340 

surface area, 230, 281 
volume, 125, 126, 127, 130, 239, 279, 
327, 331, 334, 336 
work, 137 
Ellipsoid, 301 
Elliptic 
cone, 305 
cylinder, 306 
paraboloid, 304 

Error in computation, 56, 266, 321 
Equations 

explicit and implicit, 80 
differential, 354 

of quadric surfaces, 297, 298, 301 
of lines, 294 
of planes, 292 
of space curves, 296 
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Equations 
of tangent lines, 27 
of tangent planes, 315- 
parametric, 53, 96, 165 
roots of, 11 

Expansion of a function, 262, 269 
Exact differential equation, 364 
Explicit function, 80 
Exponential functions, 171 
Extent of curves, 89 

Factor, integrating, 364, 366 
Fluid pressure, 133 
Foot-pound, 137 
Force, 133 
Formulas for 

differentiation, 23, 74, 145, 158, 176 
integration, 62, 106, 166, 181, 188,379 
reference, elementary, 376 
Fractions 

differentiation of, 75, 76 
partial, 206 
Functions 
algebraic, 73 
continuous, 8 
decreasing, 29 
discontinuous, 8, 244 
expansion of, 262, 269 
exponential, 171 
explicit and implicit, 80 
increasing, 29 
inverse trigonometric, 156 
logaritl ‘’c, 172 
mean value of, 233 
multiple-valued, 73 
notation for, 3 

of two or more variables, 310 
polynomial, 2 
rational integral, 2, 73 
single- valued, 73 
transcendental, 73 
trigonometric, 141 

Fundamental theorem, 118, 236, 328, 
334 

General term of a series, 249 
Generatrix, 297, 300, 306 
Geometric interpretation oi 
derivative, 25 
differential, 52 
differential equations, 356 
indefinite integral, 63 
partial derivatives, 312 


Geometric series, 249 
Graphs 

in polar coordinates, 273 
of algebraic functions, 25, 31, 34, 88 
of exponential functions, 171, 180 
of inverse trigonometric functions, 
156 

of logarithmic functions, 173 
of trigonometric functions, 141 
Gravitational constant, 40 
Gravity, center of, 344 

Harmonic motion, 152 
Harmonic series, 256 
Higher derivatives, 36, 83, 316 
Homogeneous equations, 361 
Hyperbolic paraboloid, 304 
Hyperboloids, 302 

Implicit differentiation, 80, 322 
Implicit functions, 80, 83 
Improper integrals, 213 
Increments, 15 

Indefinite integral, 60, 106, 166, 181, 
188, 379 

Independent variable, 3, 320 
Indeterminate forms, 245 
Inertia, moments of, 339 
Infinite limits of integration, 213 
Infinite series, 249 
Infinitesimals, 47 
Infinity, 8 

Inflection, point of, 37, 91 
Instantaneous speed, 18 
Integral 

definite, 110, 326 

double, 235, 281, 328, 330, 341, 344, 
352 

improper, 212 

indefinite, 60, 106, 166, 181, 188, 379 
sign, 60 

tables, 217, 397 
test of series, 256 
triple, 333, 342, 348 
Integrand, 188 
Integration 
multiple, 234, 325 
order of, 234, 326 
partial, 325 
Integration by 
algebraic substitution, 199 
partial fractions, 206 
parts, 202 
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Integration by 
use of tables, 217 
trigonometric substitution, 199 
Integration of 

exponential functions, 181, 188 
infinite series, 267 
polynomials, 60, 106, 110 
rational fractions, 205 
trigonometric functions, 166, 188, 195 
Intercepts 
of a curve, 89 
of a plane, 293 
Interval of convergence, 261 
Inverse trigonometric functions 
derivatives of, 158 
graphs of, 150 

integrals leading to, 167, 188, 193 
principal values, 156 
Isolated point, 92 

Law of natural growth, 184 
Law of the mean, 243 
Leibnitz, 1 
Lemniscate, 274 
Lengrt;h of arc, 227, 280 
Limit 

defining e, 175 
definition of, 5 
of a definite integral, 213 
of a function, 6 
of arc to chord, 221 
of a variable, 5 
of ratio of sin 6 to 6, 144 
theorems, 7 

Limits of integration. 111 
Line 

direction cosines of, 287 
equations of, 294 
Linear differential equations, 365 
Logarithms 
common, 173 
computation of, 268, 272 
differentiation of, 176 
integrals leading to, 181, 189 
natural, Naperian, 173, 178 

Maclaurin’s series, 262, 266 
Mass, 

center of, 344 
element of, 340 
moment of, 339 
Maxima and minima 
applications of, 42, 85, 150 


Maxima and minima 
defined, 33 
criteria for, 34, 37 
Maxima and minima points, 34, 91 
Mean value of a function, 233 
Mean value theorem, 243 
Midpoint of a line segment, 291 
Moment of 
inertia, 339 
mass, 339, 343, 347 
Motion 

curvilinear, 95, 100 
in a straight line, 18, 31, 40 
on a cycloid, 165 
simple harmonic, 152 
Multiple integral, see integral. 
Multi-valued functions, 73 

Naperian logarithms, 173, 178 
Natural growth law, 184 
Natural logarithms, 173, 178 
Newton, 1 

Normal component of acceleration, 102 
Order of 

derivatives, 36, 83, 316 
differential equations, 354 
infinitesimals, 47 
Orthogonal system, 374 

Paraboloids, 298, 304 
Parabolic cylinder, 306 
Parameter, 53 
Parametric equations, 5*5 
Partial 

derivatives, 311, 316 
differentials, 319 
fractions, 206 
integration, 325 
Parts, integration by, 202 
Percentage error, 57 
Period of 

simple harmonic motion, 153 
trigonometric functions, 142 
Plane 

distance from, to a point, 294 
equations of, 292 
tangent to a surface, 315 
Point 

critical, 34, 41, 91 
maximum or minimum, 34, 41, 91 
of inflection, 37, 41, 91 
singular, 92, 93 
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Polar coordinates, 273 
area in, 277, 281 
length of arc in, 280 
surface area in, 281 
volume in, 279 
Polynomials, 10 
Power series, see series. 

Pressure, 133 

Principal value of a function, 156 
Projectiles, 100 

Quadratic, characteristic equation, 273 
Quadric surfaces, 297, 298, 301, 304, 
306 

Radian angular measure, 141 
Radius of curvature, 224 
Radius vector, 273 
Range 

of a projectile, 101 
of a variable, 8 
Rate 

of change, 18 
of change of area, 67 
of change with respect to time, 103 
Ratio 

of arc to chord, 221 
of sin 6 to 6, 144 
test of scries, 253 
Rational fractions, 205 
Rational integral equations, 11 
Related rates, 103 
Relativf^^jror, 57 

Relations b^Tc^een coordinate systems, 
286 

Remainder theorem, 11 
Revolution 

area of surface of, 229, 281 
equations of surfaces of, 298, 300 
volume of solids of, 124, 170, 183, 
238, 279 

Rollers theorem, 244 
Roots of an equation, 11 

Second derivative, 36, 83, 316 
Series 

absolutely convergent, 255 
alternating, 255 
arithmetic, 249 
computation by, 266, 271 
convergent, 250 
differentiation of, 267 
divergent, 250 


Series 

expansion of functions in, 262; 269 
finite, 249 

general term of, 249 

geometric, 249 

harmonic, 256 

infinite, 249 

integration of, 267 

interval of convergence of, 261 

Maclaurin^s, 262 

power, 261 

sum of, 250 

Taylor’s, 269 

tests for convergence of, 253, 256, 
259 

Sine curve, 142 
Sign of 

acceleration, 40, 99 
area under a curve, 68 
curvature, 223 

first derivative, 28, 34, 41, 65, 91 
inverse trigonometric functions, 
159 

second derivative, 37, 41, 91 
velocity, 31, 99 
Simple harmonic motion, 152 
Single-valued function, 73 
Singular point, 92 
Slope 

of a curve, 27, 312 
of a secant, 26 

Solids of revolution, 124, 170, 183, 238, 
279 

coordinates, 284, 286 
geometry, 284 
Speed, 18 
Sphere, 297 

Substitution in integration, 199 
Summation, 114, 115, 121, 124, 130, 
136, 328 

Surface area, 229, 281 
Symbol for 

absolute value, 2 
differentials, 51, 319 
increments, 15 
integration, 60, 110 
limits, 5 

ordinary derivatives, 21, 36 
partial derivatives, 311, 316 
summation, 114 
Symmetry, 88, 274, 307 
Systems of curves, 356 
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Index 


Table of integrals, 217, 379 
Tangent 
curve, 143 

line to a curve, 25, 27 
plane to a surface, 315 
Tangential components of acceleration, 
102 

Taylor’s series, 269 
Tests for 

convergence of series, 253, 256, 259 
maxima and minima, 34, 37 
Time rates, 103 
Total differential, 318 
Traces of 
planes, 293 
surfaces, 297 

Tracing curves, 89, 142, 157, 172, 180, 
273 

Transcendental functions, 73 
Transformation of coordinates, 286, 
307 

Trigonometric functions, 141 
differentiation of, 145 


Trigonometric functions, computation 
of, 266, 272 

integration of, 166, 188, 195 
plotting of, 142 
Triple integrals, 333, 342, 348 

Variable, 1 

dependent and independent, 3, 310 
limit of, 5 

of integration, 61, 210 . 

Vectors, 95 
Velocity, 31 
angular, 162 ^ 

components of, 96 
Volume 

by double integration, 238, 326, 330 
by single integration, 124, 130, 170, 
183,279 

by triple integration, 333 
centroid of, 348 
in polar coordinates, 279 

Work, 136 



ANSWERS 



Pages 4, 6, Ex. 1 

1. 6x2. 

1 /S* 

3. ^ = f - • 


47r 

17. V = ks^. 

6. 2x = Sy. 

19. 1, 0, cos 0, sin 6. 

7. -3,21, -19, -x2 - x2 
1 ±V5 

9. y- 2 

— 2x — 3. 27. /S = 32 sin 0 cos 0 = 16 sin 20. 

29. = 7 (6x — x2) or ~ (ax — x2). 

0 a 

11. 2, 6. 

31. V = 2TxWr^ - x*. 

TT 

33. -1, 0, 1, 1. 

13. -2/^ 


Pages 9, 10, Ex. 2 

1. 1. 

11. 0. 21. 2. 

3. none. 

13. d=l. . 23. 2x. 

6. 0. 

16. i 26. 1 - 3x2. 

7. 0. 

17. none, none. 


Pages 13, 14, Ex. 3 

11 

17. 1, 2, 3. 

9. -1, -2, 3. 

19. —4 and —3, —2 and —1, 1 and 2. 

16. 2. 

37r TT TT Sir 

23. X = • • • > “T' “* • * * 

4 4 4 4 


Pages 19, 20, Ex. 4 


1. 4< A< + 2A? - At, it + 2At - 1. 

’tg: 1 - 6t - SAt, -6.9. 

^ 14 unite/sec. 

7. 4x Ax + 2A? - Ax, 4x + 2Ax - 1, 
4x — 1. 

9. 2, 0, -2. 


11. (3^- 2x + 1) Ax + (3i - 1) ^ + 
Ax’, (.3x» - 2x + 1) + (3x - 1) Ax 
-|- A?, (3x* “ 2x + 1). 

13. 3 - 3x2, __72. 

16. 27r. 

19. a2/2. 


1. 6 + 3x2. 

3. 3x2 « 4a; -f 1. 

6. -l/x2. 

7. (3,-9). 

9. 5 sq. ins. /in. 

2 

11 - 


Pages 21, 22, Ex. 5 

3 

13. 2x ---• 

X2 

16. 4x2 - 1. 

17 . V-ix/2. 

19. -6,2. 

21. l/(x + 1)». 


23. l/2Vx^_ 

26. 1/2 Vx - 1. 

27. 7r(2r + 5). 

29. — 0.5cu. in./lb./sq.in. 
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Answers 


1 . 

3. 

6. 


7. 


9. 


6(x^ -x + 1). 

- (3x» + 6a: + 2). 
-1/xK 


sVZ - 


3 

2\G 



;7=+J=)' 

Va; VxV 


Pages 24» 26, Ex. 6 

11 . 4x{x^ — 1 ). 

13. 5Vx^/2 - 1. 

16. 9 V x/2 - 5 Vx*. 

17. 2, 3. 

19. 1, 2, 3. 


1. 2a; — 2 / — 6 *= 0. 

3. 11a; - 2/ ~ 16 - 0. 

6 . 4a; - 32/ - 6 = 0. 

7. -6, 6. 

9. a; — 62/ — 16 == 0. 

11. (-1,-16), (1/2,-121/16), 
2/ + 16 = 0, 16y + 121 = 
2 / 4 “ 8 = 0 . 


Pages 27, 28, Ex. 7 

13. 45°, arctan 3. 

16. arctan (2/5). 

17. 15a; - 2 / - 38 = 0, 

15a; -2/4-70 — 0. 
19. 3a; 4- y - 16 - 0. 

( 1 ,- 8 ), 

= 0 , 


Pages 32, 33, Ex. 8 


1. 14, -94. 

3. (2,-22), (-4, 86), X < -4 
and 2 < X. 

5. (0, 1), (1, 2). 

11. p ~ 20x — X*, X < 10, 10 < X, 
\ 10 X 10. 

lo. 4/3 < X, X < 4/3. 


16. 2 < X, X < 2. 

17. 5625 ft., 150 ft., arctan (-150). 
19. arctan (2/9). 

21. (-2,-4), 2VW. 



52 — 4 ac 
4^ 


): 


Pages 35, 36, Ex. 9 


1. H. 

3. —10, —37 minimum. 

6. -3. 

11. /(-3) = -4, /(2) = -129. 


16. 6, -6. 
17. -4, 8. 
19. 1/2. 


Pages 40-42, Ex. 10 


1 . (1,-7) min., (-3/2, 97/4) max. 

3. 3 < X upward, x < 3 downward. 

9. 3/2 < I, t < 3/2, - 
17. /'(a) = +,/"(a)‘= -; /'(6) = -, 
f"(.b) = +; /'(c) = +, 

/"(c) = +; /'(d) = -, 

/"(d) = -. 


19. /'(a) = -,/"(a) = 0,/'(6) = +, 
fib) =0; /'(c) =/"(c) =0. 
21 . ( 0 , 0 ), (± 1 , ± 2 / 6 ), 

(±V2/2, ±7\/2/40). 

23. 4j/ = x» - 12x + 16. 

26. 2j/ = x’ — 5x’ + 2x + 8. 

27. fix) = 2 - 6x> + 6x» - 2x*. 
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Pages 44-46, Ex. 11 


1. 16 cu. ins. 

3. 36 X 48 ins. 

6. 2.C -f 2/ - 6 = 0. 

9. Side base = twice height. 

11. Height == radius base. 

13. 1 X 1 X 2ft.; circum. = 4ft., 
length = 2 ft. 


16. 7ra6V27. 

17. J in., 4 ins. 

19. 5 ins. 

21 . a/TT ins. 

23. 10/9, 4 ft. 9 ins. 
26. hrs. 


Pages 49, 60, Ex. 12 


1. 4, 2 + 4a, a; 0.4, 0.02 + 0.4a, 0.01a; 

0.04, 0.0002 -f- 0.04a, 0 0001a. 

3. 1st, 2nd and 1st. 

6 . 1st. 

7. 2nd. 


9. 1st, —6x. 19. 1st. 

11 . 2n(l, ax^. 21 . 2nd. 

13. 1st, Sax. 23. 1st. 

16. 1st, ~2(x + 1) Ax. 26. 3rd. 

17. 1st, 2(2x3 -h 1) Ax. 


Page 63, Ex. 13 


1. 2Ax — 2x Ax ~ Ax , 

2(1 — x) dx, —A?. 

3. (Sx* — 2x) dx, (3x Ax + ^ — Ax) Ax. 

6. '7r(2r -b Ar) Am 27rr dr. 

7. -0.0199, -0.02. 

9. (8x3 _ i2x) dx. 


2x 

2x - 4 - 3Vx , 

16. dx. 

2x3 

17. {2t - 9^2) dt. 

21. 0.00047r = 0.001257 sq. in. 


1. t/2. 

3. 3/2/. ' 

6 . r2(l — 6r). 


Page 66, Ex. 14 


7. Sx — 2y = 0. 

9. 7x + 2!/ - 11 = 0, 5x -b - 5 = 0. 


Pages 67-69, Ex. 16 


1. 1.257893, 1.256636 sq. ins. Ifi 

3. 27.054 cu. ins. 17 

6. 0.0067, 0.67%. Ifl 

7. 14.034. 21 

9. 10.04. 23 

11. 16.024, 24.044, 44.048. _ 2e 

13. 2003x/3 cu. ins., 100.1(-s/5 + l)x sq. ins. 


16. -dx/xK 

17. Decreased 23 5 cu. ins. 

19. 33.004. 

21. 0.03. 

23. 0 < « < 3, 8 < « < 12; 1 < t; t < 1. 
26. $21.60. 


Pages 62, 63, Ex. 16 


1. x> - 3x‘ + 2.r, + C. 

3 . ax + 6xV2 + V. 

6 . 5(x + 3)V3 + C. 

7. 2*V3 - xV2 + X + C. 

9. 9x</4 + 6xV3 - 4x> + 3x + C. 


11. 3<V4 - 2<V3 + 3i> + 8( + C. 
13. xV2 - X + 2xWV3 + C. 

16. 5x*/2 - x® + C. 

17. y = x‘ — X + C. 

19. s = 2<V3 - 3(‘/2 + 6< + 2. 
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Answers 


Pages 66, 67, Ex. 17 


1. 

y -- 

= — X* — X + C'. 

11. 

y = 

: 27x - x3 ~ 26. 

3. 

8 - 

= 16^2. 

13. 

{y ■ 

— C)2 = 4x, all tan to x-axis. 

6. 

21 

units. 

16. 

2 secs., 16 ft. 

7. 

1/6 unit. 

17. 

t = 

4^ =: — 12, 32 units. 

9. 

3y 

= - 14. 






Pages 71, 72, Ex. 18 

1. 15. 

16. 128/3. 

3. 32/3. 

17. 2/ = x^ — x2 — X — 2. 

6. 27/4. 

19. 1 < ^ < 4, 9/2. 

7. 15/2. 

21. 40 cents. 

9. 1/2. 

23. 0.5%. 

11. 4/3. 

26. 32/3. 

13. 72. 



Pages 78-80, Ex. 19 

1. 8x® - 3x2 + 2. 

26. 

-(2/2 4- l)//2. 

1 

1 

27. 

X + 2t/ = 0, 2x + 2 / — 9 = 0. 

6. 18x(3a:» - 2)*. 

29. 

1X4, maximum. 

7. 2(4x’ - 3x2 - X + 2). 

31. 

2(2/^^ + 2/3 - 3/2 - 1). 

9. -4x/(l + x2)2. 

33. 

(62 4 - 2«2)/(62 - 22)6/2. 

11. (1/3, 8/27), (1, 0), (2/3, 2/27). 

36. 

(y-‘ + ihy - 2b^)/2(y + 

13. 2V3/3. 

37. 

2b {a — 2x)/x3(x — o)^. 

17. (2 + 3x)/(2 - 3x)2. 

39. 

— 2ax2/(x3 4- — a)^/*. 

19. 2(2x - l)(2x + l)2(10x - 1). 

41. 

9 — 2\/3 mi. 

21. Vl - X (4x - 7x* - 6)/2. 

43. 

- (1 4- /2)2/4/3/2. 

23. -3/V(3 - x)(3 + x)3. 

46. 

/ = 2, 1. 





Pages 82, 83, Ex. 20 

1. 

y = (7 - x)/ 3 . 


17. 

—hH/a^y. 

3. 

y = 4 x/(x + 2 ). 


19. 

— V^/V^. 

6. 

-Vix. 


21. 

X 4 - 3 ?/ - 13 = 0 . 

7. 

(2x - j/ + 2)/(x - 

22/). 

23. 

3 x — ?/ — 2 = 0 , 3x4-2/ — 2 = 

9. 

(2x + y)/{2y - x). 


26. 

xxi -f 2/yi = a*. 

11. 

3 x + 4 j/ - 26 = 0 , 


27. 

7r/2, arctan 7 . 


3 x — 4 ;/ + 25 = 

0. 

29. 

-(2/ + cl)/{x 4- 6). 

13. 

X + 61/ - 13 = 0 . 


31. 

(2/® + a)/ (32/2 - 2x2/ ~ ^)- 

16 

1-1/* ±2 



X 4 - -f 2 /^ 

JLv# 

xy a:* V X* 4- 

"2 

OO. 

22/ Vx* -f 2/** — 2/ 
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Page 86 , Ex. 21 


1. 2a/^, —^a^ly^. 

3. ~y/x, 2y/x’^. 

6 . —xjyy —a^ly^. 

7. -fe+3)/(a: + 2 ), 

^ -2(2/ + 3)/(x4-2)2. 

9. -y/x, -2ylx^. 

11. 3^/2, 3/4L 


13. —'^ylx, a 12x^1^. 


16. —MH/i/, 

17. y/x. 

19. -120/(2?/ - 1)^ 

21. (1, 1) min., ( — 1, —1) max. 
23. (-1, -2), (1, 2). 

26. (1, 1) max. 

27. 128, 8V^. 

Pages 87, 88 , Ex. 22 


1. Base = side. 

3. V2. 

6. a/2 X a'v/ 3 / 2 , a = diameter. 

7. r = Vi/j. 

9. e = 2h 

11 . aVi X ftVi. 


13. 3-N/3afc/4. 

16. (0, 2) max., (±2^3/3, 3/2). 

17. Length = 2 diameter. 

19. 2 V 3 mi. 

21. 3o/4. 


Page 94, Ex. 23 

9. x - 4?/ = 0, ?72 - oj + 2?/ + 1 = 0. 23. t/2, 1/12/. 

11 . x + 2y - S = 0, . 26. -(1 + /)V(1 - 0^ 

3^2 ^ 4x - Uy + 15 = 0 . 4(1 + /)V(1 - t)\ 


Pages 99, 100, Ex. 24 

1 . 2 , - 4, 2 Vi, ( 2 , - 1 ). 


3 . 2 , - 2 , 2 V 2 , (4 , 0). 

6 . 6V<2 - 2i + 2, < = 1, (3, 2). 

7. arc tan ( 2 / 0 /^ ‘irctan(l/3/), = x^ 
9. arctan(4/3), 1/2 hr. 

11 . 2 , 12 , 2VW, arctan 6; 0, 12, ir/2. 


13. 2, -2, 2V2,_3w/4; 0, 6, t/2. 

16. 1/4, -1, Vl7'/4, arctan -4; 

— 1/4, 2, V65/4, arctan —8. 

17. -3/2, 3/2, 3 V 2 / 2 , .3tr/4; -9/2, 

- i.y2, 3 V 34 / 2 , arctan (5/3). 
19. ±2V5, ±Vi, ±1/3, T2/3. 


Pages 101-103, Ex. 26 

1. X = IOOV 2 t, y = IO0V2 t - 16/2; 7 , 2vohj = 2?;o2a: tan a - gx’^ sec2 a. 

141.4, 45.4, 148.8. 

3. 5 V 6/2 secs., 200 V 6 ft. -16/5. 

Pages 106, 106, Ex. 26 


1 . l/257r ft. /min. 

3. 2/w ft. /min. 

6. 50 mi. /hr. 

7. 2 VI ft./sec. 

9. 80/7, 24/7 ft./sec. 
11 . 2 V 3 /I 5 ft./hr. 


13. 

16. 

17. 

19. 


15007r2 


- ft. /min. 


V 257r2 4 - 1 ■ 

1 2 sq. ft. /min. 

-260/V89, 250/ Vil ins. /sec., i- 
35(70< ± Vi) 


V 1225<* ± 35\/3 t + 1 


- mi. /hr. 



ovu 


imswers 


1 . 2000 cu. ft. 

3. 80, 120 mi. 

6. X = 2^2 -I- 2/ = 6£ 

7. {y - 2)2 = *2, 2^/10. 

9. arctan (44/15), 50.3 mi. /hr. 

11. 6s = — 3^2 — 6^, 2.7 secs., 4.4 

13. —2kxvxla. 


108, 109, Ex. 27 

16. X == kt^/2 at, y — ht. 

17. (2/ -f 9) 3/2/3, 2/ = 2i -h 9. 
19. 422 rds., 6 mins. 

21 . 50 + rds. 

23. (±8V'5/5, ±2V5/5). 

26. 3 hrs., 60 mi. 

27. 8.155. 


1. 2/ = a:* + C, 8. 

3. 8. 

6. 128/3. 

7. 33/2. 

9. 44/3. 


1 . 21 / 2 . 

3. 486/5. 

6. 7. 


1. 90. 
3. 36. 


Pages 111, 112, Ex. 28 

11. 12^ -f 8^2 -f C, 204. 
13. 14/3. 

16. 1/12. 

17. 6a:, 15. 


Pages 113, 114, Ex. 29 

7. 3/4. 

9. 16/3. 

11. 36. 


Page 116, Ex. 30 

6. 25/12. 

7. 5.85312. 

Page 117, Ex. 31 


13. 1. 

16. 72. 

17. 64/3. 

19. X -j- 2/ = 2a. 


9. 3.58433. 


1. 0.86157 < 1 < 1.16157. 6. 0.7600 < 0.7854 < 0.8100. 

3. 0.66877 < 0.69315 < 0.71877. 7. 1.8390 < 2 < 2.1532t ' 


1. 128/3. 
3. 9/2. 


1. 727r. 

3. TT. 

6 . 1287r/105. 

7. 3847r/5. 


1 . 288V3. 

3. 576. 

6. 288. 

7. 144. 


Page 123, Ex. 32 

6. 71/6. 9. 1/3. 13. 6V3. 

7. 32V2/I5. 11. 40/3. 16. 64/3. 


Pages 128, 129, Ex. 33 

9. 13927r/5, 

11. 167r. 

13. 1287r/35. 

16. 14/3, 


17. 

19. 47rrV3. 

21. 7r/i(3ri2 4-3r22 + /i2)/6. 

23. 16, 3847r/105. 


Pages 131, 132, Ex. 34 

9. 648\/3. 

11. 972x. 

13. 800. 

16. 8aV3. 


17. 64/5. 

19. a^h/^. 

21. a X aV3. 
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1. 640!/>/3. 

3. 320u)/3. 

6. 4 ft. below base. 

7. 8,586w;. 


1 . 6 . 

3. 4000aB/(4000 + a). 

6. 3/16, 3 ft. lbs. 

7. 54007r?^ ft. lbs. 

9. 1357rw; ft. lbs. 


Page 136, Ex. 36 

9. 50,500ii;/3, 

11. 16,384uj/5. 

13. 21,504^5. 

Pages 138-140, Ex. 36 

11. 1447ri/; ft. lbs. 

13. S^Zttw ft. lbs. 

16. 0.3333485. 

17. Not Sitx- —I, no, X > 


16. 53,248^^;/15. 

17. 8-^ below vertex. 
19. 0.8 cu. in./min. 


19. 18^ + 6, 0, 18. 

21 . 3V5. 

23. GGOw, 11 ft. 
-!• 26. 5050 ft. lbs. 


Pages 143, 144, Ex. 37 

1. 27r/3. 7. 4x. 11. 4007r ins. /sec., IOOtt ins. /sec. 

3. 7r/2. 9. 27r. 23. 6.2838 sq. ins., 0.1278 sq. in, 

6. 27r. 


Pages 149, 160, Ex. 38 


1. 18 cos 3a;. < 

3. 6 sin(l — 2a;). 

6, sin X cos2 a;(2 cos^ a; — 3 sin^ a;). 

7. — 12 cot^ 4x csc^ 4a;. 

9. 1/2, -1/2, -1. 

11 . 2 , 2 , 8 . 

13. 1, 0, -1, -Vi, -1. 

16. -4(1 — sin 2a;) cos 2a;. 

17. sin X /[2Vl — cos a;). 


19. (x cos X — sin x)lx’^. 

21. 2 sec a; (tan x — sec a;)*. 

23. cos a;, —fix), -/'(a;), /(a;). 
26. cos a;/sin ?/. 

27 sec^ jx + y) sec^ (a; — y) ^ 
sec^ (x — 2/) — sec^ (x -f y) 
29. y/x. 

31. — cot^, — (1/4) CSC® 0. 

33. (b/a) CSC 6, — (b/a^) cot® 6. 

36. 7r/4. 


1 . 2x - 2 / + 1 = 0, 

Qx -12y = T - 12V3. 

3. 0 < a: < rr/2, ir/2 < x < -r. 

6. ir/2 < X < TT, 0 < X < 7 r/ 2 . 

9. Vs, - Vi. 

11. 3V3/2, -3V3/2. 

13. 0 < X < 7r/4, 57r/4 < X < 27r; 
7r/4 < X < 57r/4. 


Pages 161, 162, Ex. 39 

16. 4 sq. ins. /min. 

19. arctan (6/17). 

21. 13Vl3ft. 

23. (-2, 3), 2; (2, 5), 4. 
26. 0.86748, 0.00167. 


Pages 166, 166, Ex. 40 


1. Amplitude 4, period tt. 9. j/s = — 16, 7r/2, 2. 

3. s = -5 sin(7r//4), -57r/4. 11. j/s = -1/9, 5/3, 0. 

6. 0, 9V2, 18, 18; 27, 27V2/2, 0, 0. 13- 5 ft- 

7. s = 4 sin (</4). 13* 8x0*5/15. 



398 


Answers 


1 . X = 
3. X = 
16. a; = 


1 y 

- cos - 
3 2 

sin y. 


1 . 

2 sin y, 


±2 ^ 


Page 168, Ex. 41 

17. X = 2 tan ?/, 

19. X = “ CSC y, 


2 

x2 + 4 

-1 

xV 4x2 - 1 


Page 160, 161, Ex. 42 


1. 6/VT^ 9jS. 

3. -2/( j^ - 2x + 5). 

6. 2x/ V 1 - • 

7. 1/2V^=' - X. 


_ 2x(x»»+5) 

9. arccot(x/2) - ^ • 

11 . (—2, TT — 2) max., (2, 2 — tt) min. 
13. 2xVV^9 - x^ 

16. arcsiii x. 


17. 2x arc tan x. 

19. o/Vn^ - xK 

21 . —al(a^ + 

27. y/(x2 4- 4- x). 

29. (X2 4- 7/2 _j. 2/)/x, 

2(^ -h l)(x2 4-2/2 )/x2. 

31. (-1, 7r-2), (3, 2-7r), (1,0), 
X > 1, X < 1. 

33. 2/9 rad. /sec. 

36. 2abw{5a — 3a6 4" 5c)/ 15. 


1. 50/3 rads. /min. 

3. 12, 48 rads. 

6. 2 rads. /unit time. 

7. 4/5 rads. /sec. 


Page 164, Ex. 43 

9. 4x’ + 9i/« = 36; 2, (3,0; V26/2), (3V3/2,V^). 
11. 0.72 rads./hr. 

13. 48^5/05 rads. 

16. V‘M, 8/17. 


1, 407r ft./sec. 
3. 0, Oj 2a w, 0. 



Pages 166, 166, Ex. 44 

a — y j 

9. X = a arccos V 2ay — y^. 

n 

11. X ~ 6(3^ — sin 30, ?/ — 6(1 — cos 30- 
13. wa/ a^ 4" 5^ — 2ab cos 6. 


1 . 


cos 3x 
3 


4-C. 


3." 2 tan (x/2) 4- C. 

6. arctan 2x 4- C. 

7. 2 sin* X 4" 

9. arcsin 2x 4- C. 


11 . 


13. 


!5^ + c. 


16. —3 tan (x/3) — x 4- O'. 


Pages 168-170, Ex. 46 

. 21 . 6 . 

23. 1/2. 

26. TT. 

27. X = 2 cos t,y = 2 sin t; 2, 1; 2. 
29. 4 rads. 

31. V2/4, -V2/4. 

33. 40/3, 120/109 rads. 

36. 22/225 rads /sec. 

37. 7r(1 8 - 8V 2 - 7r)/8. 

2V^x 4- 1 cos X 

39. 7= • 

2 V X 4-14-1 


4 
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Pages m, 176, Ex. 47 


log arctan y 
■ log 2 

21. 

arcsin 10*'. 

23. 

2 Iog2 y. 

log arccos y 

!«/• * 

26. 

=t4/5. 

log 2 




Pages 179, 180, Ex. 48 


1. 2x log! e/ (x® + 1) 

3. 2x2*" In 2. 

6. l/(x" - 4). 

7 . Q—xIa 

9. 2(e"* - e-^)/{e'^ + 

11. —2 see X. 

13. (1 - In x)/x2, 

16. 4 CSC 2x log e. 

17. ?/ = ex. 

19. X — 7/ — 1 = 0. 

21. X - 4?y = 4(1 - In 4). 

23. 8x In 2 — 7/ = 24 In 2 — 8. 


25. x*(l 4- In x). 

27. (2/x) In 2x. 

29. 2e2^ cos 

31. l/(xln x). 

33. 

2 

36. - (x + 1) In (xe*). 

X 

37. -I/Cxln^ax). 

7/(1 - xe^^y) 

39. • 

x(l + ye^^y) 

41 2xe^'~y’^ - ay 
* 27 /e**-"!'* + ax 


Page 181, Ex. 49 

1. (-1, -1/e) min., (-2, -2/e2) infl., 13. 2*/ln5 2. 

X > — 2 upward. 15. 0.698. 

3. (0,0) min. 17. 6-\/i x - 6!/ = 6 In 2 + V3 ir. 

7. oV*. 


Pages 183, 184, Ex. 60 


In X 

~Y 


4-C. 


2*+Vln 2-\-C. 
e*-i + C. 

In (x^ — 1) 


+ c. 


2 

9. In 16 4- 2. 

11 . 6 ^ - 1 . 

13. 2**/2 In 2 4- C. 

16. (1/2) In (x2 4- 6x 4- 1) 4- C. 


17. —cos e* 4“ C. 

19. (e^ - l)/e. 

21. 8(e2 - l)/e. 

23. x** = 2y. 

26. 7r(e!2 - l)/4. 

27. 7r(8ln2 4-6).^ 

29. —2 logft e/xV^x 4- 4. 

31. 6*"+*. 

33. -x6'^ In 6/ V4 - x*. 


Pages 186-187, Ex. 61 


1. 7/ = 20e^®*. 

3. 97/ = 16 (3/2) ^ 

6. 125,000. 

7. 26.4 yrs. 

9. 2.34 mins. 


11. y - 3ei-*^*. 

19. (7r/4,37r/4). 
21. Ax/x. 

26 . (e,e), (e>,eV2). 
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Pages 191-193, Ex. 62 


1. {x* - l)/2a:* + In »= + C. 
3. (x^ + 2)715 + C. 

6 . 2 Vx^ + 2 /3 + C. 

7. Vx® + 2x + C. 

9. (1/12) In (4x» - 3) + C. 
11. - 3(4 - x2)2'3 
13. 2 arcsin a; -f C'- 


-1 


16. ^ 1- C. 

12(3 + 4x3) ^ 

17. (-1/6) cos3 2x 

19. (l/2a) sec* ax 4- C, 

21. (1/15) sin» 3x + C. 

23. (-1/26) csc*6x4-C. 

25. (1/a) In (1 + tan ax) -f C. 
27. (-1/3) (1 -c*)3 + c. 

29. 1/(1 - e*) + C. 


31. X + 4 In (a: - 1) + C. 

33. xV2 + 3x + 5 In (x - 3) + C. 

36. xV2 - (1/2) In (x* + 2) + C. 

37. (3/2) arctan 2x + C. 

39. (1/5) (2x3/2 + l)«/3 + C. 

4(2x^ + 1) + 


43. (e/Vv) arctan V? x + C. 

46. (l/3a)(3 tan ax + tan3 ax) + C. 

47. arcsin + C. 

49. (1/3) (cos3 X — 3 cos x) + C. 

61. In (6- - e--) + C. 

63. (1/a) In — sin ax) + C. 

66. (1/6) sin3 x* -f C. 

67. (2/3) (1 + In x)3/2 -f C. 

69. In (e* — e~®) + C. 


Page 194, Ex. 63 


1. (1/3) arcsin (3x/4)_+ C. 

3. (l/\/2) arcsin (-\/2 x/-s/3) + C. 

6. arctan (x + 1) + C. 

7. arcsin (x — 1) + C. 

9. arcsin (x/2) — V^4 — x* C. 
il. (l/4a)e^«^ + C. 

13. —In (1 -f cos x) + C. 


16. InVx * -|-4x + 2 + C. 

17. InV x2 - 4x + 7 + 

10 X - 2 ^ 

-7=: arctan — 7=:- + ( 7 . 
V3 V3 


19. -V3 + 2x ~x^ + C. 

-V2'- 3x* 2 . V.Sx ^ 

21. 7 = arcsin — ttt- + C 

3 Vs V2 

23. X + 2 Vs arctan (2x + 1)/V3 + C. 

26. (2V3/3) arcsin (V3e’’'V2) + C. , 

27. In sin x + C. 

29. (-1/ln a)a"‘^«^ + C. 

31. (3 CSC 4x — CSC* 4x)/lt 4" C. 


Pages 197, 198, Ex. 64 


1. (1/3) cos* X — cos X + C. 33. 

3. x/2 - (1/8) sin 4x + C. 36. 

6. (1/6) cos« X - (1/4) cos^ X -f C. 37. 

7. X + cos X + C. 39. 

9. x/8 - (1/16) sin 2x + C. 

11. 3x/8 — (1/4) sin 2x + (1/32) sin 4x + C, 


— cos e* + C. 

+ C. 

(1/8 In 2)2^** 4- C. 
(1/2) arctan* x 4- C. 


13. V2 sin X + C. 

16. ( V2/3) In (sec 3x/2 + tan 3x/2) + C. 


17. In (esc X — cot x) 4- C. 

19. (1/35) cos* x(5 cos* x - 7) 4- C. 
21. (3 sin* X — l)/3 sin* x 4* C. 

23. —In sin x — (1/2) esc* x + C. 
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26. COS x(5 COS® X — 21 cos® x + 35 cos^ x ~ 35)/35 -f C. 

27. tan® a; (5 tan^ a; + 7)/35 + C. 

29. (84a; — 48 sin 2a; + 3 sin 4a; — 4 sin® 2a;)/192 -f- C. 
31. (24a; — 8 sin 4a; -j- sin 8a;)/1024 C. 

Pages 201, 202, Ex. 55 

1. 2(a; + 1)®/2(3£_~ 2)/15 -f C. 

3. arctan (>/ x — 4/2) C. 

5. 3 (a; + l)^/®(2 a; - 3)/10 + C. 

7. X/ 4 V 4 - x* + C. 

9. a; — 2 arctan (a;/2) -f C. 

11 . 2V'x + 3 4- C. 

13. In (x + 1) + (4x + 3)/2(x + 1)* + C. 

16. 2x^'V3 - 3x + IsVx - 64 In (Vx + 3) + C. 

17. (1/a) arcsec (a;/a) + C, 

19. -x/oVx" - 9 + C. 

21 . 4(1 + (sVx - 2)/15 + C. 

23. -2 cos V x + C. 

26. 2'N/x’ - 4/3 - (4/3) arcsec (x’'V2) + C. 

27. (x3 - 8)WK6 x’ + 24)/40 + C. 

29. 4(Vx - l)^^^(3 Vx + 2)/16 + C. 

31. -iV 1 - + 2)/3 + C. 


36. -V^/9(9x + 4) + (1/54) arctan (3Vx/2) + C. 


Pages 204, 205, Ex. 56 


1. e2*/2 + C. 

3. sin a; — a; cos x C. 

5. e®*(9a;2 - 6x 2)/27 -f C, 

7. a;®(31nx - l)/9 + 0.^ 

9. (a;’^ arctan x 4- arctan x — x)/2 C. 
11. a;®(31n a;® - 2)/9 + C. 

13. (1/2) (a;® 4- 1) arctan^ x — x arctan x 4- 
In Vx^ + 1 + C. 

16. e®(sin X 4- cos x)/2 4- C. 

17. -e-^\x^ 4- l)/2 + C. 

19. In In a; 4- C. 


21. 2(V^ + e'^) + C. 

23. (e2«* - 4ax — e-2«*)/2a 4- C. 

25. -(4 - a;2)®/V12a;® 4- C. 

27. ~e~*(sin a; 4- cos a;) /2 4- C. 

29. ~e-*(a;2 4 . 2a; 4- 2) 4;;^ C. 

31. — (a? arctan 4- 4- 

arctan V^)/2a; 4- C'. 

33. ~e-*(sin 3a; 4- 3 cos 3x)/10 4- C. 

cos a; 1 , 1 — cos a; . ^ 

35^ ““ z — : — ; T — I ” 1 ” 

2 sin* X 4 14 - cos x 


Page 209, Ex. 57 

1. In ix - 2)®/a;* 4- C. 

3. (1/2) In (3a; 4- l)®/(x - 1) 4- C. 

5. (1/2) In {x - 2) (a; 4- 3)®/ (a; 4- 2)® 4- C. 



402 


Answers 


7. (1/2) In x/(x + 4) - 6/a: + C. 

9. (2x - l)/2x= + In x/(x + 1) + C. 

11. (1/2) In x^/{x^ + arctan x + (7. 

13. In (Vic - DVVx + C. 

16. X - In (x^ + 2x + 10) - (8/3) arcta n (x + l)/3 + C. 

17. 2 arcsin (x - l)/2 - Vs + 2x - x* + C. 

19. (1/8) In tiin^ x/(t an^ x + 4) + C 

21 . (1/2) In (1 - Vl - x)/(l + Vl - x) -Vl-xlx + C. 

23. (2 - .Sx)/(x - l)(x - 2) + 2 In (x - l)/(x - 2) + C. 

26. (x - 1)(2 - x)/4(x2 - 2x + 2) + (1/8) In x^/{x^ - 2x + 2) 

+ (1/2) arctan (x — 1) + C. 

27. (1/8) In xV(x2 + 1) + xV8(x2 + 1) - (In x)/4(l + x^)^ + C. 


Pages 211, 212, Ex. 68 


1. 61/192. 

19. (4 - ir)V2/8. 

37. In (4/3). 

3. 7r/3. 

21. 7rV4. 

39. 5wW. 

6. 116/15. 

23. 7r/4. 

■— 

7. 1/3. 

26. 16 - 12 In 3. 

1 + X* 

9. 7/12. 

27. irah. 

43. 3 In CTO cot 3x. 

11. In 3. 

29. 27r. 

49. 30 V 3 ft. 

13. 2. 

31. (it + eVs - 12)/12. 

61. 7r(5e* - 4e' - l)/2e*. 

16. ( 9 V 3 - 10V2)/24. 

33. 5/4. 

63. ?/ = 

17. 1. 

36. irV2. 

66. 3 ft.-lbs. 


Pages 216, 217, Ex. 69 


1. 1. 

16. 

None. 

27. 

2, none. 

3. None 

17. 

None. 

29. 

Norrv 1/8. 

6. None. 

19. 

None. 

31. 

None. 

7. None. 

21. 

None. 

33. 

27r. 

9. tt/S. 

23. 

VI M- 

36. 

None. 

11. None. 

10\v^289 

37. 

None. 

13. None. 

26. 

None. 

39. 

7r/2. 



Page 219, Ex. 60 



19. * + C. 





21 . x/8(x' + 4) + (1/16) arctan (x/2) + C. 




23. 2(a'i> + x>«)2/3(15x«3 - 12a‘«x>'3 + 8a2'3)/35 + C. 

26. —arctan (cos x) + C. 

27. (1/12) In (3 + 2 sin x)/(3 - 2 sin x) + C. 

29. sin 3x(3 cos* 3x + 4 cos^ 3x + 8)/45 + C. 

31. - (105 cos« 3x - 189 cos' 3x + 135 cos’ 3x - 35 cos' 3x)/945 + C. 
33. (—5 CSC 2x — 16x + 5 sin' 2x — sin' 2x)/10 + C, 

86. (3 tan 8:p + tan' 8x)/24 + C. 

37. (l/2o) In (a - e»)/(a + e*) + C. 
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Pages 226-227, Ex. 61 


1. 16/125. 

3. Vi/2. 

6. 2-\/5/25a. 

7. vi. 

9. 24/125. 

/ 8 + 3x*\ 

13. 1/e. 

16. Vli/2{x + vy''‘. 

17. 3V21/98. 

19. CO. 


21. 4V2/jr. 

23. none. 

26. (-7/6,3). 

27. (-In vi, Vi/2). 
29. (0, 0). 

31. 0$. 

33. 16-s/2/7r3. 

36. 2(1 + cos^eyi^. 

37. vi. 

39. 27afc2 = 8 (ft - a)’. 


Pages 228, 229, Ex. 62 

1. lir. _ 11. In (3/4) - 1/2. 

3. In (V 2 4- 1). 13. (3 + 8 In 2)/8. 

6. 3a/2. _ e-a/2. 

7 . 60 . 17. V'2(l - e-'). 

9. Vs - vi + In (2Vi + 2)/( V5 + 1 ). 19- 


Pages 231, 

1. 4ira^. 

3. 27r[V2 + In (1 + vi)]. 

6. 12xaV5. 

7. 4;r'>o=. 

9. 27r(2a + e® — e""®). 


232, Ex. 63 

11. GOtt. 

13. 647raV3._ 

16. 7ro» [2 V7 - 1 - 

^In (2V2 + V7)/(V2 + 1)]. 


1. 7ra/4. 

3. 8/3. 

5. 20. _ 

7. 8^3/5. 


1. 16/5. 

3. 

6 . vi - 1. 

7 . 32/3. 

9. 2a»(37r + 8)/3. 


Pages 233. 234, Ex. 64 

11. 2aV7r. 

13. Tra^/2, 

16. 2V^/3. 

17. (64 In 2 - 15)/12. 

19, -f- i^i). 

Page 238, Ex. 65 

11. (2e - 3)/e2. 

13. 2o* - o V 5. 

16. 12 arcsin (Vi/vi) - 2Vi/5. 

17. 2Trab. 

19. 7r( vi + In (1 + Vi)]. 
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1. 47raV3. 

3. 5127r/5. 

6. 527r/27. 

7. 512^V2. 

9. 7r/4. 

11. ll7r/6. 
13. 27rW, 


1. (9/4,3). 

3. (1.82, 0.598). 


1 . 1 . 
3. 0. 
6 . -1 


Pages 241, 242, Ex. 66 

16. 4^(2 In 2 - 1). 

17. 47ra26/3. 

19. 7r(8 In 2 - 3)/2. 

21 . a^TTW. 

23. 11, 8757ru?/12 ft.-lbs. 
26. 2aV3. 

Page 246, Ex. 67 

6. No real solution. 

7. dbl. 

Page 248, Ex. 68 

7. 0. 13. 0. 

9. e. 16. 2. 

11. 1/3. 17. 


Pages 261, 262, Ex. 69 


1. l/n2. 

3. l/2"-i. 
6. n/2^'"b 


7. l/n(n + 1). 

9. 1 4- 2/3 + 1/3 + 2/15 H . 

11 . 1 - 4/5 4- 3/5 - 8/17 4- • • * . 


13. 145. 

16. 2. 

17. l/(n2 4- 1). 

19. n(n + l)/(n 4- 2)3. 

21 . n(a 4 - 0 / 2 , a-i-(n — l)d. 


1. Convergent. 
3. Convergent. 


1. Convergent. 
3. Convergent. 


1 . -1 < 1 . 

3. -1 < 1. 


Pages 266, 266, Ex. 70 

6. Divergent. 

7. Convergent. 

Page 260, Ex. 71 

6. Divergent. 

7. Convergent. 

Page 262, Ex. 72 

6. All values. 

7. -1 gx < 1. 


9. Convergent. 
11. Convergent. 


9. Convergent. 


7. 


9. 


1 

InoH + 

a 2a* 3a* 

4.5! _ 3x« 

■^2 2-4 2-4 6 


-f •••. 


Page 266, Ex. 73 


9. a: ^ —1, a; > 1. 
11. 1 < a: < 3. 
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X* X® 

x^ x^ x^ , 

^ X - - + - - --i . 

X^ X* X* 

1 / r a:* Vs x> 

I.j(l-V3x-- + — . 

x^ 5x^ 61x® 

9- i + ^ + IT + yr + "‘- 

x^ 3x® 3-5x^ 

1, X — — “1“ — "4“ * ' 

2-3 2-45 2-4-6-7 

X* X® X® 

3. x2 - -+ -- -+ •■•. 

o o 7 

X* X® X^2 

2 2-4 24-6 


Pages 268, 269, Ex. 74 


2.7183. 

0.0523. 

0.1823. 

/ X^ X® x^ 

V+ 3 - + 5+7 + 
3.142. 

0.52992. 


16. 0.36434. 

17. 0.22 or 12° 36'. 
19. 0.1987 

21 . 1 . 

23. 0. 

26. 0.7467. 


Pages 270, 271, Ex. 76 




, „ , (x - 2) (X - 2)2 , 2(x - 2)2 , 

*“ 2 + ^ + 22.3! + ■ ■ ■ • 

(x - 1)2 + (x - 1)2 - 2(x - 1) - 7. 

(x “ 

e« 

(n - 1) I 
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1. 0.8746. 
3. 0.5736. 


Page 272, Ex. 76 

5. 1.9680. 9. 3 terms. 

7. 0.85723. 11. 2.01545. 


Pages 274, 276, Ex. 77 


13. sin 20 = 4. 

16. p — a. 

17. y — a — 0. 

31. p = 2a (cos 0 — sin 0). 

33. p(cos^ 0 + sin^ 0) = 3a sin 0 cos 0. 


36. + 2/^)^ = a(x^ — y^), 

43. (2, 0). 

46. (0, 0), (a/</2, V4). 

(a/-C^, 5ir/4). 

47. p2 = (sin® 0 + cos® 0). 


Page 277, Ex. 78 

11. 3. 

13. 7r/2. 

16. arc tan (^3/2). 
= 157^30'. 17. -5/12. 


1. 7r/2. 

3. arc tan (1/a). 

6 . 0 . 

7. arc tan (1 — \/2) 
9. 7r/4. 


1. Tra^. 

3. 197r/2. 

6. a\ 

7. 7raV4. 


1. 27ra. 

3. 37ra/2. 


1. 97ra^. 

3. 37r/2. 


1. X = 0, 2/ = 0, 2 = 0. 

3. X dh y = 0. 

6 . 2 / ± = 0 . 

7. 6. 

9. Vie. 


Pages 278, 280, Ex, 79 

9. 47raV3. 

11. xaV4. 

13. a\ 

16. (6 - 7r)/3. 


17. ( 2 t - zVl)/2. 

19. 8«V3. 

21. 8ir/3. 

23. p = 


9. Vl + a2(c»®» - eo^O/a. 
11. o=(87r - 9's/3)/16, 
a2(ic,r + 9V3)/16. 


6. aHZ arctan 2 + 2 - x)/4. 11. aH2Tr + zVz)/Z. 

7. a2(7r - 1). 9. 47ray3. 13. oy9rr + 16)/12. 


Page 287, Ex. 82 

11. hx ay — ab, 

13. cy bz = be. 

16. p^ — a^, r = a. 

17. 2 = x2 + 2/S + y^ ^ 2ay, 

2 = 2a — X. 

19. z « aeP*. 


Page 281, Ex. 80 

6. 47ra^. 

7, 37r/2. 

Page 283, Ex. 81 



Answers 


407 


1 . Vn, V6, 5. 

3. 1, -3, -1; /Vn. 


6 . No 



±5V'2\ ,V2 

2 ^ 2 


Pages 291, 292, Ex. 83 

^ 2iVio -iiVii saViso. 

IsF” ’ 130 ’ 650 

11. .54'” 44.1'. 

16. 1, -5, -2. 


Page 294, Ex. 84 


1 q 1 2 _2. A __2 1 _2. 

.1) 3 > 3> 3> 3; 

2, -I , !, 0. 

3 . 2x + y + 2z = Z 
7. ■■ix + 6?/ + 2z = 6. 


9. 2x + 2y-z== 3. 

13. .3x - 4?/ - f>z = 12. 

16. 2x — 4^ — 3z + 9 = 0 
19. 3,6,6' 


Pages 296, 296, Ex. 86 

1. 1/2, 1/2, V2/2; 60°, 60°, 46°. 9. (x + 2)/V^ = {y - 3)/2 

3. x/2 = (;/ - l/3)/2 = {z - 6/6)/l, = (2 + 4)/l. 

2/3, 2/3, 1/3 11. 3,v + 42 = 6, X = 0; X + 22 = 3, 

7. X - 4 = 0/ + 3)/-5 =2-2. 2/ = 0; 2x + 3;/ = 8, 2 = 0. 


Pages 299, 300, Ex. 86 


1 . {x - hy 4 - {y - + (2 - = a 2 

3. (Cylinders: ollii)tic, parabolic, hyperbolic 

6. + 2“) = 

7. = 16 (r2 -f i/) 

9. c^{x^ -f y^) — 

11. (a2 _ -h + 2^) 

= a*(a2 c^). 


circular, parabolic. 

13. 4-2/^ = 4/?2:. 

16. (62 - iy = 4(x2 4- 2/2 - lOy + 25). 

17. x2 4- if = K), (0, 0, 2), (0, 0, 4). 

19. Locals of focus .c^ 4- 2^ = 5, 

(±2VTo/3, 0, 0). 


Pages 303, 304, Ex. 87 


1. :c2 _j_ == 9^2^ 4- ^2 = 1G(^ _ 1)2^ 

3. (0, 0), X = ±2z, y = ±.2z. 

6. 9a:2 4- 4y2 = 36, 4x2 + 22 = 16, 

16/y2 4- 9^2 = 144. 

7. x2 — 2/2 = 4, 9x2 4- 4^2 = 36, 

Qy2 _ 4^2 + 3G = 0. 


9. x2 - 7/2 = 4^ 9j;2 _ 4^2 3G. 

11. 2567r/;L 

13. 47ra6c/.‘3. 

16. 257r/2. 


Pages 308, 309, Ex. 88 


1. Ellipsoid. 

3. Hyperboloid-two nappes. 

6 . Elliptic paraboloid. 

7. Hyperbolic cylinder. 

9. Sphere. 

11. Prolate spheroid. 

13. Elliptic cone. 

16. Hyperboloid-one nappe 

17. Elliptic paraboloid. 

19. Paraboloid. 


21 . Hyperboloid-one nappe. 
23. Circular cone. 

26. Circular cylinder. 

27. Circular cylinder. 

29. Parabolic cylinder. 

31. Circular cylinder. 

33. x2 4- y2 4. ^2 = 25. 

36. 97/2 _ 43.2 4 . 4^2 = 3 G. 

37. 5007r/3. 

39. 27r. 
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Page 314, Ex. 89 


1. 4x, 62/. 

-X ~ij 

g ■ ^ "■ ■ ■ ■ ■ — 

■\/4 — x^ — ^ '\^ 4 — — y' 

6. —y/(x ~ 2/) 2 , x/{x — 2/)^. 

7. 2/e**', xe^y. 

9. 2, 1. 

11 . ye^y{xy -+- 1 ), xe^y{xy + 1 ). 


13. sin 2</>, 2e^ cos 2</>. 

16. e*[cos (^ — 2 /) -4- sin {x — 2/)]i 

— cos {x —• y). 

17. 2a;e**+*'*, 22/e^*+i'l 
19. (3, 9/4, 15/4), 4/5. 

21. 2a: 4“ 2 / 4- 2aj == 9. 


Pages 317, 318, Ex. 90 


1. 3a: - 22/ 4- 22 = 17. 

3. 4a: -h 32/ — 3z 4 - 4 — 0. 

6. 4a: 4- 22/ 4- z = 12. 

11 . a: - 2/ 4- z 4- 1 = 0. 

13. a:ia: 4- ?/i2/ 4“ Zi2 = a^. 

16. h^c^xix — a^c^yiy ± a^b'^ziz = 


1. (2a: 4- 2/) Aa: 4- (a: 4- 2y) Ay 

4- (Aaj 4 - Aa: A2/ 4- Ay ), 
'"2 — 2 

3. Aa: 4- Aa: A?/ 4“ A 2 / . 

6. 7.1407. 

7. 19.0122. 

2(xd2/ - 2/c?a:) 

9. : : • 

(x - 2 /)* 


17. —2xy/(x‘^ 4-2/^) 4-2 arc tan iy/x)^ 
2xy/ (x 2 4- 2 /^) 4- 2 arctan (y/x), 
(x2 -2/2 )/(x2 4-2/2). 

19. 4x 4 - 42/ ~ 2 — 6. 

21. —v/Pj —pfv; k/Vy v/k; k/p^ p/k. 


Pages 321, 322, Ex. 91 

11. 6**' ( 2 / (lx xdy). 
13. 128.320. 

16. 2.505. 

17. 0, 0. 

19. 0.03. 

21. 0.199 sq. in. 


3. 


7. 


3a: 4- 22/ — 6z = 49. 

—z —z sin yz 

: y • 

a: 4- 2 / sm 2 /z x y sin yz 


Page 324, Ex. 92 


6. 4x 4- 2/ = 3z. 

^ ye^y 4- ze®* 

xe** 4 - 2/e*'* 


xe^y 4- ze*'* 

2 /e*'* 4“ a:e** 


Page 330, Ex. 93 


1 . - 6 . 

3. 11/84. 
6 . 12 . 

7. IOtt. 

9. 8x. 


11. 8l7r/2. 

13. 4x. 

16. 1664/35. 

17. 16aV3. 
19. 569/140. 


Page 333, Ex. 94 

1 . ira**. 6. 2TaV3. 9. 4Ta»(8 - 3V3)/3. 

3. 64aV9- 7. a’/lS. 11. 4iraV7. 
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1. 81/4. 

3. (56 - In 8)/18. 

6. •r/2. 

7. 1/4. 


1. irfcaV4. 

3. 7rkab^/4r, irka^h/^. 

6. 4/C/9. 

7. 64A;/63. 


1. (2b/3, a/3). 

3. (4a/37r, 4b/37r). 

6. (a/5, a/5). 

7. (16/7, 0). 

9. (Tra, Stt/G). 


Page 338, Ex. 96 

9. TraV2. 

11. 47rabc/3. 

13. 1007r/3. 

16. 27r(23V^ - 101 )/3. 

Page 343, Ex. 96 

9. 22kir. 

11. 3xka*. 

13. a^A;(320 + 8l7r)/96. 


Page 346, Ex. 97 



2a 

12 - 3t’ 


2o \ 
12 - Sir)’ 


13. (1, t/S). 

16. (256V2a/105ir, 0). 


1. (0, 2a/-r). 

6. (2o/5, 2o/5). 


1. (a/4, 6/4, c/4). 

3. (3a/8, 36/8, 3c/8). 


Page 347, Ex. 98 


3. 


/ a{e* + 4e» - 1) \ 
V’ 4e(e2-l) A 


Page 348, Ex. 99 

6. (0, 0, 4/3). 

7. 2 = 3\/2/16. 


1. k\V2/a. • 

3. 2/cX7r. 


1 . a;* -j- 2/^ = 

6. (3y> -2y)^ + 2x = 0. 
ax 

9. x2/ -f X + 2?/ = C. 


Page 363, Ex. 100 

6. 2A:X7ra(V2 - l)/3. 

7. fc\7r[3V^ - 3 In (2 + Vi)]. 

Page 369, Ex. 101 

11. In y -j- X — sin x = C. 

13. 2/ = C — X ± x*. 


Pages 360, 361, Ex. 102 


1. x** 4- 4 In y = (7, 2 /^ = 

3. In (1 +2/^) +2 arctan x = C. 
2/(1 + a;2)(l 4- 2/) == ^(1 ~ y)’ 

- 

7. 2 / ~ = 0. 

ax 

9. x~ - 2y == 0. 
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Pages 363, 364, £x. 103 


1 . 


3. 


6 . 


« C{2y 4- x), 

7 = — (22/2 + 2xy - 

22/ + (1 + V 3)x 
In X + = C. 


. a:2)V5 = c. 


7. 2 / = Ax\/ -f- 2/*- 
9. (x2 — 4) c? 2 / — xy dx = 0. 
11. i/Vx^ 4- 1 = C. 

13. xy = 

16. sec X 4- tan y ^ C. 


1. x2 4- 2x2/ — — C. 

3. 2 /(e* - 3) = C. 

6 . 3 x 2/2 - 4 x« = C. 

7. x2 4- 2/2 + Cx = 0. 


Page 365, Ex. 104 

9. 2/(1 — x) == ax. 

11 . = cVx* + 2 /*. 

13. In X 4- arctan ( 2 //x) = C. 
16. y — e^. 


1 , y — x^ ax. 

3. 2/e® = X 4- C. 

6. e ®(2/ - 1) = C. 

7. 2/ = x2 4- Cx^e^f^. 

9. 32/(x^ 4“ 1) = 4x3 ^ 
11 . ®(cos 2 / - 1 ) = C. 


Pages 367, 368, Ex. 106 

13. x^\^S — y^ — Ay. 

16. y^ = (7(2/2 - x2). 

17. (22/2 ~ = C. 

19. x 32/^(5 - (7x2) « 2. 

21. 2x2/" = In (x" - 1) 4 x2 4- <7. 
23. tan x tan y = A. 


Pages 370, 371, Ex. 106 


1. 2?/ = 2x In X 4 x2 4 Cix 4 
3. 2/ = Ci{x^ 4 2x) 4 C 2 . 

6. 42/ == x^ 4 Cl In X 4 C 2 . 

7. 42/ = x4 4 Cix3 4 C 2 . 

9 . 2y = ±x V a? + Cl 

± Cl In (X + V x* + Ci) + C 2 . 


11. yiCix + Cd = 1. 
13. x^y 4 2x = Cy. 

16. Sx^t/ = Cx® — 1. 

17. x* 4 2/^ = a*. 

19. X 2 / = a. 


Pages 374, 376, Ex. 107 


1. 2/ = 4 ^x). 

3 . 2 / = ^*(.A cos 3x 4 -B sin 3x). 


5. y ^ e 


A cos - 


Vsx 


4 B sin 


V 3x 


0 - 


7. 2/ = Ae** 4 Be-**. 


11. X = q ^/2 4 Ci( 4 C 2 . 
13. X = (1/A;) In {JwqI 4 1). 

16. 12,960 ft., 27.2 secs. 

17. y = Ae* 4 Be 2 * 4 Ce”*. 
19. 2 / == e*(A 4 Bx) 4 Ce**. 








